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ABSTRACT
The joint probability distribution of a customer’s so-
journ times in passing through a tandem pair of geomet-
ric batch-queues is obtained as a Laplace-Stieltjes trans-
form (LST). The results obtained relate to a customer
that passes, within a full batch, between the queues
rather than being discarded in a partial batch.

1. INTRODUCTION
It is known that a Markovian queue, with Poisson

bulk arrivals and departures each having any probabil-
ity mass functions for their batch sizes, has geomet-
rically distributed queue length at equilibrium (when
this exists), provided there is an additional special bulk
Poisson arrival stream, with particular rate and batch
size distribution, when the server is idle and also spe-
cial, partial departures that empty the queue when the
current queue length is less than the attempted depar-
ture batch size [3]. Because of this, networks of such
queues have product-forms for their equilibrium joint
state probabilities. The geometric batch queue – ab-
breviated to GBQ – is defined in the next section and
the LST of the joint sojourn time distribution is ob-
tained for a customer that passes between the queues
in a tandem network of two GBQs in section 4. The
solution uses the analyticity of a vector-valued generat-
ing function, which is novel to the authors knowledge.
Batches are important in various situations, such as in-
ternet traffic, and an outline application is sketched in
the area of scheduling for energy conservation.

2. GEOMETRIC BATCH-QUEUES
Our model of batch transitions in a single server queue

is defined as follows, where we assume that the rates are
bounded so that the infinite sums exist:

• The state space S of the queue is the set of non-
negative integers;

• Normal batch arrivals of size k ≥ 1 are represented
by transitions with constant rate ak : i → i +
k (i ≥ 0), i.e. from states i to i+ k;

• Additional special batch arrivals of size k ≥ 1 to an
empty queue are represented by transitions with
constant rate a0k : 0→ k;

• Full batch departures of size k are represented by
transitions with constant rate dk : i+ k → i (i ≥
0);
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• Partial batch departures of size k, leading to an
empty queue, are represented by transitions with
constant rate dk0 : k → 0 so that dk0 =

∑∞
j=1 dk+j ;

• The ordering of individual tasks in the queue is
strictly first come first served (FCFS).

Rate generating functions are defined for each batch
transition as follows:

A(z) =

∞∑
k=1

akz
k A0(z) =

∞∑
k=1

a0kz
k D(z) =

∞∑
k=1

dkz
k

We assume that A(1), A0(1), D(1) < ∞, to avoid null
mean state holding times (i.e. infinite total instanta-
neous transition rate out of a state). The functions
A(z), A0(z), D(z) are therefore absolutely convergent and
analytic inside the unit disk, which lies inside their cir-
cles of convergence.

The following proposition gives conditions for the length
of a GBQ to have a geometric equilibrium probability
distribution, along with its parameter, so that product-
forms become facilitated in networks by application of
RCAT [2, 3].

Proposition 1. The batch-queue defined above, with
A(1), D(1) < ∞, has geometrically distributed equilib-
rium queue length probabilities with parameter ρ < 1,
πn = (1− ρ)ρn for n ≥ 0, iff

A0(z) =
[A(1) +D(1)−D(ρ)]ρz −A(z)

1− ρz (1)

for |z| < min(ρ−1, R), where R is the radius of conver-
gence of the series A(z).1 If A(ρ−1) <∞, then ρ is the
unique solution of the equation:

A(ρ−1) +D(ρ) = A(1) +D(1) (2)

in the interval (0, 1), whereupon we may write

A0(z) =
A(ρ−1)ρz −A(z)

1− ρz (3)

3. SOJOURN TIMES OF NORMAL TASKS
We first consider the joint probability that a normally

arriving task has sojourn time T ≤ t for some value t
and departs in a normal batch (i.e. it is a normal-to-
normal task) in a single GBQ.

We define the following random variables for a par-
ticular “tagged” task in a normal batch at equilibrium:

L ≥ 0 is the total number of tasks in front of the tagged
task in the queue;

91In fact, for the reversed process also to have finite total
departure rate, A(ρ−1) <∞ so that effectively it is sufficient
here that z ≤ 1/ρ.



M ≥ 0 is the total number of tasks behind the tagged
task in the queue – initially (just after the arrival)
the number behind the tagged task in its arriving
batch;

J is the number of tasks behind the tagged task in its
departing batch;

K is the number of tasks in front of the tagged task in
its departing batch;

I is the indicator random variable defined by I = 1 or
0 if the tagged task departs in a normal or discard
batch respectively.

We now seek the quantities pjk`m(t) = IP(T ≤ t, I =
1, J = j,K = k | L = `,M = m) and their LSTs,
p∗jk`m(θ), for j, k, `,m ≥ 0, together with the equilib-
rium probabilities π`m = IP(L = `,M = m). Then the
required LST of the probability distribution of a nor-
mal task’s sojourn time in one batch-queue is T ∗(θ) =∑∞
j=0

∑∞
k=0 T

∗
jk(θ), where

T ∗jk(θ) =

∞∑
`=0

∞∑
m=0

p∗jk`m(θ)π`m

is the LST of Tjk(t) = IP(T ≤ t, I = 1, J = j,K = k),
the joint probability distribution of the sojourn time
for a normal-to-normal batch-departure and the num-
bers of tasks behind and in front of the tagged task in
the departing batch. As by-products, T ∗(0) is the prob-
ability that the tagged task makes a normal departure
(I = 1) and T ∗jk(0)/T ∗(0) is the equilibrium joint prob-
ability mass function of the numbers of tasks in front
of (K) and behind (J) the tagged task in a departing
batch – and, correspondingly, in an arriving batch in
the reversed process, where the number in front is then
J and the number behind is K.

The probabilities π`m depend on the choice of tagged
task specified in its arriving batch, whereas the condi-
tional distribution pjk`m(t) depends only on the evolu-
tion of the queue after the arrival in a given state and
position-in-queue. We obtain a recurrence for the latter
first.

Proposition 2. The LSTs of the conditional prob-
abilities pjk`m(t) have generating functions in the sub-
scripts j, k, ` defined by

P ∗m(u, v, w) =

∞∑
j=0

∞∑
k=0

∞∑
`=0

p∗jk`m(θ)ujvkw`

which satisfy(
A(1) +D(1)−D(w) + θ

)
P ∗m(u, v, w) =

∞∑
i=1

aiP
∗
m+i(u, v, w) +

∞∑
`=0

m∑
i=0

di+`+1u
i(vw)` (4)

Notice that the subscripts j, k are bounded by one less
than the maximum departure batch size, which may or
may not be finite. However, ` and m are unbounded
since they relate to the whole queue, although initially
m is bounded by one less than the maximum arrival
batch size.

The joint probabilities π`m associated with the arrival
instant of a batch are defined by

π`m = (1− ρ)
∑̀
k=0

fmkρ
`−k (5)

where fmk is the joint probability that, in an arriving
batch, there are k tasks in front of and m tasks behind
the tagged task. Three possible cases are:

1. First in batch, where fmk = δk0am+1/A(1), so
that π`m = (1− ρ)am+1ρ

`/A(1);

2. Last in batch, where fmk = δm0ak+1/A(1);

3. Random position, where fmk = am+k+1/Ȧ(1), by
the standard backwards-forwards recurrence re-
sult for renewal periods.

The LST of the sojourn time probability distribution,
as well as the aforementioned by-products, follow from
the generating function

T ∗(u, v; θ) =

∞∑
j=0

∞∑
k=0

ujvkT ∗jk(θ)

=

∞∑
j=0

∞∑
k=0

∞∑
`=0

∞∑
m=0

ujvkπ`mp
∗
jk`m(θ)

3.1 Finite batch sizes
When departure batches are finite, we can follow a

direct method of solving for the generating functions
P ∗m(u, v, w), involving only a finite number of equations,
using the simple observation that the progress of the
tagged task is unaffected by any later arrivals when
the total number of tasks behind it, M , is equal to
or greater than the maximum departure batch size, nd
say. Thus we have P ∗m(u, v, w) = P ∗nd−1(u, v, w) for
all m ≥ nd − 1 and, substituting into equation 2, we
obtain nd linear equations in the nd variables P =
(P ∗0 (u, v, w), P ∗1 (u, v, w), . . . , P ∗nd−1(u, v, w)). In matrix
form, these equations may be written: KP = ΛP+Υ∆ν
where K is a constant; Λ,Υ and ∆ are nd×nd matrices;
and ν is a vector of length nd, which are defined by

K =
(
A(1) +D(1) −D(w) + θ

)
Λ =



0 a1 a2 . . . and−2 and−1 + . . . + ana
0 0 a1 . . . and−3 and−2 + . . . + ana

.

.

.

.

.

.
0 . . . 0 a1 a2 + . . . + ana
0 . . . 0 a1 + . . . + ana
0 . . . 0 a1 + . . . + ana


(na ≥ nd)



0 a1 . . . ana 0 0 . . . 0
0 0 a1 . . . ana 0 . . . 0

.

.

.

.

.

.
0 . . . 0 a1 a2 . . . ana
0 . . . 0 a1 . . . ana−1 + ana

.

.

.

.

.

.
0 . . . 0 a1 + . . . + ana
0 . . . 0 a1 + . . . + ana



Υ =



1 0 . . . 0
1 u 0 . . . 0

1 u u2 0 . . . 0

.

.

.

.

.

.

1 u u2 . . . und−1



∆ =



d1 d2 . . . dnd
d2 d3 . . . dnd

0

.

.

.

.

.

.
dnd−1 dnd

0 . . . 0

dnd
0 . . . 0


ν = (1, vw, v

2
w

2
, . . . , v

nd−1
w
nd−1

)

The solution is then

P = (KI − Λ)−1Υ∆ν

where I is the nd × nd identity matrix. The inverse
(KI − Λ)−1 is efficiently computed because KI − Λ
is upper-triangular, and hence the generating functions



P ∗0 (u, v, w), . . . , P ∗nd−1(u, v, w) follow for any specified
choice of u, v, w. Since the joint probabilities fmk are
zero for m+ k ≥ na, we obtain

T ∗(u, v; θ) = (1− ρ)

na−1∑
m=0

na−m−1∑
k=0

ρ−kfmk×(
P ∗m(u, v, ρ; θ)−

k−1∑
`=0

ρ`

`!

∂`P ∗m(u, v, w; θ)

∂w`

∣∣∣∣
w=0

)
(6)

4. SOJOURN TIMES IN TANDEM BATCH-
NETWORKS

In general, batch-networks are not overtake-free be-
cause the batch departure rate is not constant. We con-
sider the middle-state of the pair of nodes at the in-
stant the tagged task leaves node 1 and enters node 2.
This is defined as the ordered pair comprising the num-
bers of tasks left behind at node 1 and in front of the
tagged task at node 2 – i.e. excluding the tagged task
in both cases. The idea is to investigate the reversed so-
journ time S̃1(N1, N2,M,K) at node 1 and the forward
sojourn time S2(N1, N2,M,K) at node 2, conditioned
on the middle state (N1, N2) and numbers of tasks be-
hind and in front of the tagged task in its batch being
(M,K). The conditional response time random variable

is then R = S̃1(N1, N2,M,K) + S2(N1, N2,M,K) and
its probability distribution can be computed by decondi-
tioning with respect to the middle-state and position-in-
batch probabilities. In a product-form, tandem batch-
network, the middle state’s probability distribution is
precisely the set of equilibrium probabilities

When we restrict sojourn times to tasks that remain
normal throughout their passage through the two nodes,
the network is not overtake free since the sojourn time
of a task in the second queue depends on the state of
the first queue. This is because arrivals from the first
queue influence the probability that the tagged task
leaves in a partial (non-normal) batch. Consider the
sojourn time S of a given task in the second queue at
some arbitrary time, given the following three random
variables at that time: the number of tasks in the first
queue (I); the number of tasks behind the given task
in the second queue (J); and the number of tasks in
front of the given task in the second queue (K). We
seek the probability distribution function IP(S ≤ t),
for which we investigate the Laplace-Stieltjes transform
S∗(θ) = IE[e−θS ] = IE[IE[e−θS | I, J,K]]. Proceeding as
in the prevous section, this yields the following.

Proposition 3. In a tandem pair of minimal dis-
card batch-queues defined by the rate generating func-
tions A1, D1, A2, D2, with bounded batch sizes, at equi-
librium, the LST of the probability distribution of the
sojourn time at node 2 of a task that remains in nor-
mal batches, given I = i, J = j,K = k at its transi-
tion instant between the nodes, has generating functions
Gj(x, z) w.r.t. i and k, for j ≥ 0, given by

H(x, z, θ)~Gj(x, z; θ) = ~E(x, z; θ) (7)

where the function-vector (of length nd2) ~G(x, z; θ) =
(G0(x, z; θ), . . . , Gnd2−1(x, z; θ)); the nd2 × nd2 matrix
H(x, z, θ) = (θ + A1(1) + A2(1) + D1(1) + D2(1) −
A1(x−1) − D2(z))I − M1(x) − K1(x) − M2 − K2; the
nd2 × nd2 matrices M1,K1,M2,K2 have the following
non-zero elements (all other elements being 0):

M1: m1;j`(x) = d1`−jx
`−j for j + 1 ≤ ` ≤ min(j +

nd1, nd2 − 1), 0 ≤ j ≤ nd2 − 1 (strictly upper tri-
angular),

K1: k1;j,nd2−1(x) =
∑j+nd1
`=nd2

d1`−jx
`−j for 0 ≤ j ≤

nd2 − 1 (only the last column is non-zero),

M2: m2;j` = a2,`−j for j + 1 ≤ ` ≤ min(j + na2, nd2 −
1), 0 ≤ j ≤ nd2 − 1 (strictly upper triangular),

K2: k2;j,nd2−1 =
∑j+na2
`=nd2

a2,`−j for 0 ≤ j ≤ nd2 − 1

(only the last column is non-zero);

the vector E = (ej : j = 0, . . . , nd2 − 1) is defined by

ej =

na1−1∑
i=1

(
a10i − xi

na1∑
`=i+1

a1`x
−`)gij(z; θ)+(

D1(1)−D1(x)

1− x −A1(x−1)−A10(1)

)
g0j(z, θ)+

(1− x)−1

(
D2(1)−D2(z)

1− z −
nd2∑
`=1

d2`

`−j−2∑
k=0

zk
)

;

na1, nd1, na2, nd2 are the finite degrees of the polynomi-
als A1, D1, A2, D2 respectively; and the terms gij(z; θ)
are as yet unknown functions for 0 ≤ i ≤ na1 − 1, 0 ≤
j ≤ nd2 − 1.

The unknown functions gij(z, θ) on the right hand
side are obtained by considering at what points the ma-
trix H is singular, a straightforward problem since H is
upper triangular, with all but the last of the diagonal
elements the same.

Sufficiency and consistency of the equations may be
proved by applying Rouche’s theorem [1]; the number of
roots (for x in terms of z) of each equation lying inside
the unit disks |x| < 1 and |z| < 1 is na1. According
to the procedure of the previous subsection, each root
of the second equation (corresponding to the last diago-
nal element being zero) generates exactly one constraint
equation on the variables gij(z, θ), whereas each root of
the first equation generates exactly nd2 − 1 constraints.
There are therefore a total of na1nd2 constraint equa-
tions for the same number of variables. The equations
are linear, non-homogeneous and evidently independent
and so have a unique solution.

5. CONCLUSION
Batch queueing networks are a key modelling tool for

the analysis of bursty traffic which is a crucial feature
of many energy-efficient systems, for example, since it
introduces significant idle periods during which servers
can be powered down. However, in general, networks of
batch queues do not admit a tractable analysis. We have
shown how to obtain response time distributions via
their LSTs in a tandem pair of two Markovian, geomet-
ric batch-queues. Extension to more than two queues is
problematic because of the need to ensure a customer
always passes between consecutive queues as a normal
one, but the result certainly provides a benchmark for
approximations in larger networks.
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