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ABSTRACT
We consider many-server queues with delayed feedback where
the service (patience) times of new customers and feedback
customers are differentiated, and new and feedback cus-
tomers are served under the first-come-first-serve (FCFS)
discipline in the service station. The arrival process, ser-
vice, patience and delay times are all general and mutually
independent. A two-parameter fluid model for the system
dynamics in the many-server regime is investigated, where
we use four two-parameter processes to describe the service
and queueing processes of the new and feedback customers,
two for the service dynamics and two for the queueing dy-
namics. When the arrival rate is constant, we derive the
steady state performance measures and study the impact of
impatience differentiation and service differentiation upon
them. When the arrival rate is time-varying, we provide an
algorithm to compute the fluid processes. Numerical exper-
iments are conducted, and show that the algorithm is very
effective, compared with simulations.

1. INTRODUCTION
Many-server queues with delayed feedback are used to

model service systems with customer reentrance. Customers
often need to call back for additional service requests in cus-
tomer contact centers [1]. Patient readmission is very com-
mon in hospitals [3]. The service requirements of reentrant
customers can differ from those of new customers, because
of either the influence from the previous service experience
or the nature of service request itself. Similarly, reentrant
customers can be more or less patient than new customers
while waiting in queue, as is shown in an empirical analysis
of a US bank call center [2]. Motivated by these practi-
cal features in service systems, we study the many-server
model with delayed feedback where new and feedback cus-
tomers have differentiated service times and patience times.
In [6], the model with only differentiated patience times is
studied, however, more challenges arise with additional dif-
ferentiated service times and under the FCFS discipline of
new and feedback customers in the service station.
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Consider the model with N parallel servers at the ser-
vice station. New customers enter the system at the ser-
vice station, and will enter service immediately if there is
an available server, and otherwise, wait in queue. The ser-
vice requirements of new customers in the service station
are i.i.d. with a cumulative distribution function (cdf) Gs

1

having density gs1. After service completion at the service
station, customers may join the delay orbit and then reen-
ter the service station after some random delay. We assume
that the feedback mechanism is Bernoulli with the feedback
probability equal to 1− p. The delay times are assumed to
be i.i.d. with a cdf Gd having density gd. After the delay,
feedback customers will reenter the service station, receiv-
ing service immediately if there is an available server and
join the queue otherwise. New customers and feedback cus-
tomers are served in the FCFS discipline at the service sta-
tion (according to the time epochs entering and reentering
the service station). The service requirements of feedback
customers in the service station are also i.i.d. with a cdf
Gs

2 having density gs2, and are assumed to be independent
of those of new customers. We assume that all customers
are impatient while waiting in the service station, and more-
over, the patience levels of new and feedback customers are
different. Let the patience times of new (resp. feedback)
customers be i.i.d. with a cdf Gr

1 (resp. Gr
2) and density gr1

(resp. gr2). For a cdf G, denote Ḡ = 1 − G. It is assumed
that the arrival process, service times, feedback process, de-
lay times and patience times are all mutually independent.

We study a fluid model approximation of this stochastic
model in the many-server regime where the arrival rate and
the number of servers are relatively large while the service,
patience and delay times and the feedback mechanism are
fixed.

2. FLUID MODEL APPROXIMATIONS
To describe the fluid dynamics of the system, we use the

following two-parameter processes: B1(t, y) (resp. B2(t, y))
representing the fluid content of new (resp. feedback) cus-
tomers in service at time t that have received service less
than or equal to y, Q̃1(t, y) (resp. Q̃2(t, y)) representing the
fluid content of new (reps. feedback) customers that have
waited in a virtual queue for less than or equal to y before
their patience times are reached, which includes those in
queue waiting for service and those that may have entered
service or even departed by time t, and Z(t, y) represent-
ing the fluid content of customers in the delay orbit at time
t that have experienced the amount of delay less than or
equal to y. Let Q1(t, y) (resp. Q2(t, y)) be the fluid content



of new (resp. feedback) customers that have waited in the
real queue for less than or equal to y at each time t. We let
χ(t) be the waiting time of the fluid content in queue with
the longest waiting time at time t at the service station. Let
B1(t) and B2(t) be the fluid processes that count the number
of new and feedback customers in service, respectively, and
Q1(t) andQ2(t) be the fluid processes that count the number
of new and feedback customers in queue, respectively. Ev-
idently, for i = 1, 2, Bi(t) = Bi(t,∞), Qi(t) = Q̃i(t, χ(t)),

Qi(t, y) = Q̃i(t, y) for y ≤ χ(t), and Qi(t, y) = Qi(t) for
y > χ(t).

Let E(t) be the fluid arrival process of new customers

and assume that E(t) =
∫ t

0
λ(s)ds for some positive func-

tion λ(t) > 0, t ≥ 0. Let K1(t) and K2(t) be the fluid pro-
cesses that count the cumulative fluid content of new and
feedback customers entering service by time t, respectively.
We denote K3(t) as the fluid process that counts the cu-
mulative fluid content of customers entering the delay orbit
by each time t. Let K4(t) be the fluid process that counts
the cumulative fluid content of feedback customers entering
the service station by time t. Let D1(t) (resp. D2(t)) be
the fluid service completion process of new (resp. feedback)
customers at the service time by time t. Let R1(t) (resp.
R2(t)) be the fluid abandonment process of new (resp. feed-
back) customers at the service time by time t. Finally, let
X1(t) (reps. X2(t)) be the total fluid content of new (resp.
feedback) customers in the service station at time t.

We will call the following set of equations a fluid model.

Bi(t, y) =

∫ (y−t)+

0

Ḡsi (x+ t)

Ḡsi (x)
Bi(0, dx) +

∫ t

(t−y)+
Ḡ
s
i (t− x)dKi(x),

i = 1, 2,

Z(t, y) =

∫ (y−t)+

0

Ḡd(x+ t)

Ḡd(x)
Z(0, dx) +

∫ t

(t−y)+
Ḡ
d
(t− x)dK3(x),

Q̃1(t, y) =

∫ (y−t)+

0

Ḡr1(x+ t)

Ḡr1(x)
Q̃1(0, dx) +

∫ t

(t−y)+
Ḡ
r
1(t− x)dE(x),

Q̃2(t, y) =

∫ (y−t)+

0

Ḡr2(x+ t)

Ḡr2(x)
Q̃2(0, dx) +

∫ t

(t−y)+
Ḡ
r
2(t− x)dK4(x),

K4(t) =

∫ t

0

(∫ ∞
0

h
d
(x)Z(s, dx)

)
ds = K3(t) − Z(t) + Z(0),

χ(t) = inf

{
x ≥ 0 :

2∑
i=1

Q̃i(t, x) ≥
2∑
i=1

Qi(t)

}
,

Ri(t) =

∫ t

0

(∫ χ(s)

0

h
r
i (x)Q̃i(s, dx)

)
ds, i = 1, 2,

Di(t) =

∫ t

0

(∫ ∞
0

h
s
i (x)Bi(u, dx)

)
du, i = 1, 2,

X1(t) = X1(0) + E(t) −D1(t) − R1(t) = Q1(t) + B1(t),

X2(t) = X2(0) +K4(t) −D2(t) − R2(t) = Q2(t) + B2(t),

N − B1(t) − B2(t) = (N −X1(t) −X2(t))
+

i = 1, 2,

(N − B1(t) − B2(t))Qi(t) = 0, i = 1, 2.

We show that there exists a unique solution to the fluid
model and it is the functional law of large number limit of
the associated fluid-scaled stochastic processes in the many-
server regime in [4]. The proofs of these results rely on our
earlier work on multiclass many-server queueing networks
with abandonment in [5] and [8], as well as previous work
on Gt/GI/N +GI queues in [9], [10], [11] and [7] .

3. STEADY-STATE PERFORMANCE MEA-
SURES

We derive the steady-state performance measures for our
model, including the average numbers of new and feedback
customers in queue at the service station, Q1 and Q2, re-
spectively, the average waiting times of new and feedback
customers in queue W1 and W2, the average waiting time of
the customer in front of the queue χ, the average numbers
of new and feedback customers in service B1 and B2, the
number of customers in the delay orbit Z, and the abandon-
ment probabilities of new and reentrant customers, P1(ab)
and P2(ab). Let E(t) = λt for the arrival rate λ > 0.

In Table 1, we present numerical examples to show our ap-
proximations of the performance measures in Markovian and
non-Markovian models, and compare with their simulations.
The left column shows the results in the Markovian model
with the following parameter values: arrival rate λ = 100,
service rates of new and feedback customers µ1 = 1 and
µ2 = 0.5, abandonment rates of new and feedback customers
θ1 = 0.2 and θ2 = 0.8, delay rate µd = 1.5, and the number
of servers N = 110. The right column shows the results
in the non-Markovian model with the following parameter
values: λ = 500, service distribution of new customers H2

with mean ms
1 = 1 and SCV s2s,1 = 3, denoted as H2(1, 3),

service distribution of feedback customers H2(2, 5), patience
time distributions of new and feedback customers H2(5, 3.5)
and H2(3, 4.5), respectively, and the delay time distribution
H2(2/3, 6), and N = 550.

Models
Markovian Non-Markovian

Sim. (C.I.) Approx Sim. (C.I.) Approx
Q1 119.35 (± 0.9316) 118.92 79.60 (±0.9222) 79.51
Q2 29.22 (± 0.1361) 29.19 33.41 (±0.51) 33.24
B1 76.19 (± 0.0993) 76.22 261.64 (±1.2084) 261.48
B2 23.81 (± 0.0993) 23.78 288.36 (±1.2084) 288.52
Z 23.52 (± 0.2241) 23.50 108.20 (±1.7148) 108.20

P1(ab) 0.23 (± 0.0009) 0.24 0.43 (±0.0004) 0.48
P2(ab) 0.65 (± 0.0009) 0.66 0.10 (±0.0015) 0.11
W1 1.17 (± 0.0029) 1.19 0.14 (±0.0002) 0.16
W2 0.81 (± 0.0010) 0.83 0.19 (±0.0002) 0.20
χ 1.36 (± 0.0123) 1.36 0.22 (±0.0032) 0.22

Table 1: Steady State Approximations

We investigate the impact of both service and impatience
differentiation of new and reentrant customers upon the
steady-state performance measures. The service differentia-
tion coefficient is defined by the ratio of the two independent
generic service times of new and feedback customers, that is,
a generic random variable representing the service times of
new customers is equal to the service differentiation coeffi-
cient multiplying another independent generic random vari-
able representing the service times of feedback customers.
Similarly, we define the impatience differentiation coefficient
as the ratio of the two independent generic patience times of
new and feedback customers. We show that when the system
is overloaded, the performance measures possess monotone
properties in the service and patience differentiation coef-
ficients. For instance, when the service differentiation co-
efficient increases, the average number of new customers in
queue, the number of new customers in service, the abandon-
ment probabilities of both new and feedback customers, and
the average waiting times of new and feedback customers in-
crease, while the average number of feedback customers in



service and the average number of customers in the delay
orbit decrease. Similar properties on the impact of impa-
tience differentiation are observed as in [6]. Furthermore,
we characterize the limiting behavior of the steady state per-
formance measures as these differentiation coefficients reach
zero or infinity.
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Figure 1: Comparison of simulations (red) and ap-
proximations (black)

4. COMPUTATION OF TIME-VARYING FLUID
MODEL

When the arrival rate function of new customers is time-
varying, we provide an algorithm to compute solutions to
the fluid equations. To illustrate the effectiveness of our
algorithm, we provide one numerical experiment here. In

the example, we let the arrival rate λ = 900 + 300 sin(t),
the service time for new (resp. feedback) customers be H2

distribution with mean ms
1 = 1 (resp. ms

2 = 1
2
) and SCV

c2s,1 = 4 (resp. c2s,2 = 5), the patience time for new (resp.
feedback) customers be H2 distribution with mean mr

1 = 1
(resp. mr

2 = 2) and SCV c2r,1 = 3.5 (resp. c2r,2 = 6), the
probability for customers to leave the system be p = 0.6,
the delay time for feedback customers be H2 distribution
with mean md = 1 and SCV c2d = 4 and the number of
servers be N = 1200. Fig.1 presents the comparison of
performance measures between simulations and our algo-
rithm solutions. In Fig. 1(a), we plot the processes Q1,
Q2, B1, B2, Z and χ, and in Fig. 1(b), we plot the two-
parameter processes B1(t, y) with y = ms

1/2 = 0.5, B2(t, y)
with y = ms

2/2 = 0.25, Q1(t, y) with y = 0.02, Q2(t, y) with
y = 0.03, and Z(t, y) with y = md/2 = 0.5. It is clearly
seen that the algorithm provides very good approximations,
compared with simulations.
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