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ABSTRACT
We develop an approach to prove the interchange of limits
in heavy traffic analysis of stochastic processing networks,
using a moment condition on the primitive data, the inter-
arrival and service times. The approach complements the
one in [8], where a bounded workload condition is required
instead.

1. INTRODUCTION
To be concrete, we illustrate our approach using a net-

work model as depicted in Figure 1. The network (as in
[7]) consists of a set of servers (or “links”) L; and a set of
job classes, R with each class corresponding to a subset of
links (a “route”). Denote ℓ ∈ r if link ℓ is part of route
r. To be processed in the network, each class r job requires
the simultaneous occupancy of all the servers involved in the
class. Let A be an incidence matrix, with aℓr = 1{ℓ ∈ r}.
That is, each row-ℓ of A identifies (with an entry 1) all the
routes that link ℓ is part of, whereas each column-r of A lists
all the links that route r will traverse. Denote R = |R| and
L = |L|. Assume A has a full row-rank of L; hence, L ≤ R.

For each class r, denote the interarrival times between
consecutive jobs as ur(i), and denote the amount of work
(service requirement) each job brings to the network as vr(i),
i = 1, 2, · · · . Assume the interarrival times and work re-
quirements possess finite p-th moments, for some p > 2. We
assume that {(ur(i), vr(i))} are i.i.d. with mean (λ−1

r , νr)
and variance (σ2

a,r, σ
2

b,r). Denote the offered traffic load (or,
traffic intensity) as ρ = (ρr)r∈R, with ρr = λrνr. Note that
λr > 0 and νr > 0 (hence, ρr > 0) for all r ∈ R.

The state of the network is n = (nr)r∈R, where nr de-
notes the total number of class r jobs that are present in
the network. One job (if any) from each class is processed
at any time, while other jobs in the same class waiting in
a buffer and will be served on a first-come-first-served basis
— a head-of-the-line processor-sharing discipline.

Each server ℓ ∈ L has a given capacity, cℓ, which is shared
among job classes. The allocation of the service capacities
takes place in each state, denoted Λ(n) = (Λr(n))r∈R, where
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Figure 1: A network example

Λr(n) is the capacity allocated to class r when the network
state is n. We assume the proportional fair allocation scheme
is followed, i.e., Λ(n) is the solution to the following opti-
mization problem:

max
∑

r∈R

βrnr log(γr); s.t. Aγ ≤ c, γ ≥ 0.

Let E(t) = (Er(t))r∈R and S(t) = (Sr(t))r∈R, t ≥ 0, be
the renewal processes associated with the job arrivals (i.e.,
{ur(i)}) and the work or service requirements the jobs bring
into the network (i.e., {vr(i)}). The two derived processes
that characterize, along with the two primitive processes,
the dynamics of the network are the queue-length process
and the service-completion (departure) process: N(t) =
(Nr(t))r∈R and D(t) = (Dr(t))r∈R, t ≥ 0, where

Nr(t) = Nr(0) + Er(t)− Sr(Dr(t)), (1)

Dr(t) =

∫ t

0

Λr(N(s))ds. (2)

It is also convenient to define the workload processes:

Wr(t) = νrNr(t), t ≥ 0, r ∈ R. (3)

Similarly, we shall write the generic workload as w = (wr)r∈R,
with the convention wr = νrnr, throughout below.

In the heavy traffic regime, we introduce a sequence of
networks, indexed by k. Each of the networks is like the
one introduced above, having the same parameters A, βr,
cℓ, and the same allocation Λ(n) (hence with their indices
k omitted); but they may differ in their arrival rates and
mean service times, which are also indexed by k. We assume
the existence of the limits of key parameters as k → ∞, in
particular:

(λk
r , ν

k
r , ρ

k
r ) → (λr, νr, ρr) and k(ρkr − ρr) → θr. (4)



From now on, we shall specifically regard λr, νr and ρr as
the limits defined above, rather than the generic parameters
for a particular network as originally introduced. The lim-
iting regime under diffusion scaling requires a heavy traffic
condition, i.e., the total traffic load on any service is equal
to its capacity (asymptotically):

Aρ = c. (5)

✲

❄

✲

❄
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Figure 2: Interchange of limits

In heavy-traffic analysis, the process in question is the
workload at time t, Ŵ k(t), a vector process in the k-th
diffusion-scaled network. As the first step, we establish the
heavy traffic theorem, in which as k → ∞, the sequence of
workload processes {Ŵ k(t)} converges in distribution to a

diffusion limit Ŵ (t) (cf. [6] and [7]), which is represented
by the left vertical side, the edge I, of the rectangle.

In many applications, we are also concerned with the
stationary distribution of the original network, i.e., when
t → ∞. For instance, for many networks, the “usual traffic
condition” implies the existence of the stationary limiting
distribution, i.e., when t → ∞, corresponding to edge II of
the rectangle in Figure 2. A similar argument applies to
the stationary limit of the diffusion process, edge III; re-
fer to more details about this below. Hence, if we want
to use the stationary performance of the diffusion limit as
an approximation for that of the original network (the so-
called “diffusion approximation”), then, we need to justify
the limit in edge IV. In other words, we need to justify that
the two limits, k → ∞ and t → ∞ can be interchanged,
i.e., following edges I and III will reach the same result as
following edges II and IV.

Recent studies on the interchange of limits are initiated
by Gamarnik and Zeevi [4] and Budhiraja and Lee [2], where
the interchange has been justified for the generalized Jack-
son network, a single-class model. Refer to [8] and the ref-
erences there for a more detailed account on other recent
studies and related works, in particular, multi-class models,
e.g., Gurvich [5].

2. PRELIMINARIES
Continue with the network model specified in the last sec-

tion. Let B = diag(br)r∈R, with br = ρrνr/βr , which is an
R-dimensional diagonal matrix. Associated with the heavy
traffic condition is the fixed-point state space, denoted as

W = {w : w = BATπ, π = (πℓ)ℓ∈L ≥ 0},

which is an L-dimensional polyhedral cone in the positive or-
thant of the R-dimensional real space. It is the space where
the diffusion limit process (described below) lives. Define
matrix H such that ABH = 0 and HTBH = I . Define

G = AT (ABAT )−1. Any R-dimensional (workload) vector
w can be decomposed uniquely as

w = BGy +BHz. (6)

Refer to [7] for a full discussion on the geometry of the fixed-
point state and the matrices just defined.

Then, the k-th network follows the dynamics in (1-3) with
the index k suitably appended.

Apply the standard diffusion scaling (along with center-
ing) to the primitive and derived processes:

(Êk
r (t), Ŝ

k
r (t)) =

1

k

(

Ek
r (k

2t)− λk
rk

2t, Sk
r (k

2t)−
k2t

νk
r

)

,

(N̂k
r (t), Ŵ

k
r (t)) =

1

k

(

Nk
r (k

2t),W k
r (k

2t)
)

.

Then, we can rewrite the dynamics in (1-3) as follows:

Ŵ k(t) = Ŵ k(0) + X̂k(t) +BGŶ k(t) +BHẐk(t)(7)

D̃k(t) =

∫ t

0

Λ(N̂k(s))ds (8)

X̂k
r (t) = νk

r

(

Êk
r (t)− Ŝk

r (D̃
k
r (t))

)

+ k(ρkr − ρr)t (9)

Ŷ k(t) = kA[ρt− D̃k(t)] is non-decreasing (10)

Ẑk(t) = kHT [ρt− D̃k(t)]. (11)

Note that (7)) follows from the decomposition in (6).
The limiting processes, to be established in the next the-

orem, are characterized by the following so-called dynamic
complementarity problem (DCP):

Ŵ (t) = Ŵ (0) + X̂(t) +BGŶ (t) +BHẐ(t); (12)

GT Ŵ (t) ≥ 0; (13)

Ŷℓ(t) is non-decreasing, Ŷℓ(0) = 0, ℓ ∈ L; (14)
∫ ∞

0

Ŵ (t)TG dŶ (t) = 0; (15)

HT Ŵ (t) = 0; (16)

Ẑ(0) = 0; (17)

where Ŵ (0) is the (given) initial state and X̂(t), the “free
process,” is a Brownian motion with drift (vector) θ =
(θr)r∈R specified in (4), and covariance (matrix) that can be
computed from the (limiting) network parameters. Refer to
[6, 7] for properties of the above DCP and further references
on general DCP’s.

Theorem 1. ([7]) Under the heavy-traffic condition in
(5), as well as some conventional conditions such a the con-
vergence of initial states, the following weak convergence
holds when k → ∞:
(

Ŵ k(t), X̂k(t), Ŷ k(t), Ẑk(t)
)

⇒
(

Ŵ (t), X̂(t), Ŷ (t), Ẑ(t)
)

,

with the limit characterized by the equations in (12-17).

If we replace X̂(t) by its drift term θt in the above DCP,
then we obtain a deterministic version of it (and will use
lower-case letters, e.g., ŵ(t), to denote the corresponding
processes). We shall refer to this deterministic DCP as sta-
ble, if there exists a time T such that for any solution with
|ŵ(0)| ≤ 1, we have ŵ(t) = 0 for all t ≥ T . This turns out
to be the key to the two limits in edges II and III of the
rectangle in Figure 2.



Theorem 2. ([8]) Consider the sequence of networks in
Theorem 1. Suppose the deterministic DCP ŵ(t) is stable.

Then, (i) the diffusion limit Ŵ (t) in Theorem 1 is positive
recurrent and has a unique stationary distribution; (ii) for

any sufficiently large k, Ŵ k(t) is positive (Harris) recurrent
has a unique stationary distribution too.

3. P ∗-TH MOMENT CONDITION AND IN-
TERCHANGE OF LIMITS

We aim to establish edge IV in Figure 2 for the m-th
moment of the workloads, where 0 < m < p − 1. (Recall
that p > 2.)

To avoid technicality, we assume that the sequence of net-
works is driven by the same primitives except the initial
arrival and service times; that is, assume for all k, i and r,

λk
ru

k
r (i) = λ1

ru
1

r(i) and (νk
r )

−1vkr (i) = (ν1

r )
−1v1r (i).

We introduce the following p∗-th moment condition, for
p∗ > 2(p + 2). Assume all interarrival times and service
requirements have bounded p∗-th moments:

E

∑

r∈R

[(u1

r(i))
p∗ + (v1r (i))

p∗ ] < 0. (18)

The above condition will guarantee the boundedness of the
p-th moment of workload, which is the key to the conver-
gence of the stationary m-th moment of the workload for
0 < m < p− 1.

Theorem 3. Consider the sequence of networks in Theo-
rem 1. Assume the stability of the deterministic DCP ŵ(t),
and the p∗-th moment condition in (18). The following weak
convergence of stationary distributions (the edge IV) holds,

Ŵ k(∞) ⇒ Ŵ (∞), as k → ∞.

Furthermore, for any m ∈ [0, p− 1),

E|Ŵ k(∞)|m → E|Ŵ (∞)|m, as k → ∞.

The proof is similar to the one in [8], which proves the
boundedness of the p-th moment of workload processes: for
some constant κ (ignoring the effect of residual times for the
next arrivals and jobs in service),

E sup
0≤s≤t

|Ŵ k(s)|p ≤ κ(|Ŵ k(0)|p + 1 + tp), (19)

under the so-called bounded workload condition:

sup
0≤s≤t

|Ŵ k(s)| = κ

(

|Ŵ k(0)|+ sup
0≤s≤t

|X̂k(s)|

)

(20)

Here, without assuming the above bounded workload con-
dition, we will show (19) under the p∗-th moment condition
directly. To this end, we introduce a sequence of regular
events {Ωk} (with the arguments omitted here) within which
the networks behave nicely; for example, the arrival process
under the fluid scaling must be lies within certain range of
its mean:

sup
0≤t≤kt∗

sup
0≤u≤u∗

|(Ē0,k(t+ u)− Ē0,k(t))− λku| ≤
1

log k
.

At the same time, the probabilities of these events must
approach one at certain rate: for sufficiently large k,

P(Ωk) ≥ 1− κ
(log k)p

∗

kp∗/2−2
.

Then, we apply Bramson’s “hydro-dynamic” approach (e.g.,
[1, 7]) to show that the bounded workload condition in (20)
holds for ω ∈ Ωk for sufficiently large k. Therefore, the
workload processes, when restricted to the regular events,
possess a bound for their p-th moments:

E

(

sup
0≤s≤t

|Ŵ k(s)|

)p

· 1Ωk ≤ κ(|Ŵ k(0)|p + 1 + tp).

On the other hand, the p-th moments of workload processes,
as restricted to the non-regular events, have the same bound
— for this purpose, we require that p∗ is sufficiently larger
than p so that the non-regular events are made sufficiently
small. Combining these two cases gives the sought bounded
p-th moment of workload in (19).

Given the bound in (19), we apply the uniform stability
in [8] to establish the uniform p-th moment stability: there
exists t0 such that the following holds for all t ≥ t0,

lim
|x|→∞

sup
k

E
1

|x|p

∣

∣

∣
Ŵ k(|x|t;x)

∣

∣

∣

p

= 0. (21)

This property will further yield the required tightness prop-
erty of {Ŵ k(∞)}. Finally, the convergence of stationary
distributions (or moments) in the edge IV follows the same
approach as in [2, 3, 8].
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