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SummaryWe study the backlog of energy and of data pack-
ets in a sensor node that collects data and harvests energy,
and using the energy to forward data packets. Assuuming
that data transmission times are negligible, we compute the
properties of energy and data backlogs and discuss some
interesting system stability issues.

Introduction Applications including remote sensing, em-
bedded sensing (e.g. in bridges or buildings), or sensors
for public safety require that sensing and transmission take
place with minimal human intervention and no direct con-
nection to the power mains. Ideally, sensing nodes should
be autonomous and able to harvest ambient energy from
vibrations, light, electromagnetic radiation, or heat. Thus
energy harvesting nodes for wireless communications [5, 1]
are of great interest. Here we study nodes that have packet
buffers and energy storage buffers (e.g. capacitors or bat-
teries) and we use the Energy Packet(EP) [2, 3] abstraction
so that one EP is the amount of energy needed to transmit
a Data Packet (DP). Ideally the energy flow into the device,
expressed as EPs per unit time, should balance the flow of
DPs that are assembled for transmission so that DPs are
not held up. However we show that if EP and DP flows
are exactly balanced, the system exhibits an unstable be-
haviour so that both the backlog of packets and the amount
of stored energy saturate their respective storage, and derive
results concerning the performance of the system when the
energy and work flows are unbalanced. The study can be
generalised to the multihop case.
Consider a system that at stime t contains K(t) DPs to

transmit and M(t) EPs in storage. Let the data buffer ca-
pacity be B DPs, while the energy storage device can store
up to E EPs. The state of the system is then the pair
(K(t),M(t)) and are interested in its probability distribu-
tion p(n,m, t) = Pr[K(t) = n,M(t) = m). Arrival of DPs
to the data buffer follows a Poisson process of rate λ, while
the EPs arrive into the energy buffer as a Poisson process of
rate Λ corresponding to some rate of a joules/second, where
a is the energy required to transmit one packet. We as-
sume that the rates at which energy is harvested and data
collected is slow as compared to the rate at which DPs are
transmitted by the device, e.g. it may take many millisec-
onds to get enough energy from the harvester while it may
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just take a few microseconds or nanoseconds, to transmit a
packet, we assume that the transmission time is zero. Simi-
larly in such a device the rate at which packets are formed
must not exceed the rate at which energy is being harvested.
Note that an EP is exactly the amount of energy needed to
transmit a packet. As a consequence if the system perchance
enters some state (K(t),M(t)) with K(t) > 0, M(t) > 0
then it will instantaneously (in zero time) transit to the
either the state (0,M(t) − K(t)) if M(t) ≥ K(t), or to
the state (K(t) − M(t), 0) if K(t) ≥ M(t). Thus we need
only consider for p(n,m, t) the state space of integers pairs
S = { (0, 0), (n, 0), (0,m) : n > 0, m > 0 }.

When both the data and energy storage buffers are finite
and non-zero, the balance equations are as follows. The
first one deals with what happens around the state (0, 0)
which is reached if either there was just one DP and it was
transmitted as soon as an EP arrived, or there was one EP
and it was consumed as soon as a DP arrived:

p(0, 0)[λ+ Λ] = Λp(1, 0) + λp(0, 1) (1)

For 0 < n < B we have:

p(n, 0)[λ+ Λ] = Λp(n+ 1, 0) + λp(n− 1, 0) (2)

while:

p(B, 0)Λ = p(B − 1, 0)λ (3)

We note that these equations have a solution of the form:

p(n, 0) = αnCd, α =
λ

Λ
(4)

where Cd is a constant. Similarly for the energy storage
system we will have for 0 < m < E:

p(0,m)[λ+ Λ] = Λp(0,m− 1) + λp(0,m+ 1) (5)

while:

p(0, E)λ = p(0, E − 1)Λ (6)

We note that these equations have a solution of the form:

p(0,m) = βmCe, β =
Λ

λ
(7)

for some constant Ce. Since the Markov chain with state
probabilities {p(n,m, t) : (n,m) ∈ S; t ≥ 0} is irreducible
and aperiodic, the stationary probability distribution exists
and is unique, and hence Ce = Cd = p(0, 0) and:

1 = p(0, 0)[1 +

B∑
n=1

(
λ

Λ
)n +

E∑
m=1

(
Λ

λ
)m], (8)

= p(0, 0)[−1 +
1− αB+1

1− α
+

1− βE+1

1− β
], (9)



so that

p(0, 0) =
2− α− β

αB(1− α) + βE(1− β)
, (10)

and since β = (α)−1 we have:

p(0, 0) =
(1− α)αE

1− αB+E+1
. (11)

Also, we can show that the marginal probabilities for the
queue length of DPs and EPs is

pd(n) =
αE+n(1− α)

1− αE+B+1
, 0 < n ≤ B, (12)

pe(m) =
βB+m(1− β)

1− βE+B+1
, 0 < m ≤ E. (13)

The loss rates due to finite storage capacity Le, Ld in EPs
and DPs per second, respectively, can easily be computed
as:

Le =
Λ− λ

1− αB+E+1
, (14)

Ld =
λ− Λ

1− βB+E+1
. (15)

If α < 1, so that energy is more plentiful than needed, we
see that if B or E or both tend to infinity, then Le → Λ−λ,
while Ld → 0, as would be expected. Similarly when β < 1
or α > 1, then when B or E or both tend to infinity, we
have Ld → λ− Λ, while Ld → 0.
An interesting case arises when the EP arrivals balance

the DPs, i.e. α = β = 1 or λ = Λ. In this case we have:

Le = Ld =
λ

B + E + 1
(16)

which obviously tends to zero when B or E or both tend to
infinity.

System Stability and Instability
The stability question for the system considered is of inter-

est when the data and energy storage buffers are unlimited.
In this case it is of interest to determine whether the back-
log of DPs, or the backlog of stored energy, or both, remain
finite or not and under what circumstances.

Definition 1 The system is stable with respect to DPs (or
EPs) if the number of DPs (or EPs) is finite with probability
one as t → ∞, and B → ∞ and E → ∞. Otherwise we say
that the system is unstanble with respect to the DPs (or
EPs). For a finite G andH with 0 ≤ G < B and 0 ≤ H < E,
let us define the probabilities that the respective backlogs
of data and EPs do not exceed G and H, respectively, in
steady-state:

Pd(G) = limt→∞Prob[0 ≤ N(t) ≤ G ≤ B], (17)

Pe(H) = limt→∞Prob[0 ≤ M(t) ≤ H ≤ E], (18)

so that using our previous results we have:

Pd(G) = pd(0) +
G∑

n=1

pd(n) =
αG(1− α) + βE(1− β)

αB(1− α) + βE(1− β)
(19)

Pe(H) = pe(0) +

H∑
m=1

pe(m) =
βH(1− β) + αB(1− α)

αB(1− α) + βE(1− β)
(20)

leading directly to the following results.

Theorem 1 If β > 1, and hence α < 1, we see from (19)
that as E → ∞ and B → ∞, Pd(G) → 1 for all finite G,
and the system is stable with respect to the DPs. For β > 1
and α < 1, we see from (20) that Pe(H) → 0 for all finite
H, and the system is unstable with respect to the EPs.

Theorem 2 If β < 1, and hence α > 1, we see from (20)
that as E → ∞ and B → ∞, Pe(H) → 1 for all finite H,
and the system is stable with respect to the EPs. Under the
same conditions, (19) indicates that Pd(G) → 0 for all finite
G, hence the system is unstable with respect to the DPs.

Corollary 3 If λ ̸= Λ so that either α > 1 or β > 1, it fol-
lows that the system is unstable and when the data and en-
ergy buffers are unlimited, in steady-state either the number
of DPs or the number of EPs is unbounded with probability
one.

Intuitively, one can imagine that the best operating con-
ditions are when both of the resources, energy and DPs, are
flowing into the system at equal rates so that the energy
is exactly the amount needed for packet transmission, and
the packets consume all the energy in the system. In fact, a
more careful analysis tells us that that things are somewhat
complicated. On the one hand, we see that when λ = Λ or
αβ = 1, the expression for p(0, 0) is an indeterminate form,
so that we apply L’Hôpital’s rule and obtain:

lim
α→1

p(0, 0) = lim
α→1

EαE−1 − (E + 1)αE

−(B + E + 1)αB+E
, (21)

=
1

B + E + 1
. (22)

as a consequence:

Theorem 4 If α = 1 and either E → ∞ or B → ∞, or both,
then p(0, 0) → 0, so that both p(n, 0) → 0 and p(0,m) → 0
for all finite (n,m).

Also, we can compute the average values of the data <
D > and energy < E > backlog for α = 1 in a simple
manner. If α = 1 then:

< D >=
B(B + 1)

2(B + E + 1)
, < E >=

E(E + 1)

2(B + E + 1)
, (23)

so that as B → ∞ the average data backlog tends to infinity,
and when E → ∞ the average backlog of energy tends to
infinity. We can also write:

limα→1Pd(G) =
G+ E + 1

B + E + 1
,

limα→1Pe(H) =
H +B + 1

B + E + 1
.

which tells us that For any finite G and H when Λ = λ, as
B and E tend to infinity the probability that the data and
energy backlogs remain finite tends to zero.

A Node with DP Retransmission
Clearly once an EP has been used to transmit a DP, it

cannot be forwarded to some other node since it has been
used up. On the other hand, we may need to retransmit
the same DP if an error is detected during the transmis-
sion, or if we wish to reduce the probability of packet errors
by sending several duplicate copies. Such situations lead
to interesting modeling issues that we will dwell on in this
section. Let λ and Λ be the arrival rates of data and EPs,
respectively. Consider a single harvesting and transmission
node, and suppose that:



• If a DP is waiting in queue and an EP arrives, so that
the data packet can be transmitted, that it may need
to be repeatedly retransmitted with probability π.

• On the other hand, if the DP arrives to the system
when one or more EPs are waiting, then it is immedi-
ately transmitted but may need to be repeatedly re-
transmitted with probability p.

The state space is still S = {(0, 0), (n, 0), (0,m) : n,m ≥ 1 }
but the possible state transitions differ from those of the pre-
vious sections. We still have the following state transition
rates:
- λ : for (n, 0) → (n+1, 0), n ≥ 0, when a DP arrives, and
- Λ : for (0,m) → (0,m+ 1), m ≥ 0, when an EP arrives.
Also, when an EP arrives to an empty energy buffer, we will
have:
- Λπ : for (n, 0) → (n, 0), n ≥ 1, because upon arrival
of an EP to an empty energy buffer, if the DP transmis-
sion is immediately followed by the request for another DP
transmission with probability π, then the new DP will not
be transmitted due to lack of an EP and will simply replace
the previous one. However if the DP transmission (caused
by the arrival of an EP) is not followed by another DP trans-
mission request, which occurs with probability (1−π), then
we have the transition:
- Λ(1− π) : for (n, 0) → (n− 1, 0), n ≥ 1, and we will also
have the transition:
- λp : for (0, 1) → (0, 1), when a DP arrives, because the
EP in queue serves the transmission of the arriving energy
DP, but an additional DP transmission may be needed with
probability p, and the DP will have to wait for another EP
to arrive. Finally there will be a set of transitions starting
from states of the form (0,m), m > 0, when the arrival
of a DP results in a sequence of k successive repetitions of
DPs arriving to the node with probability pk(1 − p) where
m ≥ k ≥ 0, namely:
- λ(1− p) : for (0,m) → (0,m− 1), m > 0,
- λpk−1(1− p) : for (0,m) → (0,m− k), m ≥ k,
and finally in the last case below, the first arriving DP re-
duces the number of EPs by 1 and generates one additional
DP transition which is also transmitted, then there may be
another DP transmission request and so on, but when all the
EPs are depleted, the m− th and final transmission request
cannot be satisfied and the system moves into state (1, 0)
having depleted all its EPs and having one final DP waiting
to be transmitted:
- λpm(1− p) : for (0,m) → (1, 0), i.e. k = m,
and notice that

∑m−1
k=0 pk(1 − p) + pm = 1 for any m > 0.

Regarding the stability of this system, we we are first able
to prove that if the stationary distribution p(0,m), p(n, 0)
exists, then it must have the form for any m0, n0 > 1:

p(0,m) = p(0,m0)q
m−m0 , m ≥ m0, (24)

where q =
Λ

λ
(1− qp), (25)

p(n, 0) = p(n0, 0)(
λ

Λ(1− π)
)n−n0 , n ≥ n0. (26)

As a result, after some further algebra we can prove that:

Theorem 5 If p > π and 0 ≤ λ < Λ(1 − π), then there
exists a unique probability distribution p(n,m) > 0 for all

n ≥ 0,m ≥ 0 such that n.m = 0 and:

p(n, 0) = p(1, 0)(
λ

Λ(1− π)
)n−1, n > 0, (27)

p(0,m) = p(0, 1)(
Λ
λ

1 + pΛ
λ

)m−1, m > 0. (28)

There are some practical situations where p > π is relevant:

• If a DP is waiting for some time in queue for an EP to
arrive, the packet’s encoding can be adapted to chan-
nel sensing information so that transmission errors are
reduced. On the other hand, if it is transmitted as
soon as it arrives because EPs are available, then the
chances that the packet can be encoded to respond to
channel conditions are smaller and the probability of
a transmission error is greater, so that one has p > π.

• When p and π are viewed as the probabilities that
more than one EP will actually be used to effectively
transmit a DP, the feedback of the packet from trans-
mission immediately to retransmission represents the
successive use of more than one EP per DP transmis-
sion. In fact, when there is a backlog of EPs one can
be tempted to use more energy (e.g. a higher power
level during the transmission time to better overcome
interference), than when the data has been waiting for
an EP to arrive; so the assumption p > π may be
reasonable again.

Extension to Multihop Transmissions
Some of the results of previous sections extend to the net-

work case. DPs travel over N energy harvesting nodes re-
sembling networks of joins [4] where the resources “pack-
ets” and “energy” synchronise to produce DP transmission
at each node. The state space is the pair of N -vectors
(K(t),M(t), t ≥ 0) with probability distribution p(n,m, t) =
Prob[K(t) = n,M(t) = m]:

K(t) = (K1(t), ... ,KN (t)), Ki(t) ≥ 0 (29)

M(t) = (M1(t), ... ,MN (t)), Mi(t) ≥ 0 (30)

n = (n1, ... , nN ), n ≥ 0 (31)

m = (m1, ... ,mN ), mi ≥ 0. (32)

The complex state transitions require detailed notation that
cannot be developed in this limited space.
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