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ABSTRACT
How do we efficiently and fairly allocate the resource in a
wireless network? We study a joint rate and power con-
trol optimization to achieve egalitarian fairness (max-min
weighted fairness) in multiuser wireless networks. The key
challenge to optimizing the fairness of maximizing the data
rates for all the users is the nonconvexity and the nonlinear-
ity of the problem. Additionally, an important requirement
is the need for low-complexity algorithms. We exploit the
nonlinear Perron-Frobenius theory and nonnegative matrix
theory to solve this nonconvex resource control problem. A
fixed-point algorithm that resembles a nonlinear version of
the Power Method in linear algebra and converges very fast
to the optimal solution is also proposed.

1. INTRODUCTION
We consider the problem of egalitarian fairness provision-

ing and optimization in a wireless network with L users com-
municating simultaneously over a shared spectrum. In our
previous related work on wireless resource allocation fairness
problems, we have developed a repertory of theoretical and
algorithmic developments that offer useful insights based on
the nonlinear Perron-Frobenius theory. In [1], we studied
this egalitarian fairness problem, which is a special case of a
more general utility maximization problem in wireless cog-
nitive radio networks. In [2], we presented a crosslayer opti-
mization technique to decompose this problem into separate
fairness problems for rate and power control. In [3], we es-
tablished an optimality equivalence between the max-min
rate fairness problem and the generally NP-hard sum rate
maximization problem.
In this extended abstract, we provide mathematical analy-

sis to reveal more interesting hidden structures in this prob-
lem. We propose a reformulation technique that is based on
the nonnegative matrix theory, which leads to an analyti-
cal characterization of the optimality conditions. As a by-
product, an interesting characterization of the unweighted
fairness special case using the Perron-Frobenius theorem for
matrix pencils is established. By exploiting special proper-
ties of the optimality conditions, namely positivity, decreas-
ing monotonicity and scalability, we propose a fixed-point
algorithm that resembles a nonlinear version of the Power
Method in linear algebra and converges very fast to the op-
timal solution.
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2. SYSTEM MODEL
Suppose the transmit powers of all the users are denoted

by p = (p1, . . . , pL)
⊤. An important wireless performance

metric known as the Signal-to-Interference-and-Noise Ratio
(SINR) at the lth receiver is defined as the ratio of the re-
ceived signal power to the sum of interference signal power
and additive noise power, given by:

SINRl(p) =
Gllpl∑

j ̸=l

Gljpj + nl

, (1)

where G = [Glj ]
L
l,j=1 > 0 represent the channel gain from

the jth transmitter to the lth receiver, and n = (n1, . . . , nL)
⊤

are the additive white Gaussian noise powers at the receivers
of all the users. We assume that fading occurs sufficiently
slowly so that the channel gain can be viewed as static, i.e.,
a frequency-flat fading channel.

Another important wireless performance metric that mea-
sures the achievable data rate rl of the lth user (assuming
the Shannin capacity formula) is given by:

rl = log(1 + SINRl(p)). (2)

Now, for notational brevity, let us define a L×L nonneg-
ative matrix F with entries:

Flj =

{
0, if l = j

Glj

Gll
, if l ̸= j

(3)

and the positive vector v = (n1/G11, n2/G22, . . . , nL/GLL)
⊤.

Moreover, we assume that F is irreducible, i.e., each link has
at least one interferer. With the above notation, we can ob-
tain a bijective mapping between r and p, given by:

p(r) = (I+ Fdiag(er)F)−1 diag(er − 1)v, (4)

where I denotes the identity matrix, diag(x) denotes a di-
agonal matrix diag(x1, . . . , xL), 1 = (1, . . . , 1)⊤ is an all-one
vector and ex = (ex1 , . . . , exL)⊤. Hence, given a feasible
rate r, the corresponding power can be computed by (4).

Furthermore, as in all practical wireless networks, we as-
sume that the transmit power of all the users are constrained
by affine power budget constraints, given by:

P = {p |b⊤
mp ≤ p̄m, m = 1, . . . ,M}, (5)

where p̄ ∈ RM
+ and bm ∈ RL

+, m = 1, . . . ,M are respectively
the upper bound and the weight vectors for the weighted
power constraints. Letting bm be the mth column vector of
a nonnegative matrix B ∈ RL×M

+ , (5) can also be expressed

as P = {p |B⊤p ≤ p̄}.



3. MAXMIN WEIGHTED RATE FAIRNESS
In the following, we study the rate egalitarian fairness

optimization in wireless networks, equivalently maximizing
the minimum weighted rate, given by

maximize
r, p

min
l=1,...,L

rl
wl

subject to rl = log(1 + SINRl(p)), l = 1, . . . , L,
p ∈ P,

(6)

where w = (w1, . . . , wL)
⊤ > 0 is a given positive vector with

the entry wl assigned to the lth user to reflect some priority.
We denote the optimal solution of (6) by p⋆ = (p⋆1, . . . , p

⋆
L)

⊤

and r⋆ = (r⋆1 , . . . , r
⋆
L)

⊤. Note that (6) is nonconvex in r and
p.
We first reformulate (6) as an equivalent optimization

problem in the rate domain with a set of specially-crafted
spectral radius constraints. This is given as follows:

Theorem 1. The optimal rate in (6) is equal to the op-
timal rate of the following optimization problem:1

maximize
r

min
l=1,...,L

rl
wl

subject to ρ
(
diag(er − 1)(F+ (1/p̄m)vb⊤

m)
)
≤ 1,

m = 1, . . . ,M.

(7)

Theorem 1 can be proved using (4) and nonnegative matrix
theory. Next, by introducing an auxiliary variable τ , we
have the epigragh form of (7) as

maximize
τ,r

τ

subject to τwl ≤ rl, l = 1, . . . , L,
ρ
(
diag(er − 1)(F+ (1/p̄m)vb⊤

m)
)
≤ 1,

m = 1, . . . ,M.

(8)

From (8), we can characterize the optimal conditions of
(6). The optimal τ⋆ and r⋆ to (8) can be obtained by

r⋆ = τ⋆w. (9)

Furthermore, r⋆ satisfies

ρ
(
diag(er

⋆

− 1)(F+ (1/p̄i)vbi
⊤)

)
= 1 (10)

where

i = arg max
m=1,...,M

{ρ
(
diag(eτ

⋆w − 1)(F+ (1/p̄m)vb⊤
m)

)
}.

(11)
Note that the optimal r⋆ to (8) is also an optimal solution to
(7) and equivalently to (6). Furthermore, the power p(r⋆)
computed by (4) is an optimal power allocation in (6). Cor-
responding to (10), we have b⊤

i p
⋆ = p̄i for i in (11).

Interestingly, (9) indicates that r⋆, the egalitarian fair
rate, is proportional to w up to a scaling constant τ⋆, which
is the optimal value of (8), equivalently, that of (6). This
relationship is shown in Figure 1. Note that (9) and (10)
imply:

τ⋆ = max{τ : ρ
(
diag(eτw − 1)(F+

1

p̄m
vbm

⊤)
)
≤ 1, ∀m},

which means that τ⋆ is a solution to the fixed-point equa-
tion:

τ⋆ = F(τ⋆) , τ⋆

ρ
(
diag(eτ⋆w − 1)(F+ (1/p̄i)vbi

⊤)
) . (12)

1We let ρ(A) denote the Perron-Frobenius eigenvalue of an
irreducible nonnegative matrix A.
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Figure 1: Illustration of the egalitarian fair rates for
a two-user example. To reach the egalitarian fair-
ness, τ⋆ scales the given weight vector to the Pareto
boundary of the feasible achievable rate region.

The spectral radius of the specially-constructed nonnega-
tive matrices in (7) and its characterization of optimality in
(12) provide a novel avenue to design fixed-point algorithms
to solve (7) using nonlinear Perron-Frobenius theory.

Before that, let us give an explicit characterization of a
special case when the weight assigned to each user is the
same, i.e., w = 1. This special case permits an interesting
application of a generalization of Perron-Frobenius theorem
for matrix pencils [4, 5], which is stated as follows.

Lemma 1 ( [4,5] ). Let A,B ∈ RL×L with B−A non-
singular, and (B −A)−1A (entrywise) nonnegative and ir-
reducible. Then there exists λ ∈ (0, 1) and a positive vector
z satisfying Az = λBz. The eigenvalue λ associated with
the nonnegative eigenvector is the maximum real eigenvalue
in (0, 1), and is given by λ = ρ((B −A)−1A)/(1 + ρ((B −
A)−1A)).

Let us denote q = Fp + v (which can be interpreted as
the vector of the interference). Then, from (2), we have

diag(er)q = p+ q. (13)

At optimality, multiplying both sides of (13) by the matrix

F + 1
p̄i
vbi

⊤ leads to (F + 1
p̄i
vbi

⊤) diag(er
⋆

)q⋆ = (I + F +
1
p̄i
vbi

⊤)q⋆, where i is defined in (11). Since r⋆ = τ⋆1 at

optimality, (13) can be rewritten as

(F+ (1/p̄i)vbi
⊤)q⋆ = e−τ⋆

(I+ F+ (1/p̄i)vbi
⊤)q⋆. (14)

Now, τ⋆ and q⋆ in (14) can be computed using Lemma 1.
In particular, let A = F + (1/p̄i)vbi

⊤ and B = I + F +
(1/p̄i)vbi

⊤ in Lemma 1. Then, using Lemma 1, we have

e−τ⋆

= ρ(F+(1/p̄i)vbi
⊤)

1+ρ(F+(1/p̄i)vbi
⊤)

, thus yielding

τ⋆ = log

(
1 +

1

ρ(F+ (1/p̄i)vbi
⊤)

)
,

and the interference q can interestingly be interpreted as
the right Perron-Frobenius eigenvector of the matrix pencil
F+ (1/p̄i)vbi

⊤.
We now turn to give the general algorithm to solve (2) by

exploiting the properties of (12) to compute the solution of
(12), i.e., the optimal solution to (6), where τ is the only
unknown in (12) to be determined. First, let us list down
the following three properties of F(τ) in (12).



Lemma 2. The fixed-point equation in (12) satisfies the
following properties.

• Positivity: F(τ) > 0 if τ > 0.

• Decreasing monotonicity: F(τ) ≥ F(τ ′), if τ ≤ τ ′.

• Scalability: For all δ > 1, δF(τ) > F(δτ).

Since solving the fixed-point equation in (12) is equiva-
lent to solving (6), the positivity, decreasing monotonicity2

and scalability of F(τ) lead us to the following fixed-point
iteration algorithm to compute the optimal solution of (6).

Algorithm 1 (Joint rate and power control).

1. Compute τ(k + 1) as follows:

i = arg max
m=1,...,M

{
ρ
(
diag(eτ(k)w−1)(F+ 1

p̄m
vbm

⊤)
)}

,

τ(k + 1) =
τ(k)

ρ
(
diag(eτ(k)w − 1)(F+ (1/p̄i)vbi

⊤)
) .

2. Scale the rate r and compute the power p:
if |τ(k + 1)− τ(k)| < ϵ

r = τ(k + 1)w,
p is computed using (4).
Algorithm 1 terminates.

else
Set k ← k + 1, and go to step 1.

Theorem 2. Starting from any positive initial point τ(0),
Algorithm 1 converges to the solution of the fixed-point equa-
tion (12).

Proof. The following derivation is true provided that
F(τ) is positive. The scalability of F(τ) implies that θF(τ) <
F(θτ) for all θ such that 0 < θ < 1. We define θ(k) as the
ratio of the minimum to the maximum of τ(k) and τ(k−1),

i.e., θ(k) = min{τ(k),τ(k−1)}
max{τ(k),τ(k−1)} .

If τ(k−1) < τ(k), we have τ(k−1) = θ(k)τ(k). Due to the
scalability, the following derivations are satisfied: F(τ(k −
1)) = F(θ(k)τ(k)) > θ(k)F(τ(k)) ⇒ τ(k) > θ(k)τ(k + 1).
Due to the decreasing monotonicity, we have F(τ(k− 1)) >
F(τ(k)), i.e., τ(k) > τ(k+1) when τ(k−1) < τ(k). Thus, it
follows that τ(k+ 1) = θ(k+ 1)τ(k). Hence, we can obtain:
θ(k)

θ(k+1)
<

(
τ(k)

τ(k+1)

)2

< 1. Similar to the proof of the case

when τ(k − 1) < τ(k), we can have the same result when
τ(k−1) > τ(k). Since θ(k) is increasing and upper bounded
by 1, it converges to 1. This completes the proof.

Remark 1. Practical stopping criterions for Algorithm 1
can be |τ(k + 1)− τ(k)| < ϵ for a given sufficiently small ϵ.
Once τ(k + 1) is an ϵ-optimal solution, we can use it as an
egalitarian fairness scaling that computes the optimal rate
by τ(k + 1)w.

2In Lemma 2, the function F(τ) is not the so-called standard
interference function first introduced in [6] and widely-used
in the power control literature even though they look similar.
The difference is that increasing monotonicity is used in [6].
The convergence of Algorithm 1 utilizes Lemma 2 and its
proof is therefore nontrivial.

0 5 10 15
1.8

1.9

2

2.1

2.2

2.3
Evolution of τ

Iteration

(a)

0 5 10 15
3.1

3.15

3.2

3.25
Evolution of τ

Iteration

(b)

Figure 2: An illustration of Algorithm 1 for (a) 3
users and (b) 20 users. The red dashed line repre-
sents the optimal τ⋆.

We evaluate numerically the performance of Algorithm 1
for solving (6). Figure 2(a) plots the evolution of τ for three
users that run Algorithm 1. We consider the following chan-
nel gain matrix G, given by G11 = 0.81, G12 = 0.12, G13 =
0.19, G21 = 0.20, G22 = 0.83, G23 = 0.15, G31 = 0.14,
G32 = 0.17, G33 = 0.79. We assume that there is one power
constraint, i.e., M = 1, and set the weight and the upper
bound for the power constraint as b = (0.24, 0.45, 0.31)⊤

and p̄ = 2.0. The noise power of each user is 1 W, and the
weight for the objective function is w = (0.41, 0.22, 0.37)⊤.
Setting the initial τ to a random positive number and ter-
minating with ϵ = 10−8, we can observe that Algorithm
1 converges very fast. The optimal τ⋆ is 2.1, so the op-
timal power for all the users are computed by τ⋆w, i.e.,
r⋆ = (0.86, 0.46, 0.78)⊤. We also obtain the optimal power
p⋆ = (2.72, 1.34, 2.39)⊤ by (4), which satisfies b⊤p⋆ = p̄.
Figure 2(b) shows the evolution of τ for twenty users sub-
ject to five affine power constraints (i.e., L = 20 and M = 5)
with all the problem parameters randomly generated. We
can also observe the fast convergence of Algorithm 1 in this
numerical example.
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