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ABSTRACT
We address the problem of resource placement in general
networking applications, in particular cloud computing. We
consider a large-scale service faced by regionally distributed
demands for various resources. The service aims at placing
the resources across regions to maximize profit, account-
ing for demand granting revenues minus resource placement
costs. Cloud computing and online services, utilizing re-
gional datacenters and facing the problem of where and
how much to place various servers, naturally fall under this
paradigm.

The main challenge posed by this setting is the need to
deal with arbitrary multi-dimensional stochastic demands.
We show that, despite the challenging stochastic combinato-
rial complexity, one can optimize the system operation using
fairly efficient algorithms.

1. INTRODUCTION
Cloud computing has emerged as an attractive solution

for delivering large-scale online services such as web services,
streaming and social network applications. Existing cloud
computing platforms like Amazon EC2 [1] and Microsoft
Azure [2] typically organize a shared pool of servers in ge-
ographically distributed datacenters to provide on-demand
delivery of computing resources at scale. Large-scale services
often feature demands that are geo-distributed and leverage
cloud computing to serve users more efficiently and reliably.

In these systems it is typically preferred to serve a de-
mand by a resource located in the same area rather than
by a remotely located resource. At the same time, plac-
ing and maintaing a resource incurs a cost such as server
rental cost. For example, Amazon EC2 offers several server
instance types natively and few thousands more through a
marketplace1. It bills instance usage on a pay-per-use ba-
sis, e.g., according to an on-demand price plan that varies
with instance type and datacenter location. Thus, engineer-
ing such services in a cost-effective manner is far less than
trivial.

Our goal is to provide a framework and algorithms to ad-
dress the resource placement problem; namely, allows one
to determine the total quantity of resources (and their lo-
cations) that optimizes the service operating cost, given the

1An EC2 instance is a virtual machine that runs a specific
application image.
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Figure 1: An example of the system topology. Note
that the placement is L1
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storage capacities of the system. To this end, we develop
a general model that captures the major parameters that
affect the design of service placement algorithms in geo-
distributed environments, including: 1) A variety of resource
types, 2) A stochastic demand, 3) The cost of placing and
maintaining a resource, 4) The benefit of satisfying the de-
mand, e.g., the revenue associated with reducing user re-
sponse times. The problem is of high dimensionality due to
the amount of areas, amount of resource types and, espe-
cially, the need to account for (multi-dimensional) full prob-
ability distribution functions of the demand.

2. THE MODEL AND THE PROBLEM
We consider a system consisting of k areas indexed by

1, 2, . . . , k. In each area one can place multiple resources of
different types indexed by 1, 2, . . . ,m. Let Lji denote the
number of type i resources placed in area j. The set of re-
sources (servers) placed in these areas is called a placement
and denoted by L = {Lji}.We assume that area j is asso-
ciated with a storage value sj representing a bound on the
total number of resources that can be placed in it. Place-
ment L is called feasible if the number of resources in area
j is not larger than sj , i.e Lj :=

∑m
i=1 L

j
i ≤ s

j .

We consider a stochastic demand for resources. Let Dj
i

be a random variable denoting the number of requests for
type-i resource in area j. We do not make any assumption
on the distribution of Dj

i , namely it can be of an arbitrary
(non-negative) distribution. An example of the topology
of a system is depicted in Fig. 1, where every computer
represents a resource.

Resource capacity. A type-i resource can serve at most
Bi requests. This parameter can reflect the upload or pro-
cessing capacity of a server.

Service cost model. Consider request of type i and
a placement L. The cost of serving a request can be sat-
isfied by a resource in its own region, by a resource in a



remote region, or can be unsatisfied. In these cases the
cost will be Ciloc (local cost), Cirem (remote cost), Ciunsat
(unsatisfied), respectively. We assume that the costs obey
Ciunsat ≥ Cirem ≥ Ciloc, reflecting local costs cheaper than
remote ones.

Given a placement L and a deterministic realization dji of

the demand Dj
i , one can derive an optimal assignment of the

resources to the demand, yielding minimal assignment cost
(see Section 3). Let C(L, dji ) be the optimal assignment cost
and denote by gloc, grem and gunsat the corresponding num-
ber of requests granted under the optimal assignment from a
local area, granted from a remote area, and unsatisfied ones,
respectively. Then, the minimal assignment cost is simply
C(L, dji ) = Cloc · gloc+Crem · grem+Cunsat · gunsat. The ex-
pected service cost E|D(C(L)) is defined as the expected
value of the minimal assignment cost over all demand real-
izations: E|D(C(L)) =

∑m
i=1

∑k
j=1 C(L, dji ) · Pr(Dj

i = dji ).
Placement cost model. We associate a resources cost

with placement L, denoted by Cr(L), which represents the
cost of placing and operating the resources of L. We assume
that Cr(L) is a convex semi-separable function. A formal
definition of convex semi-separable functions is given in our
upcoming article.

This cost model allows us to capture a variety of server
rental plans. For example, the on-demand server pricing
of cloud providers such as EC2 can be captured as pji , a
fixed price for running type-i server in area-j, yielding a re-
source cost of Cr(L) =

∑m
i=1

∑k
j=1 L

j
i · p

j
i . A more compli-

cated example can incorporate software licensing costs and
area-specific charges. Let ri be the licensing cost associated
with type-i server and hj be an add-on provisioning cost for
area j. Then, the (semi-separable) resource cost becomes

Cr(L) =
∑m
i=1

∑k
j=1 L

j
i · p

j
i +

∑k
j=1 L

j · hj +
∑m
i=1 Li · ri.

We assume that the resource cost is independent of the
demand distribution Dj

i and of the service cost constants.
We define the total placement cost Cp(L) as the sum
of the resource cost and the service cost Cp(L) = Cr(L) +
E|D(C(L)).

We define the placement problem as a minimization of the
(total) placement cost among all feasible placements. More
formally, given the demand distributions {Dj

i }, i = 1, . . . ,m,
j = 1, . . . , k, service cost parameters Cloci , Cremi , Cunsati ,
placement cost parameters, server capacities Bi, storage val-
ues s1, s2, . . . , sk, an optimal matching algorithm, determine
the optimal resource placement L = {Lji}, i = 1, . . . ,m,
j = 1, . . . , k that minimizes the placement cost Cr(L) +
E|D(C(L)) among all feasible placements.

3. THE LOSS FUNCTION
The placement cost function is difficult to optimize. A key

element in our analysis is a transformation of the (expected)
service cost from that equation, E|D(C(L)), into ”differen-
tial revenue”, E|D(R(L)), which expresses the service cost in
relative terms (e.g. cost of being served locally relatively to
being served remotely). The transformation facilitates the
solution while preserving the problem. Its details are given
in are upcoming article. We define the loss function or
simply the loss of placement L as the resource cost minus
the service revenue,

lossp(L) = Cr(L)− E|D(R(L)). (1)

The following claim establishes the loss as a key for solving

the placement problem:

Claim 3.1. For every placement L, the difference between
the loss function and the total placement cost, lossp(L) −
Cp(L), equals to

∑m
i=1E(Di) · Cunsati , which is constant.

Thus, a placement L solves the placement problem iff the
placement minimizes lossp(L) among all feasible placements.

3.1 A closed-form formula for the loss func-
tion

To optimize the cost function one must: 1) Account for
all possible demands, 2) Derive for each of them the optimal
assignment of resources to demands, 3) Compute the cost
of each such assignment, and finally 4) Derive the expected
cost as computed over all these assignments. All these steps
are conducted in our Assignment algorithm which is based
on greedy matching principles.

The Assignment Algorithm maximizes the number of lo-
cally granted requests in every area, and then it grants re-
motely the other unsatisfied requests. We prove that given
a placement L = {Lji} and a demand realization dji the algo-

rithm grants globally ggloi = min(Bi ·Li, di) (Bi is the type-i

resource capacity) and grants locally gloci =
∑k
j=1 min(Bi ·

Lji , d
j
i ) requests of type-i. We prove that the algorithm

has a maximal revenue value which equals to R(L, dji ) =∑m
i=1[Rgloi · min(Bi · Li, di) + Rloci ·

∑k
j=1 min(Bi · Lji , d

j
i )].

This yields a closed-form formula for the service revenue
E|D(R(L)), which is the expected value of the maximal rev-
enue value. Thus Eq (1) implies the following theorem:

Theorem 3.2. A placement L solves the placement prob-
lem iff the placement minimizes among all feasible place-
ments the loss function, which equals to

lossp(L) = Cr(L)−
m∑
i=1

Rgloi · E|Di(min(Bi · Li, Di))

−
m∑
i=1

Rloci · [
k∑
j=1

E|
D

j
i
(min(Bi · Lji , D

j
i ))]. (2)

In Section 2 we assumed that the resource cost, Cr(), is a
convex semi-separable function. This means that there ex-
ists a set of marginal functions Mζ(Cr) = {ζji }

⋃
{ζi}

⋃
{ζj}

such that Cr(L) =
∑m
i=1

∑k
j=1 ζ

j
i (Lji )+

∑m
i=1 ζi(Li)+

∑k
j=1 ζ

j(Lj).

Thus, there exists a set of marginal convex functionsMγ(lossp) =

{γji }
⋃
{γi}

⋃
{γj} such that lossp(L) =

∑m
i=1

∑k
j=1 γ

j
i (L

j
i )+∑m

i=1 γi(Li) +
∑k
j=1 γ

j(Lj).

4. REDUCTION TO A MIN-COST FLOW
PROBLEM

In our paper we show how to reduce the placement prob-
lem into a min-cost flow problem, using the marginal-
differential functions.

4.1 Introduction to the min-cost flow problem
We start describing the min-cost flow problem [3],

which is a generalization of the notable max flow problem.
In this problem one considers a directed graph G = (V,E)
where every edge e ∈ E has integer capacity c(e) and a
real-value weight w(e) (alternatively, called cost). The
graph must contain two different nodes: a source node x
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Figure 2: The 8-layer graph . Note that the edge weights, which are the marginal-differential functions
defined in Claim 4.1, can be negative.

and a sink node y. An x-y-flow f : E → R+ is defined
on the graph edges (v, v′) ∈ E in the same way as defined
in the max-flow problem and must satisfy: 1) Capacity
constraint: for each edge e ∈ E, 0 ≤ f(e) ≤ c(e). 2) Con-
servation of flows: for every vertex v ∈ V \{x, y} we have∑

(v′,v)∈E f(v′, v) =
∑

(v,v′)∈E f(v, v′). In addition to the

standard definitions, we define the flow at node v 6= x, y as
the income flow (and by conservation of flows, the outcome
flow) to (from) node v. We denote it by f in(v), which equals
f in(v) =

∑
(v,v′)∈E f(v, v′)(=

∑
(v′,v)∈E f(v′, v) = fout(v)).

The flow value of f , as defined in the max-flow problem, is
|f | =

∑
(x,v)∈E f(x, v) =

∑
(v,y)∈E f(v, y). The weight (or

cost) of flow f is w(f) =
∑
e∈E f(e)w(e).

The classic min-cost flow problem with required flow
|f | = k is to find a flow fopt(k) of value k that has minimal
weight among all flows of value k. This means that for every
flow f ′ such that |f ′| = |fopt(k)| = k we have w(fopt(k)) ≤
w(f ′).

4.2 Reduction of the placement problem to a
min-cost flow problem

Given the loss function lossp with its marginal functions
Mγ(loss), we define the marginal-differential functions
{∆γji }

⋃
{∆γi}

⋃
{∆γj} simply as the differential of the cor-

respond marginal functions.
The following claim regarding the marginal differential

functions is straightforward:

Claim 4.1. The marginal-differential functions ∆γ can
be calculated using the following equations: 1) ∆γj(n) =
ζj(n)−ζj(n−1). 2)∆γji (n) = ζji (n)−ζji (n−1)−Rloci Pr(Dj

i ≥
n ·Bi). 3) ∆γi(n) = ζi(n)− ζi(n−1)−Rgloi Pr(Di ≥ n ·Bi).

We reduce the placement problem to a min-cost problem
using the graph given in Fig. 2 as follows: We define a di-
rected 8-layer graph G8 = (V 8, E8). On every edge a pair
c(e), w(e) so that c(e) is the capacity function (presented
in olivegreen color) and w(e) is the weight function. The
graph is composed from the following 8 layers: The source
x, the (area, #resources) layer, the area layer, the (area,
type) layer, the (area, type, #resources) layer, the type
layer, the (type, #resouces) layer, and finally the sink y.
We also connect the source x to the sink y.

Finding the min-cost flow on G8 yields the optimal place-
ment as presented in the following lemma:

Lemma 4.2. Let fopt be the min-cost flow in G8 with a

required flow of |f | =
∑k
j=1 s

j .
= s. Let L be a placement

with components equal to the flow in nodes (aj , ti), i.e Lji =
f inopt(a

i, tj). Then L solves the placement problem.

The correctness of the lemma is presented in the appendix,
and stems from the fact that the marginal-differential weights
are monotonically increasing.

5. SOLVING THE MIN-COST FLOW PROB-
LEM

In order to solve the min-cost flow problem, we use the
Successive Shortest Path with Negative-Edges (SSP-NE) al-
gorithm, as shown by the following theorem:

Theorem 5.1. Let G be a graph with arbitrary edge weights
w and with no negative cycles. Then SSP-NE finds the min-
cost flow solution.

The 8-layer graph G8 is acyclic, and in particular, it does
not contain any negative cycle. Thus we can use SSP-NE on
G8 to retrieve an optimal placement Lopt using Lemma 4.2.
The complexity of applying SSP-NE to the placement prob-
lem is O(s2m2), where s =

∑k
j=1 s

j be the total storage
value m is the number of resource types. In our paper we
present the Bipartite Graph Algorithm (BGA) , which
solves the bounded capacity problem faster than SSP-NE
(O(skm), where k is the number of areas).
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