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1. INTRODUCTION
The mathematical analysis of epidemic-like behavior has

a rich history, going all the way back to the seminal work
of Bernoulli in 1766 [2, 4]. More recently, mathematical
models of epidemic-like behavior have received considerable
attention in the research literature based on additional mo-
tivation from areas such as computer viruses and worms and
social media; refer to, e.g., [7, 5] and the references therein.
However, research on the control of such epidemic-like math-
ematical systems has been much more limited; see, e.g., [3].
In this paper we consider variants of the classical mathe-

matical model of epidemic-like behavior analyzed by Kurtz
[6, Chapter 11], extending the analysis to first incorporate
time-varying behavior for the infection and cure rates of the
model and to then investigate aspects of the corresponding
optimal control problem. Specifically, we start by formally
presenting an epidemic-like continuous-time, discrete-state
stochastic process in which each individual comprising the
population can be either in a non-infected state or in an in-
fected state, and where the rate at which the non-infected
population is infected and the rate at which the infected
population is cured are both functions of time. Taking the
limit as the population size tends to infinity, we establish
that this limiting stochastic process converges asymptoti-
cally to an equivalent continuous-time, continuous-state dy-
namical system. We next derive mathematical properties of
this limiting dynamical system and then derive mathemati-
cal properties of the optimal dynamic control policy for the
dynamical system that maximizes a general utility function.
The paper is organized accordingly. We refer the reader to
[8] for additional results, proofs, related work, and technical
details.
It is important to note that our model/results are quite

general, and not restricted to health-related epidemic ap-
plications, where individuals can represent any entities of
interest and non-infected (infected) states can represent any
characteristics (complementary characteristics) of interest,
such as usage of solar energy (usage of other energy sources)
or healthy cybersystems (infected cybersystems).
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2. EPIDEMIC STOCHASTIC PROCESSES

2.1 Model
Consider a sequence of Markov processes Ẑn = {(X̂n(t),

Ŷn(t)); t ≥ 0} indexed by the population size n = 1, 2, . . .
and defined over the probability space (Ωn,Fn,Pn), com-
prised of state space Ωn := {(i, j) : 0 ≤ i, j ≤ n, i+ j = n},
σ-algebra Fn and probability measure Pn, with initial prob-
ability distribution αn. Each process Ẑn(t) represents the
ordered pair (X̂n(t), Ŷn(t)) of non-infected and infected pop-
ulation at time t, where we assume connections among the
population form a complete graph. The time-dependent in-
finitesimal generator Qn(t) = [q(n)

(i,j)(k,l)(t)] for the Markov
process Ẑn has time-dependent transition intensities

q
(n)
(i,j)(i−1,j+1)(t) = λ(t)i j

n
, q

(n)
(i,j)(i+1,j−1)(t) = µ(t)j.

Our definition of the stochastic process Ẑn is slightly dif-
ferent from that of Kurtz [6, Chapter 11], in that we allow
an infected individual who is cured to become infected at a
later time.
Define Zn(t) := Ẑn(t)/n. We show in the next subsection

that the stochastic process Zn(t) converges to a determin-
istic process Z(t) = (X(t), Y (t)) a.s. as n → ∞ and that
Z(t) satisfies the following ordinary differential equations:
dX(t)
dt

= −λ(t)X(t)Y (t)+µ(t)Y (t) and dY (t)
dt

= λ(t)X(t)Y (t)−
µ(t)Y (t). This desired a.s. convergence result, which justi-
fies the use of a continuous-state dynamical system to model
a discrete-state real-world stochastic system, is a process-
level limit. Specifically, we view both the pre-limit and
limit processes as elements of D([0,∞), [0,∞)), the space
of functions mapping from [0,∞) to [0,∞) that are RCLL.
This space is endowed with the Skorohod J1 topology.
Note that proving this type of convergence for epidemic-

like models, sometimes referred to as mean-field limit re-
sults, is an active topic of research in the literature. In fact,
various methods have been developed over the past decade
to prove different modes of convergence; see, e.g., [1] and
the references therein. Our convergence result and its proof
method generalizes those in [6, Chapter 11]. Our ongoing
work also includes investigating the generalization of more
recently developed techniques (i.e., those reviewed in [1]) in
order to obtain stronger forms of convergence (e.g., in mean
square) and a more succinct proof of the current result.

2.2 Results
We proceed by proving a stronger result that then implies



the desired a.s. process limit above. Let Ẑn be a Markov
process defined on some state space Ω, with time-dependent
intensities that always bear the form q

(n)
k,k+`(t) = nβ`,t(k/n)

where {β`,t(·)}`,t are functions defined on Ω for each ` and
any time t ≥ 0. From the martingale-problem method, we
devise that Ẑn(t) has the integral representation Ẑn(t) =
Ẑ0(t) +

∑
`
`W`(n

∫ t
0 β`,s(

Ẑn(s)
n

)ds), where the W` are inde-
pendent standard Poisson processes.
Define Ft(x) :=

∑
`
β`,t(x). Our strategy is to first ob-

tain the integral representation of Zn(t) = Ẑn(t)/n, which
leads to the generator of Zn(t) again through the martingale-
problem method and the law of large numbers for the Pois-
son process. This renders the desired convergence

Zn(t) = Zn(0) +
∑
`

`

n
W̄`

(
n

∫ t

0
β`,s(Zn(s))ds

)
+
∫ t

0
Fs(Zn(s))ds, (1)

where W̄`(u) = W`(u) − u denotes the centered Poisson
process. It then follows, from known results for the time-
dependent martingale problem (see, e.g., [6, Chapter 7]),
that the generator An(t) for Zn(t) has the form

An(t)f(x) =
∑
`

nβ`,t(x)
[
f
(
x+ `

n

)
− f(x)− ` · ∇f(x)

n

]
+ Ft(x) · ∇f(x).

Note the following basic fact: limn→∞ supu≤v
∣∣∣ W̄`(nu)

n

∣∣∣ =
0, a.s., v ≥ 0. We now present one of our main results, which
represents a time-inhomogeneous extension of the result of
Kurtz [6, Chapter 11] with respect to λ(t) and µ(t).

Theorem 2.1. Suppose that for each compact set K ⊂ Ω∑
`

|`| sup
x∈K

β`,t(x) <∞, ∀t ≥ 0,

and there exists MK > 0 such that

|Ft(x)− Ft(y)| ≤Mk|x− y|, ∀x, y ∈ K, t ≥ 0. (2)

Further supposing Zn(t) satisfies (1), limn→∞ Zn(0) = z0,
and a process Z(t) satisfies

Z(t) = z0 +
∫ t

0
Fs(Z(s))ds, t ≥ 0,

then we have, for every t ≥ 0,

lim
n→∞

sup
s≤t
|Zn(s)− Z(s)| = 0, a.s. (3)

Corollary 2.1. The stochastic process Zn(t) converges
almost surely as n→∞ to the deterministic process Z(t) =
(X(t), Y (t)) such that Ẋ = −λ(t)X(t)Y (t) + µ(t)Y (t) and
Ẏ = λ(t)X(t)Y (t) − µ(t)Y (t). Namely, d(Zn(·), Z(·)) → 0
a.s. as n→∞ with d being the Skorohod J1 metric.

3. EPIDEMIC DYNAMICAL SYSTEMS

3.1 Model
We next consider the dynamical system z(t) = (x(t), y(t))

resulting from Corollary 2.1. Let us initially assume λ(t) > 0
and µ(t) > 0 are constant for all t; namely, λ(t) = λ and
µ(t) = µ, ∀t. The state equations are then given by:

dx

dt
= −λxy + µy and dy

dt
= λxy − µy,

where x and y respectively describe the non-infected and
infected population, with total population c = x + y. Al-
though our model definition implies c = 1, we shall consider
the case of general c for mathematical completeness.
Since c = x+ y and d(x+y)

dt
= 0, we have x(t) + y(t) = c =

x(0) + y(0) for all t; i.e., the total population is constant.
Upon substituting y = c−x, we can equivalently rewrite the
two-dimensional ODE as an one-dimensional ODE: dx

dt
=

λx2 − (λc+ µ)x+ µc. We then have the following result.

Theorem 3.1. For the dynamical system (x(t), y(t)) with
0 ≤ x(0), y(0) ≤ c and x(t) + y(t) = c, λ(t) = λ, µ(t) = µ
for all t, the system has equilibrium points at x∗1 = µ

λ
and

x∗2 = c and stability properties given by the three cases:

1. µ
λ
< c: The equilibrium point x∗1 is stable and the equi-

librium point x∗2 is unstable. All trajectories of the dy-
namical system will converge towards the equilibrium
point x∗1, with the sole exception of x(0) = c.

2. µ
λ
> c: The equilibrium point x∗1 is unstable and the

equilibrium point x∗2 is stable. All system trajectories
will converge towards the equilibrium point x∗2.

3. µ
λ

= c: There is one equilibrium point at x∗2, which
is neither stable nor unstable. All system trajectories
will converge towards the equilibrium point x∗2.

To summarize, for the dynamical system of Theorem 3.1,
all trajectories will converge towards an equilibrium point,
which is at x = µ

λ
when µ

λ
< c and at x = c when µ

λ
≥ c. We

now turn to the general instance of our dynamical system
model with λ(t) and µ(t) varying as functions of time t, for
which we have a more general result of a similar form.

Theorem 3.2. For the dynamical system (x(t), y(t)) with
0 ≤ x(0), y(0) ≤ c and x(t) + y(t) = c, λ(t), µ(t) continu-
ously varying for all t, the system has an asymptotic state at
x∗1 = µ(t)

λ(t) and an equilibrium point at x∗2 = c, and stability
properties given by the following four cases.

1. 0 < µ(t)
λ(t) < c ∀t: The equilibrium point x∗2 is unstable.

All trajectories of the dynamical system whose intial
state is bounded away from c will converge towards be-
ing eventually near the asymptotic state x∗1 with respect
to a δ-neighborhood, i.e., ‖x(t)− µ(t)

λ(t)‖ < δ where δ is
a function of the rate of change of µ(t) and λ(t).

2. µ(t)
λ(t) > c: The equilibrium point x∗2 is stable. All trajec-
tories will converge towards the equilibrium point x∗2.

3. µ(t)
λ(t) = c: There is one equilibrium point at x∗2, which
is neither stable nor unstable. All system trajectories
will converge towards the equilibrium point x∗2.

4. µ(t)
λ(t) = 0: There is one equilibrium point at x∗1 = 0,
which is neither stable nor unstable. All trajectories
will converge towards this equilibrium point x∗1.



As a special case of Theorem 3.2, when λ(t) and µ(t)
asymptotically converge to a constant ratio, then the equi-
librium points and stability of such a continuously varying
dynamical system are given by the following result.

Theorem 3.3. For the dynamical system (x(t), y(t)) with
0 ≤ x(0), y(0) ≤ c and x(t) + y(t) = c, λ(t), µ(t) continu-
ously varying such that µ(t)/λ(t) → κ, the system has an
asymptotic state at x∗1 = µ(t)

λ(t) and an equilibrium point at
x∗2 = c, and stability properties given by the four cases:

1. 0 < µ(t)
λ(t) < c: The equilibrium point x∗2 is unstable. All

system trajectories whose initial state is bounded away
from c will converge towards x∗1 → κ.

2. µ(t)
λ(t) > c: The equilibrium point x∗2 is stable. All tra-
jectories of the dynamical system will converge towards
the equilibrium point x∗2.

3. µ(t)
λ(t) = c: There is one equilibrium point at x∗2, which
is neither stable nor unstable. All system trajectories
will converge towards the equilibrium point x∗2.

4. µ(t)
λ(t) = 0: There is one equilibrium point at x∗1 = 0,
which is neither stable nor unstable. All trajectories
will converge towards this equilibrium point x∗1.

3.2 Optimal Control Results
Consider the following optimal control formulation. Let

R(x(t)) and C(y(t)) denote the rewards and costs as a func-
tion of the state of the system at time t, respectively. The de-
cision variables are based on the infection and cure rates λ̂(t)
and µ̂(t) as deviations from the original infection and cure
rates λ(t) and µ(t), where the system incurs costs Ĉλ(·) and
Ĉµ(·) as functions of the changes λ̂(t)−λ(t) and µ̂(t)−µ(t),
respectively. Define λ̂ := (λ̂(t)) and µ̂ := (µ̂(t)). The opti-
mal control formulation is then given by:

max
λ̂, µ̂

f

({∫ T

0
R(x(t))− C(y(t))− Ĉλ(λ̂(t)− λ(t))

−Ĉµ(µ̂(t)− µ(t))
}
dt

)
, (4)

s.t. dx

dt
= −λ(t)xy + µ(t)y, dy

dt
= λ(t)xy − µ(t)y, (5)

where T denotes the time horizon, which can be finite or
infinite, and f(·) represents an operator of interest.
First considering a one-sided version of the general opti-

mal control problem in equilibrium with constant infection
rate λ, we can rewrite the objective function (4) as

max
µ

R(x(∞))− C(y(∞))− Cµ(µ),

since the optimal control is a stationary policy for the cure
rate, i.e., a single control µ in equilibrium. Substituting
min{c, µ

λ
} for x(∞) and c−x(∞) = max{0, c− µ

λ
} for y(∞),

we can establish that the optimal control policy is given by

µ∗ = arg max
µ≥0

R(µR)− C(µC)− Cµ(µ), (6)

where µR := min{c, µ
λ
} and µC := max{0, c − µ

λ
}. Namely,

the optimal stationary control policy employs for all time
t the single control µ∗ in (6). An analogous result on λ∗

can be established for the opposite one-sided version of the
problem in equilibrium with constant cure rate µ.
Next, as a step toward the general formulation (4)–(5),

we introduce the notion of an ideal trajectory denoted by
(λI(t), µI(t)). Assuming no costs for adjusting the infection
and cure rates (Ĉλ(a) = 0 = Ĉµ(a), ∀a), the ideal trajectory
is the sequence of optimal solutions (λI ,µI) of (4)–(5) for
every time t. More precisely, for any time t, we determine
λI(t) and µI(t) that solve the optimal control problem:

max
λ(t), µ(t)

R(x(t))− C(y(t)).

The ideal trajectory then defines a sequence of optimal so-
lutions λI(t) and µI(t) for every point in time, independent
of the initial state, thus rendering a perfect path that one
might want the dynamical system to follow. This ideal path
differs from the trajectory of the optimal policy as a result
of the dependence of the optimal policy on the initial state
x(0), the cost functions Ĉλ(·), Ĉµ(·), and any constraints on
the rates of change θλ̂l ≤

dλ̂(t)
dt
≤ θλ̂u and θµ̂l ≤

dµ̂(t)
dt
≤ θµ̂u .

Even though the ideal trajectory is not optimal in general,
it provides insight into the complex dynamics of the system
in a very simple and intuitive manner. The ideal trajec-
tory also plays an important role in instances of the optimal
control problem as demonstrated in our final result herein.

Theorem 3.4. Assume the constraints θλl ≤
dλ(t)
dt
≤ θλu

and θµl ≤
dµ(t)
dt
≤ θµu are strictly tighter than the constraints

θλ̂l ≤
dλ̂(t)
dt
≤ θλ̂u and θµ̂l ≤

dµ̂(t)
dt
≤ θµ̂u. For the optimal

control problem (4)–(5) with Ĉλ(a) = 0 = Ĉµ(a) and f(·)
as the identity functional, the optimal policy (λ̂∗, µ̂∗) con-
sists of moving the trajectory of the dynamical system from
(λ(0), µ(0)) to the ideal trajectory (λI ,µI) as quickly as pos-
sible and then continuing to follow this ideal trajectory.
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