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ABSTRACT
We use a probing strategy to estimate the time dependent
traffic intensity in an Mt/Gt/1 queue, where the arrival rate
and the general service-time distribution change from one
time interval to another, and derive statistical properties of
the proposed estimator. We present a method to detect a
switch from a stationary interval to another using a sequence
of probes to improve the estimation. At the end, we compare
our results with two estimators proposed in the literature for
the M/G/1 queue.

1. INTRODUCTION
A renewed interest in statistical inference in queueing the-

ory has been observed in recent years, due to active mea-
surements (probing) of Internet traffic [1]. Reflecting the
new settings to which inference is applied, there is interest
in both parametric and nonparametric estimation using par-
tial information. In this context, the only available data are
arrival times, service times and departure times of probes
(say, special packets) that are sent to the queue. From this
raw information, it is desired to estimate the characteris-
tics of the original traffic, and more particularly the traffic
intensity.

It has long been recognised that many queueing systems
are most appropriate modeled by non-stationarity queueing
models [2], in which the arrival rate and service times vary
with time. However, most of the estimation works in the lit-
erature follow a stationary point of view, are typically based
on heuristics, and lack a well defined probabilistic struc-
ture. Such description is necessary to study the operation
of probing methods in more detail, to determine their sta-
tistical performance, and to explore possible optimisation.
An exception that follows a stationary point of view for the
M/G/1 queue is [4], where the traffic intensity is estimated
based on the sojourn times of the probes such that at each
time there is only one probe in the system. Another work [5]
considers that probes arrive according to a Poisson processes
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and the traffic intensity is estimated through the number of
probes that see the system empty.

Our proposal here is to go beyond stationary models and
define a probing method allowing the estimation of traffic
intensity at an arbitrary time t. The Mt/Gt/1 model con-
sidered has a single server with speed 1, unlimited waiting
room, a FIFO service discipline, and piecewise-stationary
non-homogeneous Poisson arrival process and independent
service times with a general distribution, that are indepen-
dent of the arrival process. We note that the traffic intensity
can exceed one on some of the intervals of stationarity and
their length should be relatively large compared with typi-
cal service times in order to the information obtained using
probing to be useful in practice.

2. ESTIMATION
We denote the (original) traffic intensity by ρt = λtE[St],

where λt is the arrival rate at time t and St is the service
time of a packet arriving at time t. Probes are sent as a
sequence of n + 1 probes, where the time between the ith
and (i+ 1)th probes, denoted by Ti, is equal to the service
time of the ith probe, i = 1, . . . , n. A little thought tells us
that two consecutive probes share the same busy period, and
the corresponding output separation time observed between
the probes of the pair (i, i + 1), represented by Ii, will be
equal to Ti+1 if there is no traffic between them. Otherwise,
the output separation time will contain the workload that
arrives to the queue during the interval of length Ti. Thus,
the workload between the ith and (i + 1)th probes is given
by

Wi = Ii − Ti+1, i = 1, . . . , n. (1)

The sequence of probes can be converted into a subse-
quence of packets with gaps between them, keeping the prob-
ing overhead at a considerable low level, but at the expense
of a prolonged measurement time. As will be seen below,
this has no effects in the analysis and will be detailed some-
where else.

Assume that probes in a sequence arrive to the system
during the same piecewise-stationary interval (see Sect. 4
when arrivals can occur in different intervals). Thus, al-
though in reality the quantities λt, St, and ρt depend on t,
for convenience our notation suppresses t. The statistic

W
k
n =

∑n
i=1W

k
i∑n

i=1 Ti
, k ≥ 1, (2)

represents essentially the kth empirical moment of the mean
workload arriving in a unit interval. In the following, we will



drop the exponent k case k = 1. Taking k = 1 will provide
an unbiased estimator for the traffic intensity of the queue,

E[Wn] = λE[S] = ρ (3)

with variance

V [Wn] = λE[S2]E

[
1∑n
i=1 Ti

]
. (4)

These results follow using the conditional mean and vari-
ance formulas. Therefore, Wn is a (mean square) consistent
estimator of ρ with variance depending on the sum of the
times between consecutive probes.

As concerns the second empirical order moment, we have

E[W
2
n] = λE[S2] + λ2E[S]2E

[∑n
i=1 T

2
i∑n

i=1 Ti

]
, (5)

which is an asymptotic unbiased estimator of E[W 2]/E[T ],
with (W,T ) denoting a general random vector with the same
distribution as (Wi, Ti). We will not pursue with a similar
analysis for k > 2, but other higher order moments can be
obtained. We note that the quantity λE[S2] in (4), can be

estimated from (5), if we replace E[W
2
n] and (λE[S])2 by

the empirical quantities W
2
n and (Wn)2, respectively.

Suppose that Ti follows a gamma distribution with shape
and rate parameters α and β, respectively, and mean α/β.
Then 1/

∑n
i=1 Ti has an inverse gamma distribution with

parameters nα and β, and

V [Wn] = λE[S2]
β

nα− 1
. (6)

If T is deterministic and equal to α/β, then

V [Wn] = λE[S2]
β

nα
. (7)

In general, for other distributions, if T has mean µ and
variance σ2, then through the delta method (see e.g., [6])

E

[
1∑n
i=1 Tk

]
≈ 1

nµ
+

σ2

n2µ3
, (8)

showing that the deterministic case leads to the smallest
variance for Wn.

3. ASYMPTOTIC NORMALITY
In this section, we establish the asymptotic normality of

the estimator. By the multivariate central limit theorem,

√
n

((∑n
i=1Wi/n∑n
i=1 Ti/n

)
−
(

E[W ]
E[T ]

))
(9)

is asymptotically normal with mean (0, 0)t and covariance
matrix

Σ =

(
V[W ] cov(W,T )

cov(W,T ) V (T )

)
, (10)

where

cov(W,T ) = λE[S]V [T ] (11)

and

V [W ] = λE[T ]E[S2] + λ2E[S]2V [T ]. (12)

As Wn = φ(
∑n
i=1Wi/n,

∑n
i=1 Ti/n) with φ(x, y) = x/y,

and the function φ is differentiable at (E[W ], E[T ]) with
derivative

φ′(E[W ],E[T ]) =
(
1/E[T ] −E[W ]/E[T ]2

)
, (13)

it follows from the multivariate delta method ([6], Theorem
3.1, page 26) that the sequence

√
n
(
Wn − ρ

)
(14)

is asymptotically normal with zero mean and variance

φ′(E[W ],E[T ])Σ(φ′(E[W ],E[T ]))
t = λE[S2]/E[T ]. (15)

Consequently, using the consistent and asymptotically nor-
mal estimator Wn and its associated variance, it is straight-
forward to construct confidence intervals for ρ.

4. ESTIMATION THE LOCATION OF STA-
TIONARY INTERVALS

A problem that arises is to know if the probes in a se-
quence arrive in the same or over two or more stationary
intervals, in order to divide the sequence and estimate ap-
propriately the traffic intensity. In the statistical literature,
this is known as a change point analysis problem. The gen-
eral problem concerns the inference of the change in distri-
bution for a sequence of time-ordered observations. Several
methods have been proposed in the literature; here we shall
use the nonparametric method proposed in [3], conveniently
applied to our case.

Let Xm = {W1,W2, . . . ,Wm} and Ym(n) = {Wm+1,
Wm+2, . . . ,Wn}, m < n, represent the workloads from a
sequence of probes. Suppose that Xm and Ym(n) are i.i.d.
samples of the distribution of X and Y , such that E [|X|α],
E [|Y |α] <∞, for some α ∈ (0, 2). An empirical divergence
measure between the distributions of X and Y may be de-
fined as

Ê(Xm,Ym(n);α) =
2

m(n−m)

∑
1≤i≤m<j≤n

Dα
i,j

−

(
m

2

)−1 ∑
1≤i<j≤m

Dα
i,j −

(
n−m

2

)−1 ∑
m+1≤i<j≤n

Dα
i,j (16)

where Di,j = |Wi −Wj | and

Q̂(Xm,Ym(n);α) =
m(n−m)

n
Ê(Xm,Ym(n);α) (17)

denote the scaled sampled measure of the divergence. Un-
der the null hypothesis of no change points (i.e., X and Y

have the same distribution), Q̂(Xm,Ym(n);α) converges in
distribution to a non-degenerate random variable as m ∧
(n − m) → ∞. Under the alternative hypothesis of un-

equal distributions, Q̂(Xm,Ym(n);α) → ∞ almost surely
as m ∧ (n−m)→∞. This motivates the following estima-
tion procedure.

A change point location τ̂ is estimated as

(τ̂ , κ̂) = argmax
(τ,κ)

Q̂(Xτ ,Yτ (κ);α), 1 ≤ τ < κ ≤ n, (18)

and its statistical significance is determined through a per-
mutation test. The estimated change point τ̂ has an as-

sociated test statistic value of q0 = Q̂(Xτ̂ ,Yτ̂ (κ̂);α). A
permuted sample is obtained by permuting the workloads
W1,W2, . . . ,Wn. The estimate of the location of the change
point in the rth permuted sample, τ̂ (r), along with its as-
sociated testing statistic value q(r), are obtained using the
same estimation procedure as for τ̂ . Then, the approximate
p-value is calculated as #{r : q(r) ≥ q0}/(R + 1), where R



ρ = 0.5 ρ = 1.2 ρ = 0.9

E[Wn] V [Wn] 5th 50th 95th E[Wn] V [Wn] 5th 50th 95th E[Wn] V [Wn] 5th 50th 95th

Deterministic (estimate) 0.492 9.671×10−3 0.328 0.489 0.660 1.205 1.231×10−2 1.019 1.201 1.395 0.906 9.180×10−3 0.749 0.900 1.066

Gamma (estimate) 0.506 1.067×10−2 0.345 0.502 0.690 1.207 1.268×10−2 1.022 1.202 1.396 0.906 9.147×10−3 0.758 0.907 1.068

Deterministic (true)
0.500

1.000×10−2

0.336 0.500 0.665 1.200
1.200×10−2

1.020 1.200 1.380 0.900
9.000×10−3

0.744 0.900 1.056
Gamma (true) 1.005×10−2 1.201×10−2 9.023×10−3

Table 1: Estimation of the traffic intensity.

is the total number of permutations performed. If the test
statistic produces a significant value, the next change point
is estimated by iteratively applying the procedure above for
locating a single change point on the divided sequence.

5. NUMERICAL RESULTS
To illustrate the results we consider a time period of length

10 seconds divided into 5 intervals, each of length 2. The
service times follow a gamma distribution with mean 10−4

(α = 1, β = 104) in all intervals. We let the rate of the
Poisson arrival process be such that the traffic intensities are
0.5, 0.8, 1.2, 0.9, and 0.7, respectively, in the 5 intervals. The
queue starts empty and the traffic intensity first increases
and then decreases, achieving a maximum in the middle
interval, where the queue is locally unstable.

A sequence of n = 200 probes is sent in each interval.
We let the distribution of the time between two consecutive
probes T be deterministic and equal to 10−4 or gamma dis-
tributed (α = 1, β = 104). In the first and fifth interval, the
sequence starts such that 50% and 25% of the probes ar-
rive to the queue outside the interval, respectively. For the
remaining intervals, the sequence starts at the beginning of
the interval and all probes arrive within the interval.

Table 1 shows the simulation results of 500 runs for only
three intervals, due to space constraints. The average of
the estimates gives a good accuracy of the traffic intensity.
The variances agree with the true values (6) and (7), being
smaller for the deterministic case. To illustrate the normal-
ity of the estimator, the 5th, 50th and 95th empirical per-
centiles of the random variable (14) are compared against
the true ones, indicating a possible faster convergence for
the deterministic case. The change point method was used
in the estimation to discard in the sequences the probes that
arrive outside the interval. Figure 1 depicts, with a good ac-
curacy, the estimate of the change points in the first interval
(l.h.s.) and fifth interval (r.h.s).

When the traffic intensity is smaller than 1, the use of a
steady-state view approach in a piecewise-stationary inter-
val can be thought. Table 2 shows the average estimation
and mean square error of the estimators given in [4] and [5]
under the same scenario, against our unbiased approach in
the deterministic case. The steady view is somewhat more
appropriate in the second interval, but still not very good
for estimator [5]. In the fourth interval, the point estimate
is strongly affected by the preceding interval, where the traf-
fic intensity is greater than one. For the first and the last
interval, a fraction of probes arrive to the queue outside the
interval. We are not aware of a method to estimate multiple
change points when the observed quantities from probes are
not independent (as in [4] and [5]).

6. CONLUSIONS
This paper provided a probe-based estimator for the traf-

fic intensity in an Mt/Gt/1 queue with the traffic intensity
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Figure 1: Estimation of the location of the stationary inter-
vals in a sequence of probes.

Estimator [4] Estimator [5] Deterministic

ρ Avg. M̂SE Avg. M̂SE Ê[Wn] V̂ [Wn]

0.5 0.750 6.529×10−2 0.738 5.762×10−2 0.492 9.671×10−3

0.8 0.788 1.968×10−3 0.762 2.240×10−3 0.796 8.173×10−3

1.2 - - - - 1.205 1.231×10−2

0.9 0.939 1.576×10−2 0.800 1.00 × 10−2 0.906 9.180×10−3

0.7 0.848 2.355×10−2 0.794 9.262×10−3 0.699 9.685×10−3

Table 2: Comparison with two estimators for M/G/1 queue.

being allowed to change and to exceed one. We have shown
the good statistical properties of the proposed estimator, in-
vestigated the influence of the distribution of time between
consecutive probes, and established a relation with the mul-
tiple change point analysis problem. Numerical results illus-
trated the performance of the estimator and provided com-
parisons with results from two steady state view approaches.
As future work, we would like to investigate a different input
process and the challenging case of tandem queues.
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