
Analysis of Downgrading for Resource Allocation

Christine Fricker
INRIA Paris

Fabrice Guillemin
Orange Labs2

Philippe Robert
INRIA Paris

Guilherme Thompson
INRIA Paris

1. INTRODUCTION
Adaptation of demand in the case of limited capacity is a

general principle in client/server transactions. Today, this
issue becomes utmost important with the massive demand
for video through the Internet or for computing resources on
data centers in the framework of cloud computing. In the
former case, if the demand for high definition videos is too
high, a video server can accommodate requests by offering
small definition videos. This is all the more true as with the
emergence of adaptive video coding, video contents are avail-
able in various resolutions or can be on the fly transcoded
by servers; [6, 7]. Similarly, given the elasticity in the de-
mand for computing resources, a data center can offer less
computing resources than requested by a given customer.

In this context, we consider in this paper an extremely
simple algorithm:

If a request for a ≥ 2 units of resources cannot
be accommodated by a server with limited ca-
pacity C, then the request is served with a single
resource unit if available or rejected otherwise.

To qualitatively study the performance of this algorithm,
we consider a system under saturation; light load conditions
are not sufficiently discriminatory to clearly highlight the
properties of the algorithm. Under Poisson request arrivals
and exponential resource holding times, we are led via an
adequate scaling to consider a limiting process, whose pa-
rameters are solutions to a fixed point equation.

The objective of this paper is to study the performance
of the system when we perform a rough resource adapta-
tion which consists in downgrading a request when it can-
not be satisfied. The scheme will be referred to as the ba-
sic downgrading algorithm. Another mechanism, the down-
grading with threshold algorithm, is to begin downgrading
demands when the number of free resources is less than a
given C0 < C parameter. This scheme has been studied
in [3]. For a large and overloaded system the right choice of
C0 can mitigate drastically the chance of a customer expe-
rience downgrading.

In the next sections we present the basic ideas used in the
study of this problem. First, we precisely describe the model
and give a formal definition of the downgrading policy. Us-
ing scaling techniques, we are led to analyze an asymptotic
dynamical system driven by the equilibrium distribution of
a family of ergodic Markov processes. We apply the results
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for particular cases. We conclude this paper by briefly pre-
senting some results when the basic downgrading policy is
applied compared to a pure loss system.

2. DOWNGRADING ALGORITHM

2.1 Model Description
We consider a facility with capacity C accommodating

two types of requests. Customers of class j = 1, 2 arrive
in the system according to a Poisson process with rate λj ,
requesting to hold Aj units of resources during their service
time, which is exponentially distributed with mean µ−1

j . We
take A1 = 1, as the basic resource unity, and A2 = a ≥ 2.

We apply the algorithm presented in the previous section:
Upon arrival of a class 2 customer, if there are a units of
resources available, then the request is accepted; otherwise,
the customer is assigned a single resource unit if available or
rejected. In the case of downgrading, the holding time of the
resource is changed to the one of original class 1 customers
so that downgraded customers are indistinguishable from
original class 1 customers.

Let Lj(t) be the number of customers of class j = 1, 2 in
the system and m(t) = C−L1(t)−aL2(t) be the amount of
free resource units (free slots), at time t ≥ 0.

Throughout this note, it is assumed that

ρ1 +
λ2

µ1
< C < ρ1 + aρ2 (1)

where ρj = λj/µj for j = 1, 2. These conditions are related
to the stability properties of the network when some of its
parameters are scaled by a large factor N . See below. The
first condition ensures that if all jobs require one unit of
resource then, with high probability, none of the jobs are
rejected. The second inequality is a saturation condition
of the system, it implies that, with the downgrading mecha-
nism described above, a positive fraction of class 2 customers
are downgraded at equilibrium. It is also worth noting that
the previous inequalities imply that µ2 < aµ1.

Owing to the Poisson arrival and exponential service time
assumptions, the process (L(t)) = ((L1(t), L2(t)), t ≥ 0) is
an irreducible Markov process, on the finite state space S =
{` ∈ N2, `1 + a`2 ≤ C}, with transitions, for ` ∈ S,

`→


`+ e1

(
λ1 + λ21{`+e2 6∈S}

)
1{`+e1∈S},

`+ e2 λ21{`+e2∈S},

`− e1 µ1`1,

`− e2 µ2`2,

where e1 = (1, 0) and e2 = (0, 1).



2.2 Scaling Regime
To study the behavior of the algorithm for large systems

under saturation, we consider a regime similar to that con-
sidered by Kelly in the study of pure loss networks [5]. We
scale the following parameters by a large factor N : the ar-
rival rates λj are replaced by λjN , for j = 1, 2, and the
capacity C by CN . To indicate the dependence on N of
the variables describing the network, an upper index N is
added, for example we write LNj instead of Lj , for j = 1, 2.

It is worth noting that if ρ1 + aρ2 < C holds then Con-
dition (1) is not satisfied, there is no need in this case to
use downgrading policies since the system can very likely
accommodate requests without loss or downgrading when
N is large. The system behaves as a classical loss network
with one link and 2 classes of jobs.

We define (L̄N (t)) = ((LN1 (t)/N,LN2 (t)/N)), the rescaled
process of (LN (t)), which is solution of a stochastic differ-
ential equation (see [3] for a similar example).

For x ∈ R2
+ such that x1 + ax2 = C, let (mx(t)) be the

Markov process with transition rates, for m ∈ N,

m→


m− 1

(
λ1 + λ21{m<a}

)
1{m>0},

m− a λ21{m≥a},

m+ 1 µ1x1,

m+ a µ2x2.

By using the Lyapunov function f(m) = m, (mx(t)) is er-
godic if and only if x1µ1 + ax2µ2 < λ1 + aλ2. Let R = {x ∈
R2

+, x1µ1 + ax2µ2 < λ1 + aλ2, x1 + ax2 = C}. Using the
stochastic averaging principle, see [4] for instance, we then
obtain the following theorem.

Theorem 1 (Fluid Limits). When N tends to +∞, if
L̄N (0) converges to l(0), then the process (L̄N (t)) converges
in distribution to (l(t)) ∈ D = {x ∈ R2

+, x1 + ax2 ≤ C},
solution of the differential system of equations

If l(t) ∈ D \ R:

l̇j(t) = λj − µj lj(t), j = 1, 2,

If l(t) ∈ R:

l̇1(t) = λ1πl(t)([1,+∞[) + λ2πl(t)([1, a[)− µ1l1(t),

l̇2(t) = λ2πl(t)([a,+∞[)− µ2l2(t),

where, for x ∈ R, πx is the invariant measure of (mx(t)).

2.3 Equilibrium point of the dynamical sys-
tem

Proposition 1. The couple l∗=(l∗1 , l
∗
2) ∈ D is an equi-

librium point of the fluid limit (l(t)) if and only if l∗ is in
R = {x ∈ R2

+, x1µ1 +ax2µ2 < λ1 +aλ2, x1 +ax2 = C} and{
l∗1 = ρ1(1− πl∗(0)) + λ2

µ1
πl∗({1, . . . , a− 1}),

l∗2 = ρ2(1− πl∗(0)− πl∗({1, . . . , a− 1})). (2)

Our goal is to prove that the previous proposition is suffi-
cient for the existence of l∗. It is related to the properties
of the invariant measure πx of the Markov process (mx(t)).
Note that equations (2) and the fact l∗ ∈ R can be rewritten

l∗1 = (a(λ1 + λ2)(1− πl∗(0))− µ2C) (aµ1 − µ2)−1 , (3)

l∗2 = (µ1C − (λ1 + λ2)(1− πl∗(0))) (aµ1 − µ2)−1 ,

πl∗({1, . . . , a− 1}) =
µ1µ2 ((ρ1 + aρ2)(1− πl∗(0))− C)

λ2(aµ1 − µ2)
,

where πl∗(0) has to be determined.

2.4 Invariant measure of (mx(t))

Let us introduce the generating function, for x ∈ R.

ϕ(z) =

+∞∑
m=0

πx(m)zm,

which is analytic for z ∈ D(0, 1) = {z ∈ C, |z| ≤ 1}. Us-
ing the balance equations of the process (mx(t)), we easily
obtain the following result.

Lemma 1. The function ϕ(z) satisfies

K(z)ϕ(z) = Q(z),

where

K(z) = (µ1x1 + µ2x2 + λ1 + λ2)za

− µ1x1z
a+1 − µ2x2z

2a − λ1z
a−1 − λ2

and

Q(z) = ((λ1 + λ2)za − λ1z
a−1 − λ2)ϕ(0)

+ λ2(za−1 − 1)ϕa(z)

with ϕa(z) =
∑a−1
m=1 πx(m)zm.

To compute the generating function ϕ(z), we successively
use the two following technical lemmas.

Lemma 2. All the roots of polynomial K(z) are simple.

For the location of the roots of polynomial K(z) we use
the results in [1].

Lemma 3. Polynomial K(z) has a − 1 roots in the unit
disk, denoted by z1, . . . , za−1, a root equal to 1, one real root
za+1 > 1 and a − 2 roots with modulus greater than za+1,
denoted by za+2, . . . , z2a.

To determine the function ϕa(z) we use the fact that
Q(zk) = 0 for k = 1, . . . , a − 1, since ϕ(z) is analytic in
the D(0, 1). This yields a Vandermonde linear system, and
we obtain ϕa(z) = πx(0)φa(z), where

φa(z) =

a−1∑
i=1

(λ1 + λ2)zai − λ1z
a−1
i − λ2

λ2(1− za−1
i )zi

∏
k,k 6=i

z − zk
zi − zk

.

The quantity πx(0) is eventually determined by using nor-
malizing condition ϕ(1) = 1 so that

πx(0) =
λ1 + aλ2 − µ1x1 − aµ2x2
λ1 + aλ2 + (a− 1)λ2φa(1)

(4)

and the generating function ϕ(z) is completely determined.

2.5 Existence of a fixed point

Proposition 2. There exists an equilibrium point solu-
tion of Equation (2).

For the proof, when we take x = l∗, we see that the transi-
tion rates of (mx(t)) can be parametrized, using p = πl∗(0)
and Equation (4) then appears as a fixed point equation.
To prove that a fixed point exists, we consider the process
(mx(p)(t)) with transition rates as defined in Equation (3)
with p ∈ [0, 1−C/(ρ1 + aρ2)] (the upper bound ensures that



the quantity πl∗({1, . . . , a− 1}) ≥ 0). We first observe that
for p in this interval, the Markov process (mx(p)(t)) is er-
godic. If p is a fixed point (that is, p = πx(p)(0)), then p has
to satisfy the equation p = ψ(p), where

ψ(p) =
µ1µ2 (ρ1 + aρ2 − C)

µ1µ2(ρ1 + aρ2) + φa(1; p)λ2(aµ1 − µ2)

with

φa(1; p) =

a−1∑
i=1

(λ1 + λ2)zi(p)
a − λ1zi(p)

a−1 − λ2

λ2(1− zi(p)a−1)zi(p)
×

∏
k,k 6=i

1− zk(p)

zi(p)− zk(p)
.

By the ergodicity of the process (mx(p)(t)), we know that the
quantity φa(1; p) ≥ 0 and hence ψ(p) ∈ [0, 1−C/(ρ1 + aρ2)].

We now show that a solution p > 0 exists for the fixed
point equation p = ψ(p). Using the fact that the roots
zi(p) are simple and a Mahler-type result (see [2]), it is
possible to show that ψ(p) ≥ p∗ for some p∗ ∈ (0, 1 −
C/(ρ1 + aρ2)). It follows that the continuous function ψ
from [p∗, 1 − C/(ρ1 + aρ2)] into itself has a fixed point by
Brouwer’s theorem.

The uniqueness of the fixed point for a general a is an
open question. The case a = 2 is completely analyzed in the
next section.

2.6 Fixed point uniqueness for a = 2

Proposition 3. For a = 2, the equilibrium point l∗ =
(l∗1 , l

∗
2) is unique, defined by equation (3) where πl∗(0) is the

unique root of P2(p) in [0, 1− C/(ρ1 + 2ρ2)] with

P2(p) = (ρ1 + 2ρ2 − C)2µ2
1µ

2
2 + λ1λ2(µ2 − 2µ1)2p3

+
(
4λ2

2µ
2
1 + 2λ2

1µ2(µ2 − µ1)− λ1λ2

(
8µ2

1 − 10µ1µ2 + µ2
2

))
p2

+ µ1µ2 ((λ1 (2µ1 − 3µ2)− 4λ2µ1) (ρ1 + 2ρ2 − C) p. (5)

Proof. As a = 2, by Lemma 3, K(z) has a unique root z1
in D(0, 1). The generating function ϕ(z) being holomorphic
in this region, z1 is also a root for Q(z), which gives

(z1 − 1)((λ1 + λ2)πl∗(0)z1 + λ2(πl∗(0) + πl∗(1)z1)) = 0

thus, as z1 6= 1 and using Equation (3),

z1(p) =
λ2 (2µ1 − µ2) p

Cµ1µ2 − λ1 (2pµ1 + µ2 − 2pµ2) + λ2 (pµ2 − 2µ1)
.

Polynomial K(z1(p))/(z1(p)− 1) has an explicit root

p̃ =
(2ρ2 + ρ1 − C)µ1µ2

2(λ1 + λ2)(µ2 − µ1)

if µ1 6= µ2, thus factorizes in (p − p̃) and P2(p), defined by
Equation (5).

Root p̃ is negative when µ1 > µ2 (by C < ρ1+2ρ2) and is,
hence, not in the interval I = (0, 1− C/(ρ1 + 2ρ2)). When
µ1 < µ2, we have that

p̃−
(
ρ1 + 2ρ2 − C
ρ1 + 2ρ2

)
=

(λ1 + 2λ2)(2µ1 − µ2)(C − 2ρ2 − ρ1)

2(λ1 + λ2)(µ1 − µ2)(ρ1 + 2ρ2)

is positive since µ2 < 2µ1. It follows that p̃ /∈ I.
We clearly have P2(0) > 0 and it is easily checked that

P2

(
ρ1 + 2ρ2 − C
ρ1 + 2ρ2

)
=
−Cλ1λ2 (2µ1 − µ2)2 (ρ1 + 2ρ2 − C)2

(ρ1 + 2ρ2)3

is negative. Also, the coefficient of p3 is positive. It follows
that P2(p) has a single root in I. It ends the proof.
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Figure 1: Performance for C=1, λ1=0.1 and µ1=µ2=1.

Figure 1 compares the algorithms downgrading and pure
loss. We take 0.45<λ2<0.90 to satisfy Condition (1). For
downgrading policy, the rejection rate is βD=πl∗(0). For
pure loss scheme, it is βL=(λ1πL(0)+λ2πL({0, 1}))/(λ1+λ2),
where πL(0)=B and πL(1)=B(1−B) where B∈(0, 1) is the
unique solution of ρ1(1−B)+2ρ2(1−B)2=C. See [5]. The
achievable gains regarding rejection rates are between 6%
and 10%. The downgrading rate of class 2 jobs is δD=πl∗(1)
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