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Abstract We introduce a model of mutually influencing in-
dividuals who hold one of two opinions about some matter.
This is similar to a system of particles that can have one of
two spin states. The model considers N sub-systems where
individuals stay for some time, and then move from one sub-
network to another independently of each other, or they may
leave the overall network from any one of the sub-systems.
They arrive externally to any sub-system according to inde-
pendent Poisson processes. In each sub-system individuals
can influence each other to align with their own opinion or
spin, and their opinion can also fluctuate at random in ei-
ther opinion. The system also allows for a bias or directional
field in any of the sub-systems that influences the individ-
uals or spins that are locally present. We show that even
with a weak bias, when random fluctuations become small
then all the individuals or spins in a given sub-network will
align with probability one, to the opinion or spin direction
represented by the bias or spin.

1. INTRODUCTION
It has been long known that similarity breeds connection

[4], known as homophily or assortativity [5, 6]. Here we deal
with the complementary issue of similarity that is breeded by
connection. We consider binary opinions, and study the ef-
fect of mutual influence among individuals that share the
same neighborhood or site for some time. Mutual persua-
sion through a mutually influencing random field and the
effect of a“bias” field in the site where individuals encounter
each other, as well random symmetric switches of opinion are
considered. In particular we show that a small bias field suf-
fices to convince individuals to “jell’ around the same opin-
ion when either the noise is small compared to other effects
such as bias and mutual persuasion, or when the number of
individuals becomes large and noise disappears faster than
the other effects in the system.

Consider a network of N “sites” in which particles which
have a positive or negative spin congregate for some time.
Each particle can move among these sites independently of
other particles. For simplicity in the sequel we will say “the
particle’s polarity” as well as “the particle’s spin polarity”,
to mean the same thing. In some (but not all) sites a par-
ticle’s polarity is influenced by three factors: (a) A local
field which favours one of the spin directions, inducing op-
posite spin particles to switch polarity. (b) A noise effect
which induces spins to switch polarity in either direction,
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and (c) The attraction from particles at the site that have
the opposite spin which can induce a switch of a particle’s
polarity. (d) We also allow the particles to switch polarity
probabilistically as they move from one site to another.

We will assume that for any of the sites i, j ∈ {1, ... , N}
the positive particles move from site i to site j with prob-
ability p++

ij without changing polarity, while with probabil-

ity p+−
ij they move from i to j and switch polarity from

positive to negative. Similarly we have the probabilities
p−−ij , p−+

ij for changing sites and switching polarities for
the negative polarity particles, and from any site i they
may also leave the system with probabilities d+

i , d
−
i so that∑N

j=1[px+
ij +px−+dxi = 1 for x ∈ {+,−}. Furthermore each

particle remains in site i, independently of other particles
in that site, for an exponentially distributed time of average
value [µi]

−1. Positive and negative polarity particles arrive
to site i either from some other sites, as already indicated, or
they arrive from an outside source according to independent
Poisson processes of parameters (rates) λ+

i , λ
−
i , respectively.

Let Vi(t), vi(t) denote the number of positive and nega-
tive polarity particles, respectively, at site i at time t ≥ 0.
Denote the vectors of the total number of particles k =
(k1, ... , kN ) where ki = vi + Vi.

Also denote by o(∆t) some function that decreases to zero

faster than ∆t, i.e. that satisfies: lim∆t→0
o(∆t)

∆t
= 0. Then

in the time interval [t, t + ∆t[: [φi,ki,Vi∆t]vi(t) + o(∆t) is
the probability that a negative polarity particle will switch
to positive polarity, where φi,ki,Vi ≥ 0 is the positive field
strength at site i when the number of positive polarity par-
ticles is Vi(t) = Vi and the total number of particles at the
site is ki=vi+Vi. We see that the field strength φi,ki,Vi acts
on each individual negative polarity particle, and that its
strength depends on Vi and ki. Thus we can even have situ-
ations where the field is switched off as soon as the number of
positive polarity particles rises above zero, i.e. φi,ki,0 > 0,
and φi,ki,Vi = 0 when Vi > 0.

[τi,ki∆t]vi(t)+o(∆t) is the probability that a negative po-
larity particle switches to positive polarity, and with proba-
bility τi,ki∆tVi(t) + o(∆t) switches to negative polarity, due
to thermal noise of intensity τi,ki , where ki = vi + Vi is the
total number of particles at site i. Note that in this nota-
tion τi,ki → 0 stands for a model that is being cooled, while
τi,ki →∞ is very high temperature, and we can think of τi,ki
as a parameter that is proportional to the “temperature” of
site i .

[αi,ki∆t]vi(t)Vi(t)+o(∆t) is the probability that at site i a
negative polarity particle switches to positive polarity; note
that the switching probability is proportional to the num-



ber of negative polarity particles vi(t) (since some of them
may switch) and to the number of positive polarity particles
that try to influence the others. Similarly, a positive po-
larity particle switches to negative polarity with probability
αi,ki∆tVi(t)vi(t) + o(∆t).

Let ν(t) = (v1(t), V1(t), ... , vN (t), VN (t)) denote the state
vector for the system at time t ≥ 0. By a slight abuse of
notation, also choose ν = (v1, V1, ... , vN , VN ) to be a par-
ticular value taken by the random process ν(t). We define
the following notation:

ν+
i− = (v1, V1, .. , vi, Vi − 1, .. , vN , VN ),

ν−i− = (v1, V1, .. , vi − 1, Vi, .. , vN , VN ),

ν+
i,+ = (v1, V1, .. , vi, Vi + 1, .. , vN , VN ),

ν−i,+ = (v1, V1, .. , vi + 1, Vi, .. , vN , VN ),

ν++
j+,i− = (v1, V1, .. , vi, Vi − 1, .. , vj , Vj + 1, .. , vN , VN ),

ν−−j+,i− = (v1, V1, .. , vi − 1, Vi, .. , vj + 1, Vj , .. , vN , VN ),

ν+−
i−,i+ = (v1, V1, .. , vi + 1, Vi − 1, .. , vN , VN ),

ν+−
i+,i− = v1, V1, .. , vi − 1, Vi + 1, .. , vN , VN ).

We also represent the joint probability of system state as:

p(ν, t) ≡ Prob[ν(t) = ν]. (1)

Based on the previous discussion, the Chapman-Kolmogorov
[1] or Master Equations for the system can be written as
follows, where to simplify the notation we have dropped the
dependency of the various rates on ki:

d

dt
p(ν, t) =

N∑
i=1

[
(λ+
i p(ν

+
i−, t) + λ−i p(ν

−
i−, t))1[Vi > 0] (2)

+µi((Vi + 1)p(ν+
i,+, t)d

+
i + (vi + 1)p(ν−i,+, t))d

−
i +

N∑
j=1

µj [p
++
ji (Vj + 1)p(ν++

j+,i−, t) + p−−ji (vj + 1)p(ν−−j+,i−, t)

+p+−
ji (Vj + 1)p(ν+−

j+,i−, t) + p−+
ji (vj + 1)p(ν−+

j+,i−, t)]

+αi(Vi − 1)(vi + 1)p(ν+−
i−,i+, t)1[Vi > 0]

+αi(vi − 1)(Vi + 1)p(ν+−
i+,i−, t))1[vi > 0]

+βi((vi + 1)p(ν+−
i−,i+, t) + (Vi + 1)p(ν+−

i+,i−, t))
]

+φi,Vi−1(vi + 1)p(ν+−
i−,i+, t)1[Vi > 0]

−p(ν, t)
[
τiki(vi + Vi) + φi,Vivi + 2αiviVi

+µi(vi + Vi) + λ+
i + λ−i

]
.

Now define:

ki+ = k = (k1, ... , ki + 1, ... , kN ),

ki− = (k1, ... , ki − 1, ... , kN ),

ki+,j− = (k1, ... , ki + 1, ... , kj − 1, ... , kN ),

and write λi = λ+
i + λ−i for the total arrival rates of parti-

cles to each site from sources external to the network. The
equations (2) can be reduced to the case where only changes
in the state k(t), representing the total number of particles
in each site, are considered and they satisfy Jackson’s the-
orem [2] so that when the probability matrix {pij}[N×N ] is
transient, then the flow equations:

Λi = λi +

N∑
j=1

Λjpji, i = 1, ... , N (3)

yield the total number of particles arriving to each of the N
sites per unit time, and the joint probability distribution of
the total number of particles in each site is the product of
the marginal probability distributions at each site: p(k) ≡
limt→∞p(k, t) = ΠN

i=1
(ρi)

ki

ki!
e−ρi , where ρi = Λi

µi
.

2. SLOW EXTERNAL ARRIVALS AND DE-
PARTURES

Now consider the system with restrictions on the speed
at which state changes occur at each site 1 ≤ i ≤ N :
State transitions that change the polarity of particles in-
side each site are much faster than transitions that change
the total number of particles in each individual site, i.e. (a)
λ+
i , λ

−
i , µi(1 − pii) << αi, φi,0, τiki In addition, we sup-

pose that αi >> φi,0, τiki , and (b) For Vi > 0 we have
φi,Vi = 0. The last assumption simply states that the bias
field φi,Vi at each site is only turned on when there are no
positive polarity particles.

Define the conditional probability of the number of posi-
tive particles at site i given that the total number of particles
at that site is k:

Pi,k(V, t) = Prob[ Vi(t) = V | ki(t) = k ],

Based on the assumptions (a) and (b), for k > 0 we write
the local master equation for the number of positive polarity
particles at site i, conditioned on the fixed k total number
of particles at the site, as:

d

dt
Pi,k(V, t) = −Pi,k(V, t)[2αiV (k − V )

+φi,V (k − V ) + τikik]

+Pi,k(V + 1, t)1[V ≤ k − 1][αi(V + 1)(k − V − 1)

+τiki(V + 1)]

+Pi,k(V − 1, t)1[V > 0][αi(V − 1)(k − V + 1)

+τiki(k − V + 1) + φi,V−1(k − V + 1)]

and its stationary solution Pi,k(V ) for fixed k obtained by
setting d

dt
Pi,k(V, t) = 0 is:

Pi,k(V ) = Pi,k(0)ΠV−1
l=0

λi(l)

µi(l + 1)
, where

for k ≥ 1 : λi(0) = (τiki + φi,0)k, µi(k) = τikik,

λi(l) = αi,kl(k − l)[1 +
τiki + φi,l
αi,kl

], 1 ≤ l ≤ k − 1,

µi(l) = αi,kl(k − l)[1 +
τiki

αi(k − l)
], 1 ≤ l ≤ k − 1.

Therefore the probability that all the particles at site i have
positive spin is:

Pi,k(k) = Pi,k(0)[1 +
φi,0
τiki

]Πk−1
l=1 [1 +

φi,l
αi,kl + τiki

], (4)

and for for 1 ≤ V ≤ k − 1 we have:

Pi,k(V ) = Pi,k(0)
k(τi,k + φi,k,0)

αi,kV (k − V ) + τi,kV
(5)

. ΠV−1
l=1

αi,k +
τi,k+φi,k,l

l

αi,k +
τi,k
k−l

,

where the normalising constant, which is the probability



that there are no positive spin particles at site i, is:

Pi,k(0) =
[

1 + [1 +
φi,0
τi,k

]Πk−1
l=1 [1 +

φi,l
αi,kl + τi,k

] (6)

+

k−1∑
V=1

k(τi,k + φi,k,0)

αi,kV (k − V ) + τi,kV
ΠV−1
l=1

αi,k +
τi,k+φi,k,l

l

αi,k +
τi,k
k−l

]−1
.

Now combining (4) and (6) we obtain:

Pi,k(k) =
[ τi,k
τiki + φi,0

Πk−1
l=1

αi,kl + τi,k
αi,kl + τi,k + φi,k,l

+ 1 (7)

+
τi,k
αi,k

Πk−1
l=1

αi,kl + τi,k
αi,kl + τi,k + φi,k,l

k−1∑
V=1

[
k

V (k − V +
τi,k
αi,k

)
.

.ΠV−1
l=1

αi,k +
τi,k+φi,k,l

l

αi,k +
τi,k
k−l

]
]−1

.

3. WHEN THE BIAS ONLY ACTS WHEN
ALL ARE AGAINST IT

Now assume that the bias only acts when all the spins or
agents present an state or “opinion” which is in opposition
to the bias. This is represented mathematically by the
parameters πi,k,l = 0 for l > 0, and φi,k,0 > 0.

Then from (7) we have:

Pi,k(k) =
[ τi,k
τiki + φi,0

+ 1 (8)

+
τi,k
αi,k

k−1∑
V=1

k

V (k − V +
τi,k
αi,k

)
ΠV−1
l=1

1 +
τi,k+φi,k,l

αi,kl

1 +
τi,k

αi,k(k−l)

]−1
.

Furthermore, assume that τi,k << φi,k,0, τi,k << αi,k.
The first order approximation of (8) correct up to order

τi,k
αi,k

and
τi,k
φi,k,0

is:

Pi,k(k) ≈ 1− τi,k
φi,0

(9)

− τi,k
αi,k

k−1∑
V=1

k

V (k − V )
(1− τi,k

V (k − V )αi,k
).

.(1 +
τi,k + φi,k,l

αi,kl
)(1− τi,k

αi,k(k − l) ),

hence:

Pi,k(k) ≈ 1− τi,k
φi,0

(10)

− τi,k
αi,k

k−1∑
V=1

k

V (k − V )
,

≈ 1− τi,k
φi,0
− τi,k
αi,k

k−1∑
V=1

[
1

V
+

1

k − V ],

≈ 1− τi,k
φi,0
− 2τi,k
αi,k

ln k − 1.

As a consequence:

Result 1 If αi,k > 0. φi,k,0 > 0, then:

lim
t→∞

Pi,k(t, k) = 1. (11)

Result 2 If φi,k,0 > 0, and

lim
k→∞

τi,k ln (k − 1)

αi,k
= 0, (12)

then:

lim
k→∞

lim
t→∞

Pi,k(t, k) = 1. (13)

Result 3 If αi,k > 0, and

lim
k→∞

τi,k
φi,k,0

= 0, (14)

then:

lim
t→∞

Pi,k(t, k) = 1. (15)

4. CONCLUSIONS
The work in this note was actually motivated by our work

on very low power communications using spin effects of par-
ticles [3, 8]. The ”agreement” effect discussed here can be a
source of “noise” when bias fields are introduced in such a
system. However bias can also be used to encode the binary
data, in which case we will be interested in the resulting error
for each individual particle. The overall model considered
is then a network in which each “sub-network” is a device
where particles aggregate and are encoded before they are
transmitted to another node that must decode them to de-
termine their binary content. Further work in this direction
will combine our earlier paper [8] and the results that we
present here.

Another interesting question is the role of the mutual field
between particles, or between individuals in a social net-
work, and how the size of each sub-network and its proba-
bility distribution, will affect the outcome.

5. REFERENCES
[1] W. Feller. An Introduction to Probability Theory and

its Applications. (Wiley, New York, 1950).

[2] J. Medhi. Stochastic Models in Queueing Theory
(Academic Press, New York, 1991).

[3] B. A. Cipra. The Ising Model Is NP-Complete. SIAM
News 33 (6) (2000).

[4] M. McPherson, L. Smith-Lovin, and J. M. Cook.
Birds of a feather: homophily in social networks.
Annual Review of Sociology, 27: 415-444, (2001).

[5] M.E.J. Newman. Mixing patterns in networks. Phys.
Rev. E 67, 026126 (2003).

[6] R. Xulvi-Brunet and I.M. Sokolov. Changing
correlations in networks: assortativity and
dissortativity. Acta Phys. Pol. B, 36, 1431 (2005).

[7] M. Piraveenan, M. Prokopenko, and A. Y. Zomaya.
Assortative mixing in directed biological networks.
IEEE/ACM Transactions on Computational Biology
and Bioinformatics (TCBB) 9.1, 66-78 (2008).

[8] Erol Gelenbe, Errors and Power When
Communicating With Spins. IEEE Transactions on
Emerging Topics in Computing, 3 (4): 483 - 488, June
24, 2015, DOI: 10.1109/TETC.2015.2446751.


