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1. INTRODUCTION
We consider a queueing system that has N +1 customers,

N > 0. The customers are to be served by a single server
that may have begun service or may start to serve at a later
time. The customers start in a lounge, where they incur a
cost of β > 0 per unit waiting time, and from there they
strategically decide at an opportune time to join a FCFS
queue at the server, where they incur a waiting cost of α > β
per unit waiting time. Such systems have been analysed in
the literature before, e.g., [1,3–5,7]. The key novelty of our
model is that we allow the customers in the lounge to know
the occupancy of the queue, the lounge, and the server at all
times, and dynamically decide when to join the queue. The
key assumption we make is that if at any instant, more than
one customer from the lounge wishes to join the queue, only
one amongst them, selected at random with equal proba-
bility, succeeds. This ‘queue-join’ event takes zero time,
and another such event can follow immediately. For ease
of analysis, service times are assumed to be exponentially
distributed with unit rate. For this model, we outline the
unique Nash equilibrium behavior of the customers and as-
sociated properties. We also briefly discuss our ongoing re-
search in an extension where customers arrive to the lounge
as a Poisson process.

The models described in this paper provide insights into
queueing in many practical settings. How do customers sit-
ting in the lounge queue up to board a plane, train or a
bus? How do customers arrive to queue up for a movie
or a concert? In a somewhat futuristic scenario, a poten-
tial customer to a queue may be electronically aware of the
queue size and may have a very good idea of number of other
potential customers in a similar situation. For example, in-
formation on severity of traffic congestion at a bottleneck
road to destination is often electronically available and can
be used to inform one’s travel schedules.

Our work is most directly related to the evolving litera-
ture on concert queueing, e.g., [4, 5], where a finite number
(or an uncountable number in a fluid setting) of customers
decide to join the queue without being able to observe the
queue size. [6] is perhaps the first to consider a decentral-
ized admission control to a queue. Like us, [6] allows ar-
riving customers to observe the queue length before making
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a decision (to join or not in their case). These and related
works [1,3,7] derive equilibrium profile of arriving customers
and compute bounds on the price of anarchy of these sys-
tems. As is well known, price of anarchy (PoA) is the ratio
of the total cost of all the customers under the worst case
Nash equilibrium and the total cost of all customers under
the best social welfare solution. [2] provides a comprehensive
survey of customer arrival games to queues.

In Section 2, we explicitly compute the threshold based
customer decision equilibrium profile in two settings—one
where the server is functioning at the time when the cus-
tomers arrive in the lounge, and the other where it starts at
a later time. We also develop bounds on price of anarchy in
fluid settings. In Section 3, we briefly discuss the case where
the arrivals to the lounge are an exogenous Poisson process.

2. EQUILIBRIUM ANALYSIS
We first consider the case where the server has begun ser-

vice and is available for service while there is a customer
to be served. In this case, the equilibrium analysis for each
customer depends upon the numbers present at any time
in the queue and in the lounge, and for the most part, is
independent of N .

Recall that at any time the customers in the lounge know
the number of customers in the queue and the number of cus-
tomers in the lounge. A customer can, at any instant, decide
to either wait or to compete to enter the queue depending
upon the option that has lesser expected cost. To avoid un-
necessary trivialities, we assume that if the two costs are the
same, the customer chooses to compete. It can be seen that
such ties will not occur, for instance, if α, β and α

α−β are
irrational numbers.

Consider a threshold strategy {m(n)} followed by each
customer. That is, if any customer sees n ≥ 0 others in the
lounge and queue length ≤ m(n), it competes to enter. Else,
if queue length is > m(n), it prefers to wait in the lounge.
In this case, the customers in the lounge will compete to join
the queue at a customer departure instant when the queue
length decreases to m(n). We first derive the conditions on
the customer cost function that such a symmetric equilib-
rium profile imposes. We then develop an explicit algorithm
to compute this function and argue that it is indeed a unique
equilibrium profile.

Let C(m,n) denote the expected cost incurred by a tagged
customer when there are m customers in the queue and n
other customers in the lounge and each customer follows the
equilibrium strategy {m(n)}.

For m ≤ m(n), (other customers in the lounge will choose



to compete) if the tagged customer competes, its expected
cost is 1

n+1
mα + n

n+1
C(m + 1, n − 1). If it chooses not to

compete, its cost is C(m+ 1, n− 1). Hence, C(m,n) is

1

n+ 1
mα+

n

n+ 1
C(m+ 1, n− 1) ≤ C(m+ 1, n− 1). (1)

In particular, for m ≤ m(n), mα ≤ C(m + 1, n − 1). Now
for m > m(n), all other n customers choose to wait in the
lounge. If the tagged customer also continues to wait, its
expected cost is β + C(m− 1, n), while if it chooses to join
the queue, its cost is mα. Thus,

C(m,n) = β + C(m− 1, n) < αm (2)

for all m > m(n).
The above equations suggest the following iterative algo-

rithm to solve for equilibrium {m(n)} and C(m,n).

1. Set, C̃(m, 0) = βm for all m. Iteratively, suppose

C̃(m,n− 1) is known for each m. Then, set

m̃(n) = sup{m : mα ≤ C̃(m+ 1, n− 1)}. (3)

2. Set

C̃(m,n) =
1

n+ 1
mα+

n

n+ 1
C̃(m+ 1, n− 1)

for all m ≤ m̃(n), and C̃(m,n) equal

β + C̃(m− 1, n) = β(m− m̃(n)) + C̃(m̃(n), n),

for all m > m̃(n).

It is easy to see that m̃(n) < ∞ for all n, and m̃(n) is
non-decreasing in n.

Proposition 1. C̃ is an equilibrium profile satisfying con-
ditions (1) and (2).

Proof: (1) follows easily from construction. To see (2), it
suffices to show that

C̃(m̃(n) + 1, n) < α(m̃(n) + 1). (4)

To see (4), first observe that by definition of m̃(n), and since

m̃(n) is non-decreasing in n, αm̃(n) ≤ C̃(m̃(n)+1, n−1) and

α(m̃(n) + 1) > C̃(m̃(n) + 2, n−1) = β+C(m̃(n) + 1, n−1).
We now have

C̃(m̃(n) + 1, n)

= β + C̃(m̃(n), n)

= β +
1

n+ 1
m̃(n)α+

n

n+ 1
C̃(m̃(n) + 1, n− 1)

<
β

n+ 1
+

1

n+ 1
m̃(n)α+

n

n+ 1
(α(m̃(n) + 1))

< α(m̃(n) + 1).

Thus, Proposition 1 follows. 2.

It is easy to construct an inductive argument incrementing
in n to show that it is a unique equilibrium threshold profile.
We now do away with the˜notation on C(·, ·) and m(·).
Some results are easily seen. Suppose that α = k

k−1
β for

k ≥ 2 and integer. Then, it is easy to see via induction on
n that m(n) = n(k − 1) = n β

α−β , and

C(m(n), n) = nkβ = n
αβ

α− β = (n+m(n))β.

More generally, even when α > β and k above is not an
integer, we can develop close upper and lower bounds on
C(m(n), n) and m(n). Observe that

C(m(n) + 1, n− 1)− C(m(n), n) =

1

n+ 1
(C(m(n) + 1, n− 1)− αm(n)) ≤ α

n+ 1

for all n (since C(m(n) + 1, n− 1) < α(m(n) + 1)).

Proposition 2. The following hold

(m+ n)β − α < C(m,n) ≤ (m+ n)β (5)

for all m,n, and

nβ − α
α− β − 1 < m(n) ≤ nβ

α− β . (6)

It follows that C(m(n),n
n

→ αβ
α−β and m(n)

n
→ β

α−β .

Proof: Consider a tagged customer in the lounge that sees
n in the lounge and m ≥ m(n) in the queue. Suboptimally
for itself, it can wait in the lounge till all the (m + n) cus-
tomers have finished service. Thus, C(m,n) ≤ (m + n)β.
Further, everytime when the configuration is of the form
(m(i), i) for some i ≤ n, if this tagged customer does not
compete, its loss is at most,

C(m(i) + 1, i− 1)− C(m(i), i) ≤ α

i+ 1

with probability 1
i+1

. Since, its terminal cost is (m+ n)β,

(m+ n)β ≤ C(m,n) +

n∑
i=1

α

(i+ 1)2
< C(m,n) + α.

Thus (5) follows. (6) follows by using upper and lower
bounds from (5) in (3). 2

We now describe some additional results.

Symmetric threshold equilibrium is unique: A double in-
ductive argument can be used to prove that the proposed
Nash equilibrium is unique. It relies on incrementing first
the total population N +1 from 2 onwards (the +1 in N +1
is a tagged customer assumed to be in the lounge to facili-
tate the argument), and for each N , reducing the queue size
from N to 0. At each step, the inductive hypothesis is that
the symmetric threshold policy as discussed earlier is the
unique equilibrium for the smaller total population or for
the same total population, for the larger queue length pop-
ulation. Then at the inductive single step, if any customer
deviates from the symmetric threshold policy prescription,
it can only improve by returning to it, regardless of what
others do in that step. Details are omitted.

Price of Anarchy in the fluid setting: The analysis of PoA
is simpler for large N when asymptotics for cost and for
threshold for joining kick in. Consider the case where N
customers (N large) arrive at time zero and the server is
ready to serve at this time. The social welfare solution cor-
responds to no queueing. One customer joins the service,
remaining stay in the lounge. Whenever a service finishes,
one person from the lounge initiates its service. Thus the
average per customer cost under this solution is ≈ βN/2.

Under equilibrium solution, when large N customers ar-
rive, the lounge size stabilizes to large K and queue size to
m(K) ≈ β

α−βK so that asymptotically, K ≈ N α−β
α

. Then,



a customer joins the queue at time zero with probability ≈ β
α

and on an average waits ≈ β
α
N
2

time units. With probability

≈ α−β
α

it joins the lounge, where its expected cost is ≈ Nβ.
Then, the ratio of each customer’s expected cost under the
equilibrium strategy to the expected cost under the social
welfare solution as N →∞ can be seen to converge to 2− β

α
.

Concert queuing framework: We can consider an alternate
model in which the service begins at time 0 but N + 1 cus-
tomers are assumed to be in the lounge much earlier and can
start queueing up before time 0. This is true for the concert
queuing models considered in [4, 5].

Suppose that the equilibrium is symmetric and r cus-
tomers arrive one-at-a-time, at or before time zero at times
−t1 < −t2 < · · · < −tr ≤ 0. The following observations are
in order.

1. If customers decide to compete at time −t1 but not
before, and one of them succeeds, others no longer
have incentive to compete further at that time due to
increased cost of waiting in queue while successful cus-
tomer is in service. This argument holds at each time
−ti, hence customers arrive one-at-a-time at discrete
times.

2. The customer cost when it competes at any time −ti
and wins, equals its cost when it has lost. Else, if the
latter is higher, a customer can unilaterally improve
its cost by coming at an earlier time arbitrarily close
to −ti.

3. The cost for the first customer joining the queueing
system will be αt1 and the cost of the customer that
joins the queue at −tj will be α(tj + j−1)+β(t1− tj).
Since these are equal, it follows that tj − tj−1 = α

α−β .

Observe that the cost incurred by the first customer enter-
ing the queue equals the cost of any customer in the lounge
at time 0. Thus, αt1 = βt1+C(r−1, N−r). Let δ ∈ [0, α

α−β )
denote −tr. To find the equilibrium profile we need to select
r and δ ∈ [0, α

α−β ) so that

C(r − 1, N − r) = (α− β)

(
α

α− β (r − 1) + δ

)
. (7)

When α = β k
k−1

for integer k ≥ 2, we have C(r−1, N−r) =

(N − 1)β. Then, δ = 0, (r − 1) = (N − 1)β/α provides an
equilibrium profile. In this, equilibrium cost of each cus-
tomer can be seen to be (N − 1) αβ

α−β . More generally, we

can show that there exist unique r and δ that solve (7).
Then as before, bounds on equilibrium cost and on price of
anarchy can be easily developed.

3. REMARKS AND DISCUSSION
The preceding section considered a ‘closed system’ in which

the total number of customers that will be served is a fixed
constant. A natural extension to this model is an ‘open sys-
tem’ in which customers arrive into the lounge according to
an exogenous Poisson process of rate λ < µ where µ now
denotes the service rate. Both λ and µ are assumed to be
common knowledge.

As before, one can show that in a symmetric equilibrium,
customers follow threshold policies of form {m(n)}. As be-

fore, for m ≤ m(n), expected cost

C(m,n) =
1

n+ 1

mα

µ
+

n

n+ 1
C(m+ 1, n− 1).

However, for m > m(n),

C(m,n) =
β

λ+ µ
+

λ

λ+ µ
C(m,n+ 1) +

µ

λ+ µ
C(m− 1, n).

The additional term C(m,n+ 1), because of its forward de-
pendence on n, substantially complicates the analysis and al-
gorithms to find exact solutions become difficult. We study
the existence and uniqueness of solution to these equations,
analyze the structure of the resulting Nash equilibrium un-
der different parametric regimes and associated price of an-
archy, and consider the effect of truncating queueing and/or
lounge space.

Our key insight is that for

α/β < µ/(µ− λ),

in equilibrium, every customer joins the queue, no one joins
the lounge. To compute PoA in this case, observe that under
the social welfare solution, it is optimal for each customer
to stay in the lounge and then get served one-at-a-time se-
lected randomly, as the server becomes available. Expected
customer cost then is β times the expected waiting in a ran-
dom order service (ROS) queue. In Nash equilibrium, the
expected customer cost is α times the expected waiting time
in a FCFS queue. By Little’s law, the expected waiting time
in both ROS and FCFS queue are the same, and thus PoA
equals α/β.

For α/β > µ/(µ − λ), equilibrium policy can be seen to
have a non-trivial threshold form. PoA in this case can be
shown to be ≤ µ/(µ− λ).
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