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1. INTRODUCTION
We consider a generalization of the input-queued switch

scheduling problem in which a linear cost function of queue
length, or equivalently delay, is associated with each queue.
The objective of the corresponding stochastic control prob-
lem is to determine the scheduling policy that minimizes
the sum of linear functions of the expected delays, as well as
structural properties of the associated value function. Our
derivation of an optimal solution involves the partitioning
of the state space into different scheduling policy decision
regimes, where we identify an optimal policy and establish
structural properties for these regimes.
In this paper we shall primarily focus our results in large

part on the 2×2 switch model, although our study considers
the general n × n switch model. There are three schedul-
ing policy decision regimes of interest. We first identify an
interior of the state space where all queues are nonempty
and show that an optimal solution follows the cµ policy. On
the other hand, for all but trivial regions of the boundary
of the state space wherein the optimal solution is obvious,
we establish that an optimal policy comprises a switching
curve.
It has long been known that the MaxWeight algorithm is

throughput-optimal for the input-queued switch model. In
the special case of our model where all cost functions are
unity, recent work shows that the MaxWeight algorithm is
delay optimal in heavy traffic [2]. More generally, however,
the problem of delay optimality in input-queued switches
remains open.
For the specific problem instance with unity cost func-

tions, our results show that an optimal solution consists of
choosing any admissible scheduling decision in the interior
of the state space, following a switching curve in the non-
trival boundary of the state space, and governing the trival
boundary with a work conserving policy. Since the input-
queued switch system tends to spend all of its time in the
interior of the state space asymptotically in the heavy-traffic
regime, and since the MaxWeight scheduling algorithm as an
admissible policy is consistent with the optimal solution for
the interior herein, our results provide further understand-
ing of the recent results in [2] showing MaxWeight to be
delay-optimal asymptotically in the heavy-traffic regime. As
an additional consequence of this study, our results suggest
that the MaxWeight scheduling algorithm and its variants
may not be delay-optimal in general.
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We next present the details of our mathematical model
for the general n × n input-queued switch model. Then we
describe our analysis and results in Section 3. Additional de-
tails are provided in [1]. Our theoretical results are expected
to be of interest more broadly than input-queued switches.

2. INPUT-QUEUED SWITCH MODEL
Consider an input-queued switch with n input ports and

n output ports. Each input port has a queue, or buffer, as-
sociated with every output port that stores packets waiting
to be transmitted. Packets arrive at their input port via ex-
ogenous stochastic processes and leave the system through
their output port upon being served. Simultaneous trans-
mission of packets is possible only from certain subsets of the
buffers, as defined by the constraints: (1) Every input port
can transmit at most one packet; (2) Every output port can
receive at most one packet. We call the subsets of buffers
that satisfies these constraints schedules.
Time is slotted and denoted by a nonnegative integer t ∈

Z+ := {0, 1, . . . , }. At each time t, a schedule is selected by
the scheduling policy such that a packet from a nonempty
buffer in the schedule is served. We index by (i, j) the buffer
associated with input port i and output port j, for i, j ∈
[n] := {0, 1, . . . , n}. Let aij(t) be the number of arrivals to
buffer (i, j) during [t, t + 1) and qij(t) the queue length of
buffer (i, j) at time t.
A schedule is formally depicted by an n× n permutation

matrix σ = (σij)i,j∈[n] such that σij = 1 if buffer (i, j) is
in the schedule, and σij = 0 otherwise. Denote by Pn the
set of all n × n permutation matrices and let σπ(t) ∈ Pn
be the schedule under policy π for period t. The queueing
dynamics under policy π then can be expressed as

qπij(t+ 1) = qπij(t) + aij(t)− σπij(t) I{qπ
ij

(t)>0}, (1)

where IA is an indicator function associated with event A.
Our goal is to establish an optimal scheduling policy that

minimizes the total discounted delay cost over an infinite
time horizon. The cost under policy π at time t is a linear
function of the queue lengths at time t, namely

cπ(t) =
∑
i,j∈[n]

cijq
π
ij(t)

for the cost function constants cij ; this cost is directly asso-
ciated with delay cost via Little’s Law. The total discounted
cost over [0, t] under policy π, given initial queue length vec-



tor q, can then be expressed as

Jβ,t(q, π) :=
t∑

s=0

E[βs cπ(s)] , qπ(0) = q,

with discount factor β ∈ (0, 1) and qπ(t) following (1).
We are interested in the total discounted cost over an

infinite horizon given by

Jβ(q, π) := Jβ,∞(q, π) =
∞∑
s=0

E[βs cπ(s)] , qπ(0) = q.

Observe from (1) that qπ(t + 1) is determined by σπ(t),
which is under our control. A scheduling policy is admis-
sible if the schedule σπ(t) at time t is based solely on in-
formation revealed up to time t, such as σπ(s), qπ(s + 1),
and a(s) for all s < t. It follows from results in Markov
decision process theory that there exists an optimal station-
ary optimal policy, on which σπ(t) depends only on qπ(t),
and therefore we restrict our attention herein to stationary
scheduling policies. Specifically, we seek to find a stationary
scheduling policy with the following objective:

Minimize Jβ(q, π) over all stationary policies π. (Pβ)

3. OPTIMAL POLICIES
Although some of our results hold for general n and other

results hold for instances of the general switch model, we
primarily focus our analysis and results on the case of n = 2.

3.1 Maximizing Service Rate
The cost for each time period in problem (Pβ) depends

on the current queue length which involves both the arrival
and service processes. Now we shall instead consider an
equivalent problem that is based on a reward for each period
in terms of the number of packets served. The reward only
depends on the current queue lengths (whether or not each
buffer is empty) and the service action.
Specifically, upon choosing schedule σ ∈ Pn with current

queue length q ∈ Zn
2

+ , the reward function r : Zn
2

+ × Pn →
R+ is defined by

r(q,σ) :=
∑
i,j∈[n]

cijσijI{qπ
ij

(t)>0}.

We next associate a quantity with admissible policy π by
defining

J̃β,t(q, π) := E

[
t∑

s=0

βs r(qπ(s),σπ(s))

]
,

J̃β(q, π) := J̃β,∞(q, π) = E

[
∞∑
s=0

βt r(qπ(s),σπ(s))

]
.

where qπ(0) = q is the initial state. Then we can construct
an alternative optimization problem as follows:

Maximize J̃β(q, π) over all admissible policies π. (P̃β)

Now, we claim that if there is a (stationary) policy µ∗

which is an optimal policy of (P̃β), then µ∗ is an optimal
policy of (Pβ).

Proposition 3.1. An optimal solution for problem (P̃β)
is an optimal policy for problem (Pβ).

Proof. From equation (1), we have

cπ(t+ 1) = cπ(t) +
∑
i,j∈[n]

cijaij(t)− rπ(t),

where rπ(t) := r(qπ(t),σπ(t)). Summing over t then yields

Jβ(q, π) = cπ(0) + β

∞∑
t=0

E
[
βtcπ(t+ 1)

]
= cπ(0) + βJβ(q, π) + g − βJ̃β(q, π),

where g =
∑∞

t=0 β
t+1 E

[∑
i,j∈[n] cijaij(t)

]
which does not

depend on the policy π. Hence, we obtain

(1− β)Jβ(q, π) = cπ(0) + g − βJ̃β(q, π),

which implies the desired result.

3.2 Dynamic Programming Formulation
Let M be the set of all admissible policies. The max-

imum total discounted reward over the infinite horizon is
then given by

Ṽβ,t(q) := sup
π∈M

J̃β,t(q, π).

For the function f : Zn
2

+ → R, we define Tf : Zn
2

+ → R by

Tf(q) := max
σ∈Pn

{
r(q,σ) + βE

[
f
(
(q − σ)+ + a

)]}
, (2)

where the expectation is taken with respect to the random
vector a. We then have the Bellman equation

Ṽβ,t+1(q) = (T Ṽβ,t)(q),

where Ṽβ,−1(q) = 0 for all q ∈ Zn
2

+ .
We also define

(Uσf)(q) := r(q,σ) + βE [f(Tσ
a (q))] , σ ∈ Pn,

where Tσ
a (q)) := (q − σ)+ + a.

3.3 Optimal Policy on Trivial Boundary
Let f(q) = Ṽβ(q) denote the value function associated

with (P̃β) for all q ∈ Zn
2

+ . From value iteration, we claim
the following property holds for every such value function:

βf(q + eij) ≤ βf(q) + cij (3)

where eij is an n × n binary matrix with only the i, j-th
entry being 1.

Proposition 3.2. If βf(q + eij) ≤ βf(q) + cij, we have

β(Tf)(q + eij) ≤ β(Tf)(q) + cij . (4)
Proof. We prove that (Uσf)(q + eij) ≤ (Uσf)(q) + cij

for every σ ∈ Pn. First, assuming σij = 0, we have

Tσ
a (q + eij) = Tσ

a (q) + eij , ∀a,
r(q + eij ,σ) = r(q,σ),

from which we obtain

(Uσf)(q + eij) = r(q + eij ,σ) + βE [f(Tσ
a (q + eij))]

≤ r(q,σ) + βE [f(Tσ
a (q)) + cij ]

≤ Uσ(f)(q) + cij , (5)

where the first inequality follows by assumption.
Second, suppose that σij = 1.



i. If qij = 1, we have

r(q + eij ,σ) = r(q,σ)
Tσ

a (q + eij) = Tσ
a (q) + eij

and by the same argument as above we conclude

(Uσf)(q + eij) ≤ Uσ(f)(q) + cij . (6)

ii. Alternatively, if qij = 0, we have

r(q + eij ,σ) = r(q,σ) + cij ,

Tσ
a (q + eij) = Tσ

a (q),

and therefore we derive

(Uσf)(q + eij) = r(q + eij ,σ) + βE [f(Tσ
a (q + eij))]

= Uσ(f)(q) + cij . (7)

From (5), (6), and (7), the desired property (3) follows.

From this proposition, we obtain an optimal scheduling
policy for a subset of the state space Zn

2
+ , which we call the

trivial boundary”.

Definition 3.1. A state q ∈ Zn
2

+ is in the trivial bound-
ary if there exists σ ∈ Pn such that

r(q,σ) =
∑
i,j∈[n]

Iqij>0. (8)

In other words, σ is a schedule that contains all nonempty
buffers in q.

The next result then follows from Proposition 3.2.

Corollary 3.1. An optimal policy for q in the trivial
boundary is to choose a schedule that satisfies (8) at any
time t.

3.4 Optimal Policy in Interior
We next investigate an optimal policy on a subset of the

state space, which we call the “interior”. A state q is in the
interior if there is a schedule that produces the maximum
reward value

rmax = {r(q,σ) : q ∈ Zn
2

+ ,σ ∈ Pn} (9)

with respect to q.

Definition 3.2 (Interior point). A state q is an in-
terior point if

max {r(q,σ) : σ ∈ Pn} = rmax (10)

and the interior comprises the set of all interior points.

For the interior point q ∈ Zn
2

+ , we define

Sq := {σ : r(q,σ) = rmax}, (11)

which is nonempty. We then claim the following result.

Proposition 3.3. A schedule in Sq for an interior point
q is optimal.

Proof. Without loss of generality, we assume that Sq =
{ρ} for any interior point q, in which case an interior point
is represented by q + ρ for some q ∈ Zn

2
+ . To prove the

desired result, we need to show that the following property
is preserved by all value functions f(q) = Ṽβ(q):

Uρf(q + ρ) = rmax + βE [f(q + a)]
≥ r(q + ρ,σ) + βE

[
f((q + ρ− σ)+ + a

]
= Uσf(q + ρ), ∀σ ∈ Pn.

We establish this property through induction on the iter-
ation of the value functions. Namely, we show that every
value function f preserves the following: For all σ ∈ S,

rmax + βf(q + a)
≥ r(q + ρ,σ) + βf

(
(q + ρ− σ)+ + a

)
, (12)

for any arrival vector a and any σ ∈ Pn. Then (12) implies

Uρf(q + ρ) ≥ Uσf(q + ρ), ∀σ,

which renders the desired optimal policy for the interior.

3.5 Switching Curve for Critical Boundary
We refer to the set of all remaining states, which are nei-

ther in the interior nor in the trivial boundary, as the “crit-
ical boundary”. For this region in the 2 × 2 switch model,
where the states bear the form (`, 0,m, 0), `,m ∈ Z+, we
prove that the optimal policy consists of a switching curve.
Without loss of generality, suppose that c11 + c22 ≥ c12 +

c21. Let σ1 = ( 1 0
0 1 ) and σ2 = ( 0 1

1 0 ). We then have the
following claim.

Proposition 3.4. For the value function Ṽβ(·, ·, ·, ·), the
relationship

a11Ṽβ(`− 1, 0,m, 0) + a22Ṽβ(`, 0,m, 0)
≤a11Ṽβ(`, 0,m, 0) + a22Ṽβ(`, 0,m− 1, 0)

exists at any (`, 0,m, 0) when (`,m) ≥ (`0,m0), once it holds
for (`0,m0).

We establish the above relationship through iteration of
the value function. More specifically, we have the following
result.

Lemma 3.1. Let the function Ṽ kβ denote the output of the
k-th value function iteration. Then

a11Ṽ
k
β (`− 1, 0,m, 0) + a22Ṽ

k
β (`, 0,m, 0)

≤a11Ṽ
k
β (`, 0,m, 0) + a22Ṽ

k
β (`, 0,m− 1, 0). (13)

Proposition 3.4 implies that there exists a set of pairs
(`∗,m∗), such that for each state (`∗, 0,m, 0) with m < m∗,
the optimal schedule is σ1 whereas for each state (`∗, 0,m, 0)
with m ≥ m∗, the optimal schedule is σ2.
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