
Large-scale service systems with packing constraints
and heterogeneous servers

Alexander L. Stolyar
Lehigh University, Bethlehem, PA 18015

stolyar@lehigh.edu

ABSTRACT
A service system with multiple types of arriving cus-
tomers and multiple types of servers is considered. Sev-
eral customers (possibly of different types) can be placed
for concurrent service into same server, subject to “pack-
ing” constraints, which depend on the server type. Ser-
vice times of different customers are independent, even
if served simultaneously by the same server. The large-
scale asymptotic regime is considered such that the cus-
tomer arrival rates grow to infinity. We consider two
variants of the model. For the infinite-server model,
we prove asymptotic optimality of the Greedy Random
(GRAND) algorithm in the sense of minimizing the
weighted (by type) number of occupied servers in steady-
state. (This version of GRAND generalizes that in-
troduced in [1] for the homogeneous systems, with all
servers of same type.) We then introduce a natural ex-
tension of GRAND algorithm for finite-server systems
with blocking. Assuming subcritical system load, we
prove existence, uniqueness, and local stability of the
large-scale system equilibrium point such that no block-
ing occurs. This result strongly suggests a conjecture
that the steady-state blocking probability under the al-
gorithm vanishes in the large-scale limit.

1. BASIC MODEL
We consider a service system with I types of customers,
indexed by i ∈ {1, 2, . . . , I} ≡ I. The service time of a
type-i customer is exponentially distributed with mean
1/µi. All customers’ service times are mutually inde-
pendent. There are S types of servers, indexed s ∈
{1, 2, . . . , S} ≡ S. A server of each type can potentially
serve more than one customer simultaneously, subject
to the following very general packing constraints. We
say that a vector k = (k1, . . . , kI ; s) with non-negative
integer ki, i ∈ I, and s ∈ S is a server configuration,
if a type s server can simultaneously serve a combina-
tion of customers of different types given by the values
ki. A configuration k with specific value of s is a type
s server configuration. For any s, there is a finite set
of all allowed type s server configurations, denoted by
K̄s. We assume that K̄s satisfies a natural monotonicity
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condition: if k ∈ K̄s, then all “smaller” configurations
k′ = (k′1, . . . , k

′
I ; s), i.e. such that k′i ≤ ki for all i, be-

long to K̄s as well. Without loss of generality, assume
that for each i, (ei; s) ∈ K̄s for at least one s, where
ei is the i-th coordinate unit vector (otherwise, type-
i customers cannot be served at all). By convention,
for any s, vector 0s ≡ (0; s) ∈ K̄s, where k = 0 is
the I-dimensional component-wise zero vector – this is
the configuration of an empty type s server. We denote
by Ks = K̄s \ {0s} the set of type s server configura-
tions not including the empty configuration. Denote by
K̄ = ∪sK̄s and K = ∪sKs the sets of all configurations
and all non-zero configurations, respectively. We will
use the following slightly abusive notations: for k ∈ K̄,
k + ei means vector k with ki replaced by ki + 1, and
similarly for k − ei.
An important feature of the model is that simultane-
ous service does not affect the service time distributions
of individual customers. In other words, the service
time of a customer is unaffected by whether or not there
are other customers served simultaneously by the same
server. A customer can be “added” to an empty or oc-
cupied server, as long as the packing constraints are not
violated. Namely, a type i customer can be added to
a server of type s whose current configuration k ∈ K̄s
is such that k + ei ∈ Ks. When the service of a type-i
customer by a server in configuration k is completed,
the customer leaves the system and the server’s config-
uration changes to k − ei.

2. INFINITE-SERVER SYSTEM
In this section we consider a system, as described in Sec-
tion 1, in which there is an infinite “supply” of servers
of each type s ∈ S. Customers of type i arrive as an
independent Poisson process of rate Λi > 0; these ar-
rival processes are independent of each other and of the
customer service times. Each arriving customer is im-
mediately placed for service in one of the servers, as
long as packing constraints are not violated. Denote by
Xk the number of servers in configuration k ∈ Ks. The
system state is the vector X = {Xk, k ∈ K}.
A placement algorithm (or packing rule) determines where
an arriving customer is placed, as a function of the cur-
rent system state X. Under any well-defined placement
algorithm, the process {X(t), t ≥ 0} is a continuous-
time Markov chain with a countable state space; it is
easily seen to be irreducible and positive recurrent. Con-



sequently, the process {X(t), t ≥ 0} has a unique sta-
tionary distribution; let X(∞) = {Xk(∞),k ∈ K} be
the random system state X(t) in stationary regime.
We are interested in finding a placement algorithm that
minimizes the total weighted number of occupied servers∑

k∈KXk(∞) in the stationary regime. Consider the
following generalization of GRAND(aZ) algorithm, in-
troduced in [1].

Definition 1 (Greedy-Random (GRAND(aZ))).
The algorithm is parameterized by a vector a = (as, s ∈
S) of real numbers as > 0. Let Z(t) =

∑
i

∑
k kiXk(t)

denote the total number of customers in the system at
time t. At any given time t, there is a designated fi-
nite set of X0s(t) = dasZ(t)e ≥ 0 empty type s servers,
called s-zero-servers. A new arriving customer is placed
into a server chosen randomly uniformly among those
servers where it can still fit, including zero-servers (of
any type s), and excluding any other empty servers. If
there are no such servers, the customer is placed into
an empty server of any type s such that ei ∈ Ks.

The GRAND(aZ) algorithm is easily implementable.
(See [1, 2] for a detaild discussion.)
We now define the asymptotic regime. Let r →∞ be a
positive scaling parameter. Customer arrival rates scale
linearly with r; namely, Λi = λir, where λi are fixed
positive parameters. Without loss of generality, assume∑
i ρi = 1, where ρi

.
= λi/µi. Let (Xr(t), t ≥ 0), be

the process associated with a system with parameter
r, and let Xr(∞) be the (random) system state in the
stationary regime. Denote by Y ri (t) ≡

∑
k∈K kiX

r
k(t)

the total number of customers of type i. Since arriving
customers are placed for service immediately and their
service times are independent of each other and of the
rest of the system, Y ri (∞) is a Poisson random variable
with mean ρir; moreover, Y ri (∞) are independent across
i. (This is true for any placement algorithm.) Denote
by Zr(t) =

∑
i Y

r
i (t) the total number of customers in

the system; in steady-state Zr(∞), is a Poisson random
variable with mean r.
The fluid-scaled process is xr(t) = Xr(t)/r, t ∈ [0,∞).
We also define xr(∞) = Xr(∞)/r. For any r, xr(t)

takes values in the non-negative orthant R|K|+ . Similarly,
yri (t) = Y ri (t)/r, zr(t) = Zr(t)/r, xr0s(t) = Xr

0s(t)/r
and xr(i)(t) = Xr

(i)(t)/r, for t ≥ 0 and t = ∞ (which
refers to steady-state). Since

∑
k∈K x

r
k(∞) ≤ zr(∞) =

Zr(∞)/r, this easily implies that the sequence of distri-
butions of xr(∞) is tight. Moreover, any (subsequen-
tial) limit x(∞) in distribution, xr(∞) =⇒ x(∞), is
such that w.p.1 the following conservation laws hold:∑

k∈K

kixk(∞) ≡ yi(∞) = ρi, ∀i, (1)

and, in particular,

zi(∞) ≡
∑
i

yi(∞) ≡
∑
i

ρi = 1. (2)

Therefore, w.p.1 the values of x(∞) are confined to the
convex compact (|K| − I)-dimensional polyhedron

X ≡ {x ∈ R|K|+ |
∑
s

∑
k∈Ks

kixk = ρi, ∀i ∈ I}.

The asymptotic regime and the associated basic prop-
erties (1) and (2) hold for any placement algorithm.
Let the server weights γs > 0, s ∈ S, be fixed. Consider
the following problem:

min
x∈X

∑
s∈S

∑
k∈Ks

γsxk (3)

and denote by X ∗ ⊆ X the set of its optimal solutions.
For each parameter-vector a, denote

L(a)(x) =
∑
s

∑
k∈Ks

xk log[xkck/(eas)], (4)

where ck
.
=

∏
i ki!, 0! = 1. Function L(a)(x) is strictly

convex in x ∈ R|K|+ Consider the problem:

min
x∈X

L(a)(x) (5)

and denote by x∗,a ∈ X its unique optimal solution.
Our main results for the infinite-server model are the fol-
lowing Theorems 2 and 3, proving the asymptotic opti-
mality of GRAND(aZ). They imply that GRAND(aZ)
is close to optimal, in the sense of minimizing the weighted
number of occupied servers in steady-state, when r is
large and parameters as are small and chosen appropri-
ately.

Theorem 2. Let the parameter vector a be fixed. Con-
sider a sequence of systems under the GRAND(aZ) al-
gorithm, indexed by r, and let xr(∞) denote the random
state of the fluid-scaled process in the stationary regime.
Then, as r →∞, xr(∞) =⇒ x∗,a.

Theorem 3. Suppose the parameter vector a itself
depends on a single parameter α > 0 as follows: as =
αγs , s ∈ S. Then, as α ↓ 0, x∗,a → X ∗.

3. FINITE-SERVER SYSTEM
Now consider a version of the system, where there is a
finite number Hs > 0 of servers of type s. Customers of
type i arrive as an independent Poisson process of rate
Λi > 0 (and these processes are independent from the
customer service times). Each arriving type i customer
can be either immediately placed for service into one of
the servers (subject to packing constraints) or immedi-
ately blocked, in which case it immediately leaves the
system. If there is no server where an arriving customer
can be placed, the customer is necessarily blocked.
Let Xk denote the number of servers in configuration
k ∈ Ks and the system state is the vector X = {Xk, k ∈
K}. Note that the numbers X0s of empty servers of
each type (i.e., s-zero-servers) are not included in X;
however, they are uniquely determined by X and the
conservation law

X0s +
∑
k∈Ks

Xk =
∑
k∈K̄s

Xk = Hs, s ∈ S.

In such a system, a placement algorithm determines,
depending on the current system state X, whether or
not an arriving customer is accepted (i.e., not blocked),
and if so, into which server it is placed. (If there are no
servers, where a customer can be placed, it is necessarily



blocked.) Under any well-defined placement algorithm,
{X(t), t ≥ 0} is a continuous-time Markov chain with
finite state space; it is easily seen to be irreducible and,
therefore, is ergodic, with unique stationary distribu-
tion.
For this system, the objective is to minimize blocking
in steady-state. Consider the following algorithm, called
Greedy Random for Finite systems (GRAND-F).

Definition 4 (GRAND-F). A new arriving cus-
tomer is placed into a server chosen randomly uniformly
among all servers in the system where it can still fit. If
there are no such servers, the customer is blocked.

We consider the asymptotic regime such that the ar-
rival rates are increased linearly with a scaling parame-
ter r → ∞: Λi = λir, where λi > 0 are parameters.
In addition, so do the server pool sizes Hs; namely,
Hs = hsr, where hs > 0, s ∈ S, are parameters. As
before, without loss of generality, we assume

∑
i ρi = 1,

ρi = λi/µi. Let Xr(·) be the process associated with a
system with parameter r, and let Xr(∞) be the (ran-
dom) system state in the stationary regime.
The fluid-scaled process is xr(t) = Xr(t)/r, t ∈ [0,∞);
we define xr(∞) = Xr(∞)/r.
For any r, xr(t) takes values in the compact set

X2 ≡ {x ∈ R|K|+ |
∑
k∈Ks

xk ≤ hs, ∀s ∈ S}.

For any x ∈ X2, we denote x0s ≡ hs −
∑

k∈Ks xk, s ∈
S, and will sometimes use notation x̄ ≡ {xk, k ∈ K̄}.
The sequence of distributions of xr(∞) is obviously
tight, and any (subsequential) limit x(∞) in distribu-
tion, xr(∞) =⇒ x(∞), satisfies the following property
w.p.1. (because the number of customers of type i in
steady-state is dominated by a Poisson random variable
with mean ρir):∑

k∈K

kixk(∞) ≤ ρi, ∀i. (6)

Property (6) holds for any placement algorithm.
Consider the following subset of X2:

X � ≡ {X ∈ X2 |
∑
s

∑
k∈Ks

kixk = ρi, ∀i ∈ I} ≡ X2∩X .

Assumption 5. The system parameters λi, µi, i ∈
I, and hs, s ∈ S, are such that X � in non-empty. More-
over, there exists x ∈ X � such that x0s > 0 for all s.

This assumption means that, when the scaling param-
eter r is large, and we have ρir customers of each type
i, it is possible to “pack” all of them into the system
servers (hsr for each type s), so that a non-zero frac-
tion of servers in each pool s remains idle. Recall that,
when r is large, ρir is essentially the maximum num-
ber of type i customers the system can possibly have in
steady state, because this would be the number of cus-
tomers in the infinite-server system with no blocking.
In other words, the assumption means that it is feasi-
ble, at least in principle, to operate a system in a way
such that, in the r →∞ limit, the steady-state blocking
probability vanishes.

Consider the following function L2(x̄) defined on x̄ such
that x ∈ X2 (and x0s ≡ hs −

∑
k∈Ks hk for all s):

L2(x̄) =
∑
k∈K̄

xk log[xkck/e]. (7)

Function L2(x̄) is strictly convex (on R|K̄|+ ).
Consider the following convex optimization problem:

min
x∈X�

L2(x̄) (8)

and denote by x̄∗,2 its unique optimal solution. From
(7) and Assumption 5 it is easy to see that x∗,2k > 0 for
all k ∈ K̄.
Our main result for the finite-server system is the follow-
ing Proposition 6. (It is stated here informally. Formal
statements are given in Lemmas 14 and 15 in [2].)

Proposition 6. Suppose Assumption 5 holds. As
r →∞, the limits (x(t), t ≥ 0) of the fluid-scaled trajec-
tories (xr(t), t ≥ 0) will be referred to as fluid sample
paths (FSP). Point x ∈ X2 is an invariant point, if
x(t) ≡ x is an FSP. Then x∗,2 is the unique invariant
point x, such that x0s > 0 for all s (and therefore there
is no blocking). Moreover, this invariant point is locally
stable: x(t) → x∗,2 as t → ∞, uniformly for all FSPs
with x(0) sufficiently close to x∗,2.

In turn, Proposition 6 strongly suggests

Conjecture 7. Suppose Assumption 5 holds. Con-
sider a sequence of systems under the GRAND-F algo-
rithm, indexed by r, and let xr(∞) denote the random
state of the fluid-scaled process in the stationary regime.
Then, as r →∞, xr(∞) =⇒ x∗,2

If Conjecture 7 is correct, GRAND-F algorithm is asymp-
totically optimal in the sense that, as long as the system
has enough capacity to process all offered load (under
ideal packing), then as r → ∞, the steady-state block-
ing probability under GRAND-F vanishes.
We note that although Proposition 6 is insufficient to
prove Conjecture 7, it is a much stronger result than
a typical “fixed point” argument which is often used
to “guess” and substantiate asymptotic properties like
our Conjecture 7. (See, e.g., [3], where a homogeneous
finite-server system with packing constraints is consid-
ered under a ”power-of-d-choices” type placement al-
gorithm.) A fixed point argument is based on the as-
sumption of asymptotic independence of server states in
steady-state. (See [2] for more details.)
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