
 

ACM SIGMETRICS 2011 
International Conference on Measurement and Modeling of  

Computer Systems 

Part of Federated Computing Research Conference (FCRC) 2011

SAN JOSE,  CALIFORNIA

JUNE 7-11,  2011

Home

Call for Papers

Paper Submission

Organizers

Committee

Program

Workshops

Registration

Tutorials

Students

Hotel

MAMA 2011 Schedule

The Thirteenth Workshop on MAthematical performance Modeling and Analysis  
June 8th, 2011 - San Jose, California, USA  
Sponsored by ACM SIGMETRICS 

Wednesday, June 8

08:15 -- 08:20am  Opening Remarks

08:20 -- 08:50am 

 

Path-vector routing stability analysis 

D. Papadimitriou (Alcatel-Lucent Bell), Florin Coras, A. Cabellos 
(Technical University of Catalonia)

08:50 -- 09:20am 
 

A deterministic algorithm of single failed node recovery in MSR-
based distributed storage systems 
H. Zhao, Y. Xu (University of Science & Technology of China) 

09:20 -- 09:50am 
 

Robust heterogeneous data center design: A principled approach 
S. Garg, S. Sundaram, H.D. Patel (University of Waterloo)

09:50 -- 10:15am  Coffee Break 

10:15 -- 10:45am 
 

On network criticality in wireless networks 

A. Tizghadam, A. Leon-Garcia (University of Toronto) 

10:45 -- 11:15am 
 

Diffusion and cascading behavior in random networks 

M. Lelarge (INRIA-ENS)

11:30 -- 12:30pm  FCRC Plenary Talk 

12:30 -- 01:30pm  Lunch 

01:30 -- 02:00pm 
 

Search in non-homogeneous random environments 

O.H. Abdelrahman, E. Gelenbe (Imperial College)

02:00 -- 02:30pm 
 

On estimation problems for the G/G/infinity queue 
H. Feng, P. Dube, L. Zhang (IBM T.J. Watson Research Center)

02:30 -- 03:00pm 
 

Dispatching to incentivize fast service in multi-server queues 
S. Doroudi (CMU), R. Gopalakrishnan, A. Wierman (California Institute of 

Technology) 

03:00 -- 03:30pm 
 

The power of partial power of two choices 

O.T. Akgun, R. Righter, R. Wolff (University of California, Berkeley)

03:30 -- 04:00pm  Coffee Break 

04:00 -- 04:30pm 

 

Settling for less -- A QoS compromise mechanism for opportunistic 
mobile networks 

R. Pal (USC), S. Kosta (University of Rome, Sapienza), P. Hui (Telekom 
Labs) 

04:30 -- 05:00pm 
 

Investigating the effect of node heterogeneity and network 
externality on security adoption 

Z. Yang, J.C.S. Lui (The Chinese University of Hong Kong) 

05:00 -- 05:30pm 

 

Implications of peer selection strategies by publishers on the 
performance of P2P swarming systems 

D. Sadoc Menasche (University of Massachusetts), A.A. de A. Rocha 
(Fluminense Federal University), E.A. de Souza e Silva (Federal 

University of Rio de Janeiro), D. Towsley (University of Massachusetts), 
R.M. Meri Leao (Federal University of Rio de Janeiro) 

05:30 -- 06:00pm 

 

How impatience affects the performance and scalability of P2P video
-on-demand systems 

S. Aalto, P. Lassila (Aalto University), P. Savolainen, S. Tarkoma (Helsinki 
Institute for Information Technology) 

Page 1 of 2SIGMETRICS 2011

6/6/2011http://www.sigmetrics.org/sigmetrics2011/mama_schedule.shtml



Path-vector Routing Stability Analysis 
Dimitri Papadimitriou 

Alcatel-Lucent Bell 
Antwerp, Belgium 

dimitri.papadimitriou@alcatel-
lucent.com 

Florin Coras 
Technical University of Catalonia 

Barcelona, Spain 

fcoras@ac.upc.edu 

Albert Cabellos 
Technical University of Catalonia 

Barcelona, Spain 

acabello@ac.upc.edu 

 
ABSTRACT 
In this paper, we define a set of metrics that characterize the local 
stability properties of path-vector routing protocols such as BGP 
(Border Gateway Protocol). By means of these stability metrics, 
we propose a method to analyze the effects of BGP policy- and 
protocol-induced instability on local routers. 

1. INTRODUCTION 
Research efforts to understand BGP's instability led to categorize 
them into policy- and protocol-induced instabilities. 

Policy-induced instabilities: addressing routing stability 
consistently with planned BGP routing policy implies eliminating 
non-deterministic routing states resulting from policy interactions 
and in particular, non-deterministic and unintended but unstable 
states. Griffin et al.’s seminal work [1] modeled BGP as a 
distributed algorithm for solving the Stable Paths Problem, and 
derived a general sufficient condition for BGP stability, known as 
"No Dispute Wheel". This sufficient condition guarantees the 
existence of a stable solution to which BGP always converges. 
Informally, this sufficient condition allows nodes to have more 
expressive and realistic preferences than always preferring shorter 
routes to longer ones. The game theoretic approach introduced in 
[2] relies on the best-reply BGP dynamics: a convergence game 
model in which each Autonomous System (AS) is instructed to 
continuously execute the following actions: i) receive update 
messages from BGP peering nodes announcing their routes to the 
destination, ii) choose a single peering node whose route is most 
preferred to send traffic to, iii) announce the new route to peering 
nodes. However, as proved in [2], best-reply BGP dynamics is not 
incentive-compatible even if No Dispute Wheel condition holds: 
even if all but one AS are following the BGP rules, the remaining 
AS may not have the incentive to follow them. Interestingly, as 
demonstrated in [2], incentive compatibility of best-reply BGP 
dynamics requires combining an additional global condition 
(Route Verification) together with the "No Dispute Wheels" to 
guarantee stability. Consequently, all known conditions for global 
stability are sufficient but not necessary conditions (detecting 
them is an NP-hard problem and enforcing them requires a global 
deployment of an additional mechanism); on the other hand, local 
instability effects have yet to be characterized. 

Protocol-induced instabilities: BGP is an inter-AS path-
vector routing protocol subject to Path Exploration phenomenon 
like any other path-vector algorithm: BGP routers may announce 
as valid, routes that are affected by a topological change and that 
will be withdrawn shortly after subsequent routing updates. This 
phenomenon is the main reasons for the large number of routing 
updates received by BGP routers which exacerbate inter-domain 
routing system instability and processing overhead [3]. Both 
result in delaying BGP convergence time upon topology 
change/failure [4]. Several mitigation mechanisms exist to 
partially limit the effects of path exploration; however, none 
actually eliminate its effects. Hence, BGP is intrinsically subject 
to instability. 

The goals of this paper are to 1) Develop a methodology to 
process and interpret the data part of BGP routing information 
bases in order to identify and document occurrences of Internet 
BGP routing stability phenomena; 2) Identify a set of stability 
metrics and develop methods for using them in order to provide a 
better understanding of the BGP routing system's stability; and 3) 
Investigate how path-vector routing protocol behavior and 
network dynamics mutually influence each other. The proposed 
approach aims to bring rigor and consistency to the study of 
routing stability. For example, it would allow for a unified 
approach to the cross-validation of techniques for looking at 
improving path exploration effects on the routing system. 

2. Routing Tables Stability and Metrics 
2.1 Preliminaries 
The AS topology of the routing system is described as a graph G 
= (V,E), where the vertices (nodes) set V, |V| = n, represents the 
AS, and the edges set E, |E| = m, represents the links between AS. 
At each node u ∈ V, a route r per destination d (d ∈ D) is selected 
and stored as an entry in the local routing table (RT) whose total 
number of entries is denoted by N, i.e., |RT| = N. At node u, a 
route ri to destination d at time t is denoted by ri(t) = {d, (vk=u, vk-

1,…, v0=v), A} with k ≥ 0 | ∀ j, k ≥ j > 0, {vj, vj−1} ∈ E and i ∈ 
[1,N], where (vk=u, vk-1,…, v0=v) represents the AS-path (and vk-1 

the next hop of v), and A its attribute set. Let P(u,v),d denote the set 
of paths from node u to v towards destination d where each path 
p(u,v) is of the form {(vk=u, vk-1,…, v0=v), A}. A routing update 
leads to a change of the AS-path (vk, vk-1,…, v0) or an element of 
its attribute set A. A withdrawal is denoted by an empty AS-path 
(ε) and A = ∅, {d,ε,∅}. If there is more than one AS-path per 
destination d, according to the definition above, they will be 
considered as multiple distinct routes.  

2.2 Routing Table Stability 
The stability of a routing system is characterized by its response 
(in terms of processing of routing information) to inputs of finite 
amplitude. Routing system inputs may be classified as i) internal 
system events such as routing protocol configuration change or ii) 
external events such as those resulting from topological changes. 
Both types of events lead to the exchange of routing updates that 
may result in routing states changes. Indeed, BGP does not 
differentiate routing updates with respect to their root cause, their 
identification (origin), etc. during its selection process.  

Definition 1: Let RT(t) represent the routing table at some time t. 
At time t+1, RT(t+1) = RTo(t) + ∆RT(t+1) where, RTo(t) is the set 
of routes that experience no change between t and t+1, and 
∆RT(t+1) accounts for all route changes (additions, deletions, and 
changes to previously existing routes) between t and t+1.  

The magnitude of the output of a stable routing system is small 
whenever the input is small. That is, a single routing information 
update shall not result in output amplification. Equivalently, a 
stable system's output will always decrease to zero whenever the 



input events stop. A routing system, which remains in an 
unending condition of transition from one state to another when 
disturbed by an external or internal event, is considered to be 
unstable. More precisely, let |∆RT(t+1)| be the magnitude of the 
change to the routing table (RT) at some time t+1: 

Definition 2: A RT, which returns to its initial equilibrium state, 
when disturbed by an external and/or internal event, is considered 
to be stable when the following condition is met: |∆RT(t+1)| ≤ α, t 
→ ∞, where α > 0 is small. 

Definition 3: A RT, which transitions to a new equilibrium state, 
when disturbed by an external and/or internal event, is considered 
to be marginally stable when the following condition is met α < 
|∆RT(t+1)| ≤ β, t → ∞, where β > 0 is small, α < β. 

Definition 4: A RT, which remains in an unending condition of 
transition from one state to another when disturbed by an external 
or internal event, is considered to be unstable when the following 
condition is met: |∆RT(t+1)| > β, t → ∞. 

The values α and β shall be set based on operational criteria. 
Among other things, α and β depend on the observation sampling 
period that needs to be the MRAI timer. This ensures one routing 
update per sampling period. A similar reasoning to the one 
applied for the Loc_RIB stability (that corresponds to the BGP 
routing table) can be applied to the Adj_RIB_In (which stores 
incoming routes from neighbors). It is also interesting to measure 
the instability induced by the BGP selection process. 

2.3 Stability Metrics 
To measure the degree of stability of the Loc_RIB, Adj_RIB_In, 
and determine how close the system is to being unstable the 
following stability metrics are defined: 

• Stability ϕi of selected routes ri: characterizes the stability of 
the selected routes stored in the Loc_RIB (|Loc_RIB| = N) by 
quantifying the magnitude of change on these routes form 
the selected route at time t. The computation of |∆RT(n+1)| 
can then be derived from the stability of individual routes.   

When route ri is created: ϕi(t) ← 0 
When ri experiences a path or attribute change 

if ri(t+1) ≠ ri(t) then ϕi(t+1) ← ϕi(t) + 1 

else if ϕi(t) = 0 then ϕi(t+1) ← 0 

     else if ϕi(t) > 0 then ϕi(t+1) ← ϕi(t) - 1 
          end if 
     end if 
end if 

With this processing of the stability metric for an individual 
route, one can compute the stability metric for an entire routing 
table (RT). Let |∆ri(t+1)| denote the change in stability metric 
associated with a single route ri, from time t to t+1. These values 
are used to compute |∆RT(t+1)|, the change in stability metric for 
the entire routing table from time t to t+1. Moreover, |∆RT(t+1)| is 
normalized so that 0 ≤ |∆RT(t+1)| ≤ 1, where 0 implies perfect 
stability, and 1 indicates complete instability. 

For i=1 to N /* total nbr of routes in RT(t+1) */ 

   if ri(t+1) is a new route then |∆ri(t+1)| ← 0 

   else if ϕi(t)=0 & ϕi(t+1)=0 then |∆ri(t+1)| ← 0  

        else if ϕi(t+1) > ϕi(t)  

             then |∆ri(t+1)|←[ϕi(t)+1]/[ϕi(t+1)+1] 

             else |∆ri(t+1)|←[ϕi(t)]/[ϕi(t+1)] 
             end if 
        end if 

   end if 
end i loop 

|∆RT(t+1)| ← Σi ∆ri(t+1)/ N 

• Most stable route in the Adj_RIB_In (|Adj_RIB_In| = M): 
quantifies the relative stability between the routes to the 
same destination d, learned from different upstream BGP 
peers. Let Wu denote the set of node's u BGP peers, |Wu| = W 
≤ M. At node u, the most stable route to destination d at time 
t: r'i,stable(t)=min{ϕi,j(t) ∀j ∈ [1,W] | {(vk=u,vk-1=w,…, 
v0=v),A} ∈ P(u,v);d ∀w ∈ Wu | ((u,w) ∈ E ∧ |(u,w)|=Wu)} 
defines −independently of the BGP selection rules− the 
selectable route that is the most stable for destination d. 
Next, we define ∆ϕi as the relative measure of route’s ri 
stability with respect to the most stable route for the same 
destination d, ϕi,stable .  

for i=1 to N /* |dst in Adj_RIB_In| = |Loc_RIB| */  
    for j=1 to |Wu| /* nbr of peers for i

th dst */ 

        ∆ϕi,j(t+1)←[ϕi,j(t+1)+1]/[ϕi,stable(t)+1] 
    end j loop 

    ∆Φi(t+1) ← Σj ∆ϕi,j(t+1)/|Wu| 
end i loop 

∆Φ ← Σi ∆Φi(t+1)/N 

• Best selectable route in the Adj_RIB_In: quantifies the 
relative stability between routes to the same destination d as 
learned from all upstream peers and the one amongst them 
selected by BGP at time t as the best route (thus following 
the BGP route selection). The computational procedure is the 
same as the previous one if one replaces ϕi,stable by ϕi,selected. 

• Differential stability between the most stable route in the 
Adj_RIB_In and the selected route stored in the Loc_RIB for 
the same destination d: characterizes the stability of the 
currently selected routes against most stable routes as learned 
from upstream neighbors. This metric provides a measure of 
the stability of the learned routes compared to the stability of 
the currently selected route. A variant of this metric, denoted 
δϕi (i ∈ [1,|D|]), characterizes the stability of the selected 
path p(u,v) at time t for destination d against the stability of 
the path p*(u,v) as selected at time t following the BGP 
selection rules and that would replace p(u,v) at time t+1: 
δϕi(t) = ϕi(t) - ϕ* i(t). In turn, if δϕi(t) > 0, then the 
replacement of ri(t) by r*i(t) increases stability of the route to 
destination d; otherwise, the safest decision is to keep the 
currently selected route ri(t).   

Application during the BGP selection process of the metric δϕi 

would prevent replacement of more stable routes by less stable 
one but also enable selection of more stable routes than the 
currently selected routes. However, for this assumption to hold we 
must prove the consistency of the stability-based selection with 
the preferential-based selection model that relies on path ranking 
function. For each u ∈ V, there is a non-negative, integer-value 
ranking function λu, defined over P(u,v),d, which represents how 
each node u ranks its paths: if  p1(u,v) and p2(u,v) ∈ P(u,v);d and 
λu(p1) < λu(p2) then p2 is said to be preferred over p1.    

Definition 5: The route selection problem is consistent with the 
stability function δϕ(t) if for each u ∈ V and p1(u,v) and p2(u,v) ∈ 
P(u,v);d (1) if λu(p1) < λu(p2) then δϕ(t) = ϕ1(t) - ϕ2(t) ≥ 0 and (2) if 
λu(p1) = λu(p2) then δϕ(t) = 0. 

Theorem 1: if p1(u,v) and p2(u,v) ∈ P(u,v);d ∧ p2(u,v) is embedded 
in p1(u,v) then the route selection problem is consistent with the 
stability function δϕ and the route selection is stretch decreasing. 



Proof: Assume without loss of generality that p2(u,v) = (vk,vk-

1,…,vi+1,vi-1,…,v0) is embedded in p1(u,v) = (vk,vk-1,…,vi+1,vi,vi-

1,…,v0). Then, applying formula δϕ(t) = ϕ1(t) - ϕ2(t), we find  δϕ 

= ϕ1(vk,vk-1,..,vi+1,vi,vi-1,..,v0) - ϕ2(vk,vk-1,..,vi+1,vi-1,..,v0).  
Assuming that paths p1 and p2 result from the composition of 

sub-paths (without increasing their total length), p1 and p2 can be 
each written as the concatenation of three sub-paths p(vk,vk-

1,..,vi+1)p(vi+1,vi,vi-1)p(vi-1,..,v0) and p(vk,vk-1,..,vi+1)p(vi+1,vi-1)p(vi-

1,..,v0), respectively. The resulting stability function: δϕ = 
[ϕ(vk,vk-1,..,vi+1) + ϕ(vi+1,vi,vi-1) + ϕ(vi-1,..,v0)] - [ϕ(vk,vk-1,..,vi+1) + 
ϕ(vi+1,vi-1) + ϕ(vi-1,..,v0)] = [ϕ(vi+1,vi,vi-1) - ϕ(vi+1,vi-1)]. 

We can observe that the difference δϕ result exclusively 
from the sub-paths defined between nodes vi+1, vi-1 and assuming 
that the only instabilities are policy and/or protocol-induced, we 
obtain δϕ = [ϕ(vi+1,vi) + ϕ(vi,vi-1) + ϕ(vi+1,vi-1) - ϕ(vi+1,vi-1)] = 
[ϕ(vi+1,vi) + ϕ(vi,vi-1)] ≥ 0, proving the first part of  Theorem 1. 

Moreover, from its decomposition, the length d1 of path p1 
verifies d1(u,v) > d2(u,v), where d2 is the length of path p2. Hence, 
the route selection is stretch decreasing. 

3. Experimental Results 
This section presents a set of experimental results obtained by 
applying the metrics defined in Section 2 to real-world BGP data. 
The dataset we used was obtained from the Route Views project 
[5] that comprises archives containing BGP feeds from a set of 
worldwide distributed Linux PCs running Zebra. As the only 
policy applied by Route Views sets the next hop to the peer IP 
address, only Adj_RIBs_In is accessible. As a consequence, the 
Loc-RIB was inferred from the Adj_RIBs_In by implementing a 
selection process used by Zebra routers.  

Stability of Selected Routes: Considering that the number of 
selected routes is around 318k, Fig.1 shows that on average the 
Loc_RIB contains a few, between 60 and 120, unstable routes 
with minor contribution to the metric which can be interpreted as 
a sign of routing table stability. During the third day (5k minutes), 
2 spikes separated by around two hours indicate large changes in 
stability. The first spike seems to suggest that 21 times more 
routes than the average experienced instabilities. However, BGP 
quickly converges to a new state that is disturbed by the second 
(smaller) spike since part of the affected routes return to the state 
before the occurrence of the first event. Overall, the plot shows a 
constantly changing but bounded churn within the table. 

 
Fig.1. Stability of the selected routes 

Most Stable Route: Fig.2 shows that on average the routes have 
slowly decreasing stability when compared to the most stable 
route. As a result, the plot has a small but positive slope. It does 
sometime present local minima which mark the points in time 
when the most stable route experiences changes. The average of 
the maximum metric value per destination d shows a positive but 
larger slope: the most unstable routes have a faster paced 

increasing instability. Further, during the entire observation 
duration (6 days), a subset of routes continuously presented 
instabilities leading to a monotonic increase of the metric.   

Best Selectable Route: It can be seen from Fig.3 that the BGP 
selected route has, on average, a better stability than the other 
routes out of which it is selected. However, comparison between 
Fig.2 and Fig.3 reveals that the selected route exhibits slightly 
more changes than the most stable route (a lower metric value 
indicates a higher instability). Additionally, for the avg curve, the 
local maxima are correlated with the local minima of the previous 
metric and are likewise due to a diminishing stability of the most 
stable route. One can also observe the same monotonously 
increasing trend of the metric for both the average and the 
maximum, due to routes with sustained instability. 

 
Fig.2. Most stable metric 

 
Fig.3. Best selectable metric 

4. Future Work 
In this paper, we define and provide a first validation of several 
stability metrics that characterize the effects of BGP policy- and 
protocol-induced instabilities on local routers. Our initial results 
show that the proposed method enables identifying instability 
events and their impact on local routing tables. Ongoing work 
includes verifying if the route selection problem is consistent with 
the stability function δϕ, and determining the general trade-offs 
between stability-based route selection and the resulting stretch 
increase/decrease factor on the selected routing paths 
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1. INTRODUCTION
In distributed storage systems, redundant storage are wide-

ly used to achieve a good reliability at unreliable nodes. It
is important to keep the redundancy in case of node failure.
Dimakis et al.[1] studied the problem of reducing network
bandwidth cost for failed nodes recovery and proposed t-
wo mechanisms MSR and MBR[4]. Previous works based
on MSR mechanism like Y.Hu et al. [2] used random algo-
rithms. But random algorithms need very large finite fields
to achieve good reliability and can not guarantee the recon-
struction property after the failed nodes being recovered.
In this paper, we study the problem of single failed node

recovery in MSR-based distributed storage systems. We an-
alyze the two encoding steps of single failed node recovery of
MSR mechanism, and give encoding conditions of these two
steps to keep the reconstruction property. Then we give a
deterministic algorithm which meets these conditions. Our
algorithm uses a much smaller finite field than random al-
gorithms[3] and can guarantee the reconstruction property
after the failed node being recovered. The encoding com-
plexity will be greatly reduced with a much smaller finite
field.

2. PROBLEM STATEMENT
Suppose that a file F is divided into k(n−k) fragments and

the k(n− k) fragments are encoded into n(n− k) fragments
stored evenly at n nodes N1, N2, . . . , Nn, where node Ni

stores n − k fragments Fi1, Fi2, . . . , Fi(n−k). A user, which
connects to any k of the n nodes and downloads k(n − k)
fragments from these k nodes, is able to decode the original
k(n− k) fragments, i.e., reconstruct F . This is what we say
reconstruction property.
When a node failed, say Nn without loss of generality,

the repair process is evoked with a new node N0 to replace
the failed node. N0 connects to all n − 1 remaining nodes
and each node Ni(1 ≤ i ≤ n − 1) generates an encod-
ed fragment Ei and transfers it to N0. Then N0 encodes
the n − 1 fragments E1, E2, . . . , En−1 into n − k fragments

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
Copyright 20XX ACM X-XXXXX-XX-X/XX/XX ...$10.00.
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Figure 1: An example of single failed node recov-
ery in a MSR-based distributed storage system with
(n, k) = (4, 2).

F01, F02, . . . , F0(n−k) and stores them. The key issue is that
the new node N0 together with the n − 1 remaining nodes
Ni(1 ≤ i ≤ n− 1) still keep the reconstruction property.

Figure 1 is an example with (n, k) = (4, 2). The origi-
nal file is divided into 4 fragments A,B,C,D and encoded
into 8 fragments including the original 4 fragments. These
8 fragments are stored at 4 nodes, where each node has 2
fragments, as shown in the left half of Figure 1. A user can
reconstruct the original file by connecting to any 2 nodes.
For example, a user choosing node N3 and N4 gets 4 frag-
ments A+C,B+D,A+2C,B+2D and the encoding vectors
of these 4 fragments are (1, 0, 1, 0), (0, 1, 0, 1), (1, 0, 2, 0) and
(0, 1, 0, 2). Since these 4 fragments are linearly independent,
the user is able to decode the original fragments A,B,C,D.
In the rest of this paper, we say “fragment” short for “the
encoding vector of this fragment” when there is no ambigu-
ity.

When a node failed, the system starts the repair process.
Suppose that node N4 in Fig. 1 fails, a new node N0 is used
to replace the failed node. N0 gets an encoded fragment
from each of the three remaining nodes. Then it encodes
these three fragments into two fragments using a Vander-
monde matrix, and stores these two fragments to repair the
failed node. After repairing, N0 together with N1,N2,N3

still satisfy reconstruction property. A user is able to re-
construct the original file by connecting to any 2 of these 4
nodes.

We can see that in the repair process, there are two steps
which need encoding. The first one is that each of the n− 1
remaining nodes generates an encoded fragment to transfer
it to the new node, and the second one is the new node en-
codes these n−1 fragments into n−k fragments. Because a
random algorithm selects the encoding coefficients at these
two steps randomly, the probability of reconstruction prop-
erty being kept is approaching to 1 with the increase of |F|,



the size of the finite field, but can not equal to 1 because
|F| can not be infinite large. To achieve a high reliability,
a random algorithm needs a very large field F. This paper
will give a deterministic algorithm to guarantee the recon-
struction property with a much smaller field.

3. CONDITIONS TO KEEP RECONSTRUC-
TION PROPERTY

In this section, we will analyze the conditions to keep re-
construction property at the two encoding steps. We now
go on to the first step.
Firstly suppose that E1, . . . , En−1 are stored at N0 to ease

our analysis. Let R = {1, 2, . . . , n − 1} be the set of sub-
scripts of the remaining n−1 nodes, S = {s1, s2, . . . , sk−1} of
k−1 elements be a subset of R, and T = {t1, t2, . . . , tn−k} =
R−S. After the repair process, a user may choose arbitrary
k nodes from N0, N1, . . . , Nn−1 to reconstruct the original
file. If these k nodes do not include N0, the user can re-
construct the original file as the same as before the repair
process. Otherwise suppose that the chosen k nodes are
N0, Ns1 , Ns2 , . . . , Nsk−1 , the user gets (n−1)+(k−1)(n−k)
fragments E1, . . . , En−1, Fs11, . . . , Fs1(n−k), . . . , Fsk−11, . . . ,
Fsk−1(n−k). Among these fragments, Esi(1 ≤ i ≤ k− 1) is a
linear combination of Fsi1, Fsi2, . . . , Fsi(n−k) because Esi is
transmitted from Ni to N0. Apart from the k− 1 fragments
Es1 , Es2 , . . . , Esk−1 , there are k(n − k) fragments Et1 , Et2 ,
. . . , Etn−k , Fs11, . . . , Fs1(n−k), . . . , Fsk−11, . . . , Fsk−1(n−k). If
and only if these k(n − k) fragments are linearly indepen-
dent, the user can reconstruct the original file. So we have
the following Lemma 1.
Lemma 1: Let R = {1, 2, . . . , n − 1} be the set of sub-

scripts of the remaining n−1 nodes, S = {s1, s2, . . . , sk−1} of
k−1 elements be a subset of R, and T = {t1, t2, . . . , tn−k} =
R − S. The reconstruction property is kept only if that for
any S of k−1 elements, k(n−k) fragments Et1 , Et2 , . . . , Etn−k ,
Fs11, . . . , Fs1(n−k), . . . , Fsk−11, . . . , Fsk−1(n−k) are linearly in-
dependent.
At the second encoding step, N0 uses a (n− k)× (n− 1)

matrix M for encoding, i.e., (F01, F02, . . . , F0(n−k))
T = M ·

(E1, E2, . . . , En−1)
T . A user may choose k nodes N0, Ns1 ,

. . . , Nsk−1 and get F01, . . . , F0(n−k), Fs11, . . . , Fs1(n−k), . . . ,
Fsk−11, . . . , Fsk−1(n−k). Among these fragments, (F01, F02,

. . . , F0(n−k))
T = M ·(E1, E2, . . . , En−1)

T , which can be con-
sidered as n−k equations for n−1 fragments E1, . . . , En−1.
Because Esi(1 ≤ i ≤ k − 1) is a linear combination of
Fsi1, Fsi2, . . . , Fsi(n−k), so Es1 , Es2 , . . . , Esk−1 can be re-
garded as being got from Fs11, . . . , Fs1(n−k), . . . , Fsk−11, . . . ,
Fsk−1(n−k). Then we have n−k variables Et1 , Et2 , . . . , Etn−k

left and n − k equations. If the coefficient matrix of the
n − k equations, i.e., the n − k columns corresponding to
Et1 , Et2 , . . . , Etn−k in M are linearly independent, Et1 , Et2 ,
. . . , Etn−k can be decoded from F01, F02, . . . , F0(n−k). Com-
bining with Lemma 1, we have the following Lemma 2.
Lemma 2: If any n−k columns of the encoding matrix M

are linearly independent and E1, E2, . . . , En−1 satisfy Lem-
ma 1, the reconstruction property is maintained after the
repair process.

4. ENCODING ALGORITHM
Lemma 1 and Lemma 2 present the conditions to keep

reconstruction property at the two encoding steps in sin-
gle failed node recovery process of MSR mechanism. In

Algorithm 1: Construct E1, E2, . . . , En−1

Define satisfy(D,Sj):
(1) case of 2 ≤ i ≤ n− k − 1:
D,E1, . . . , Ei−1, Fsj11, . . . ,
Fsj1(n−k), . . . , Fsj(k−1)1, . . . , Fsj(k−1)(n−k) are linearly

independent;
(2) case of n− k ≤ i ≤ n− 1: D,Esj1 , . . . , Esj(n−k−1)

,
Ftj11, . . . , Ftj1(n−k), . . . , Ftj(k−1)1, . . . , Ftj(k−1)(n−k) are

linearly independent.

E1 = F11

for i = 2 to n− 1 do
if i < n− k then ci =

(
n−i−1
k−1

)
else ci =

(
i−1

n−k−1

)
for j = 1 to ci do

if i < n− k then
Sj = {sj1, sj2, . . . , sj(k−1)}

else
Sj = {sj1, sj2, . . . , sj(n−k−1)}
Tj = {tj1, tj2, . . . , tj(k−1)} = R− S − {i}

for m = 1 to n− k do
if satisfy(Fim, Sj) then break

if j == 1 then Ei1 = Fim

else if satisfy(Ei(j−l), Sj) then Eij = Ei(j−1)

else for r = 1 to |F| do
Eij = r · Ei(j−1) + Fim; l = 1
while satisfy(Eij , Sl) and l < j
do l = l + 1
if l==j then break

Ei = Eici

this section, we will propose a recovery algorithm for sin-
gle failed node which satisfies the conditions. Algorithm 1 is
the algorithm for the first encoding step, i.e., constructing
E1, E2, . . . , En−1. The following is the main idea of Algo-
rithm 1.

Node N1 just chooses F11 as E1. For node Ni(2 ≤ i ≤
n−k−1), there are ci =

(
n−i−1
k−1

)
choices to select k−1 nodes

from Ni+1, . . . , Nn−1. Suppose that S1, S2, . . . , Sci are the
ci sets of k− 1 subscripts, each corresponding to a choice of
the k − 1 selected nodes, where Sj = {sj1, sj2, . . . , sj(k−1)}
are the set of the subscripts of the k − 1 chosen nodes of
the j-th choice. In Algorithm 1, we define “a fragment
D ‘satisfies Sj ’ for node Ni (2 ≤ i ≤ n − k − 1)” means
that D,E1, . . . , Ei−1, Fsj11, . . . , Fsj1(n−k), . . . , Fsj(k−1)1, . . . ,
Fsj(k−1)(n−k) are linearly independent.

In Algorithm 1, we construct anEi to satisfy S1, S2, . . . , Sci .
Ei is gradually constructed as Ei1, Ei2, . . . , Eici with Eij

satisfying S1, . . . , Sj and Eici = Ei. In the next para-
graph, we will show that for any Sj , there is an Fim from
Fi1, . . . , Fi(n−k) that satisfies Sj . When j = 1, set Ei1 be
the Fim which satisfies S1. When j ≥ 2, Eij is construct-
ed from Ei(j−1) and the Fim which satisfies Sj . If Ei(j−1)

satisfies Sj , set Eij be Ei(j−1) and Eij satisfies S1, . . . , Sj .
Otherwise set Eij = r · Ei(j−1) + Fim(r ∈ F). Since Fim

satisfies Sj and Ei(j−1) does not satisfy Sj , Eij satisfies Sj

for any r. So to make Eij satisfy S1, . . . , Sj is to choose r to
make Eij satisfy S1, . . . , Sj−1. For each Sl(1 ≤ l < j), there
is at most one r that makes Eij do not satisfy Sj (It will
be shown in the following paragraph). So there are at most
j − 1 different elements in F chosen as r make Eij do not
satisfy S1, . . . , Sj−1, any element except these j−1 elements



being chosen as r will make Eij satisfy S1, . . . , Sj . Finally
we will get Eici satisfies S1, . . . , Sci , and Eici is actually the
Ei we need.
The existence of Fim: E1, . . . , Ei−1, Fsj11, . . . , Fsj1(n−k),

. . . , Fsj(k−1)1, . . . , Fsj(k−1)(n−k) are linearly independent from

the reconstruction property and the construction of E1, . . . ,
Ei−1. If there is not an Fim from Fi1, . . . , Fi(n−k) that satis-
fies Sj for some j, all Fi1, . . . , Fi(n−k) are linear combinations
of (k− 1)(n−k)+ (i− 1) fragments E1, . . . , Ei−1, Fsj11, . . . ,
Fsj1(n−k), . . . , Fsj(k−1)1, . . . , Fsj(k−1)(n−k). From the recon-

struction property, k(n−k) fragments Fi1, . . . , Fi(n−k), Fsj11,
. . . , Fsj1(n−k), . . . , Fsj(k−1)1, . . . , Fsj(k−1)(n−k) are linearly in-

dependent and can not be linear combinations of less than
k(n− k) fragments. Since (k − 1)(n− k) + (i− 1) < k(n−
k) which leads to a contradiction, there is an Fim from
Fi1, . . . , Fi(n−k) that satisfies Sj for any j.
At most one r making Eij do not satisfy Sj: If there are

r′ ̸= r such that neither E = r · Ei(j−1) + Fim nor E′ = r′ ·
Ei(j−1)+Fim satisfying Sl, E and E′ are linear combination-
s of E1, E2, . . . , Ei−1, Fsj11, . . . , Fsj1(n−k), . . . , Fsj(k−1)1, . . . ,

Fsj(k−1)(n−k). So E′−E = (r′−r) ·Ei(j−1) is a linear combi-

nation of these fragments. Because Ei(j−1) satisfies Sl and
r′ − r ̸= 0, E′ −E can not be a linear combination of these
fragments, which leads to a contradiction. So there is at
most one r making Eij do not satisfy Sj .
The construction of Ei at node Ni for the case of n− k ≤

i ≤ n − 1 is quite similar to the case of 2 ≤ i ≤ n − k −
1. The differences exist at: (1) The n − k − 1 nodes are
arbitrarily selected from N1, . . . , Ni−1 instead of k−1 nodes
from Ni+1, . . . , Nn−1, (2) The definitions of c and Sj are
different, (3)A new definition Tj = {tj1, tj2, . . . , tj(k−1)} =
R − S − {i}, (4)Term “D satisfy Sj” is changed to that D
is linearly independent with Esj1 , . . . , Esj(n−k−1)

, Ftj11, . . . ,
Ftj1(n−k), . . . , Ftj(k−1)1, . . . , Ftj(k−1)(n−k). See Algorithm 1

for details.
Lemma 3: Fragments E1, E2, . . . , En−1 constructed by Al-

gorithm 1 satisfy Lemma 1.

Proof. For any T = {t1, t2, . . . , tn−k}, suppose t1 <
t2 < · · · < tn−k, then tn−k ≥ n − k. In Algorithm 1,
since t1, t2, . . . , tn−k−1 are from {1, 2, . . . , (tn−k − 1)}, no
matter what t1, t2, . . . , tn−k−1 are while constructing Etn−k ,
Etn−k is linearly independent with Et1 , . . . , Etn−k−1 , Fs11,
. . . , Fs1(n−k), . . . , Fsk−11, . . . , Fsk−1(n−k). This is actually
Lemma 1.

At the second encoding step, any matrix that satisfies
Lemma 2 can be used as the encoding matrix. In our algo-
rithm, we use a Vandermonde matrix M = (mij)(n−k)×(n−1)

with mij = ji−1. If |F| ≥ n−1, any n−k columns of M form
an n − k order square Vandermonde matrix which any two
columns are distinct from each other. So the determinant of
the square Vandermonde matrix is nonzero and matrix has a
full rank, which means that the (n−k)×(n−1) Vandermonde
matrix satisfies Lemma 2. Since the fragments constructed
by Algorithm 1 satisfies Lemma 1 and the encoding matrix
at the second step satisfies Lemma 2, the correctness of our
algorithm is proved.
We now analyze the size of the finite field F used in our

algorithm. At the first encoding step, if |F| ≥ j, there is r
such that Eij = r ·Ei(j−1)+Fim(r ∈ F) satisfying S1, . . . , Sj .
For each Ni(2 ≤ i ≤ n − 1), the largest j equals to ci.
When 2 ≤ i ≤ n − k − 1, ci =

(
n−i−1
k−1

)
and Max{ci} =

c2 =
(
n−3
k−1

)
. When n − k ≤ i ≤ n − 1, ci =

(
i−1

n−k−1

)
and

Max{ci} = cn−1 =
(

n−2
n−k−1

)
=

(
n−2
k−1

)
. So if |F| ≥

(
n−2
k−1

)
,

F is large enough for Algorithm 1 to successfully construct
n − 1 fragments E1, E2, . . . , En−1 that satisfy Lemma 1. If
|F| ≥ n− 1, the Vandermonde matrix can be constructed at
the second encoding step. So our algorithm needs a field of
size Max{

(
n−2
k−1

)
, n− 1}. In practical storage systems, n− k

is usually very small. So our algorithm needs a much smaller
size of finite field.

The time complexity of Alg. 1 isO((n−2)
(
n−2
k−1

)2
(n− k)3k3).

But in practical distributed storage systems, n − k is usu-
ally quite small and n is not large. So compare with the
time of encoding many MB or even GB of a file data, the
time of computing the encoding vectors, i.e., the time of our
algorithm, is much shorter and can even be negligible.

5. CONCLUSION
This paper studies the single failed node recovery in a

MSR-based distributed storage system and analyze the con-
ditions to keep reconstruction property at the two encoding
steps during the repair process. We give a deterministic
algorithm that using a finite field smaller than random algo-
rithms and guarantee the distributed storage system keeping
reconstruction property after the repair process. For future
work, we plan to study some particular circumstances, e.g.,
the original fragments being special constructed, and see if
there are some good properties bringed by these particular
restriction.
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1. INTRODUCTION
Data centers represent the fastest growing component of

information and communication technologies (ICT) energy
footprint. With the advent of cloud computing, data cen-
ters will increasingly be used to process a wide array of jobs
with differing characteristics such as degree of parallelism,
memory access patterns etc.. From an energy efficiency per-
spective, the most energy efficient server architecture differs
for jobs with different characteristics [4], motivating the need
to consider heterogeneous data center designs consisting of
many server types [3, 5].

Even though types of jobs that a data center is expected to
serve might be known at design time, the workload statis-
tics are often unknown until the data center is deployed.
Therefore, data centers should be designed keeping in mind
the uncertainty in workload statistics — in this paper, we
outline a principled approach to designing energy-efficient,
heterogeneous data centers that are robust against data cen-
ter workload variations, using Wald’s minimax criterion as
a starting point. In the proposed formulation, we assume
that the only thing that is known at design time is an up-
per bound on the total rate (over all job types) at which
jobs arrive at the data center, and design the data center
to have the minimum worst-case energy consumption over
all job type mixes. We then highlight a number of potential
avenues for further investigation.

2. PROBLEM FORMULATION
We assume that there N types of commercially available

server architectures that can be used to design the data cen-
ter, and that the data center is expected to serve M different
job types that are pre-characterized. The power consumed
while executing an instance of a job of type j (1 ≤ j ≤ M)
on a server of type i (1 ≤ i ≤ N) is given by eij , and the
corresponding service rate is given by µij . Furthermore, the
idle mode power consumption of server i is given by eidlei .

We assume that per-type jobs arrivals are modeled as

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
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Figure 1: Problem set-up

independent point Poisson processes, and that the arrival
rate of jobs of type j is given by λj . The vector Λ =
[λ1, λ2, . . . , λM ]T is referred to as the arrival rate vector.
To reflect the uncertainty in workload statistics at design
time, we assume that the individual arrival rates for each
job type are not known a priori. Instead, we only know an
upper bound on the total arrival rate of all jobs into the
data center, i.e.,

∑
j∈[1,M ] λj ≤ λmax.

We denote by qi the number of servers of type i that are
included in the data center. The vector Q = [q1, q2, . . . , qN ]T

is referred to as the data center design vector. Each server
has an associated cost, for example, its market price, ci, and
the data center must be designed within a total budget given
by cbudget.

Finally, we assume that there exists a data center resource
manager (RM) that maps incoming jobs to servers at run-
time. We assume that the RM can distinguish between job
types and slots them into one of M virtual queues, one for
each job type. The RM schedules the execution of jobs in
each virtual queue to a subset of available servers in the data
center such that the queues remain stable, i.e., the service
rate of each queue matches (or exceeds) its arrival rate. The
matrix R ∈ RN×M is called the data center scheduling ma-
trix, and element rij indicates the number of servers of type
i that are used to process jobs of type j. The problem set-up
is illustrated in Figure 1. It is interesting to note that the
model described here is an generalization of the data center
modeled discussed by [2], where the authors assume a ho-
mogeneous data center with single job and server types and
a known job arrival rate.

The goal of the robust heterogeneous data center design
problem is to find the optimal data center design vector Q∗,
that minimizes the worst-case power consumption over all
admissible arrival rate vectors, assuming that for any data



center design vector and arrival rate vector, the RM makes
optimal scheduling decisions.

2.1 Minimax Optimization
We begin with some definitions for ease of exposition.

Definition 1. Given an arrival rate vector Λ and data cen-
ter design vector Q, RS(Q,Λ) is defined to be the set of all
RM scheduling decisions that ensure that the queues remain
stable. More specifically, RS(Q,Λ) is the feasible region of
the following set of linear inequalities:∑

i∈[1,N ]

µijrij ≥ λj ∀j ∈ [1,M ]

∑
j∈[1,M ]

rij ≤ qi ∀i ∈ [1, N ]

rij ≥ 0 ∀i ∈ [1, N ], ∀j ∈ [1,M ]

Definition 2. E(Q,Λ, R) is defined to be the power con-
sumption of a data center for a given data center design
vector Q, arrival rate vector Λ, and data center scheduling
matrix R.

E(Q,Λ, R) =

{ ∑
i

∑
j rij(eij − e

idle
i ) + qie

idle
i R ∈ RS(Q,Λ)

∞ otherwise

We begin with by formulating a deterministic problem in
which both arrival rate vector Λ and data center design Q
are known, and the goal is to determine the optimal schedul-
ing matrix, R∗(Q,Λ), that minimizes the data center power
consumption.

LP-Deterministic.

E∗(Q,Λ) = min
R
E(Q,Λ, R) (1)

subject to:

R ∈ RS(Q,Λ)

The robust heterogeneous data center design problem can
now be written as:

Minimax.

min
Q

max
Λ

E∗(Q,Λ) (2)

subject to: ∑
i∈[1,M ]

λi ≤ λmax

∑
i∈[1,N ]

ciqi ≤ cbudget

To solve the minimax problem, we first define some addi-
tional terminology.

Definition 3. Λi (i ∈ [1,M ]) represents an arrival rate
vector in which jobs of type i arrive at rate λmax and all
other jobs arrive at rate 0. Formally, λij = 0 if j 6= i and

λij = λmax if j = i.

Lemma 1. Let Λ′ be any admissible arrival rate vector,
i.e.,

∑
i∈[1,M ] λ

′
i ≤ λmax, then:

E∗(Q,Λ′) ≤ max
i∈[1,M ]

(E∗(Q,Λi))

.

Proof. We begin by noting that for any Λ′, there exists
a vector ∆ = [δ1, δ2, . . . , δM ]T such that Λ′ =

∑
i∈[1,M ] δiΛ

i,

where δi ≥ 0 (∀i ∈ [1,M ]) and
∑
i∈[1,M ] δi ≤ 1.

Now define R′ =
∑
i∈[1,M ] δiR

∗(Q,Λi). It can be shown

that R′ is a feasible solution for data center design vector Q
and arrival rate Λ′, i.e., R′ ∈ RS(Q,Λ′).

In addition, we can show that:

E(Q,Λ′, R′) =
∑

i∈[1,M ]

δiE
∗(Q,Λi)

.
By definition, E∗(Q,Λ′) ≤ E(Q,Λ′, R′) and given that∑
i∈[1,M ] δiE

∗(Q,Λi) ≤ maxi∈[1,M ](E
∗(Q,Λi)), the desired

result is obtained.

Lemma 1 allows us to simplify the Minimax problem as
follows:

Minimax.

min
Q,γ

γ (3)

subject to:

E∗(Q,Λi) ≤ γ∑
i∈[1,N ]

ciqi ≤ cbudget

We will now determine an analytical expression for E∗(Q,Λt)
(t ∈ [1,M ]). Recall that E∗(Q,Λt) represents the minimum
data center power consumption given a data center design
Q and assuming that jobs of only type t arrive at the data
center, and the rate at which they arrive is λmax. We will as-
sume, for notational simplicity and without any loss of gen-
erality, that for job type t, the following relationship holds:

eit − eidlei

µit
≤ ejt − eidlei

µjt
∀i, j ∈ [1, N ]; j ≥ i (4)

Note that
eit−eidlei

µit
can be viewed, in a sense, as a measure

of the energy efficiency of servers of type i in processing jobs
of type t. This is becomes more clear if we set eidlei = 0.
Equation 4 simply says that for jobs of type t, the servers
are indexed in decreasing order of energy efficiency1. Under
this assumption, we can write an expression for E∗(Q,Λt).

Definition 4.

eit − eidlei = ediffit ∀i ∈ [1, N ]

Lemma 2.

E∗(Q,Λt) = max
j∈[1,M ]

(
j−1∑
i=1

qie
diff
it +

λmax −
∑j−1
i=1 qiµit

µjt
ediffjt

) (5)

1Similar results can be derived for every other task type by
appropriately re-ordering the indices in decreasing order of
energy efficieny.



.

Proof. We can obtain E∗(Q,Λt) by solving the following
linear program:

E∗(Q,Λt) = min
R

∑
i∈[1,N ]

(rit(eit − eidlei ) + qie
idle
i ) (6)

subject to: ∑
i∈[1,N ]

µitrit ≥ λmax

rit ≤ qi ∀i ∈ [1, N ]

rit ≥ 0 ∀i ∈ [1, N ]

Substituting the variable git = µitrit (∀i ∈ [1, N ]), we get
the following equivalent LP:

E∗(Q,Λt) = min
G

∑
i∈[1,N ]

(git
(eit − eidlei )

µit
+ qie

idle
i ) (7)

subject to: ∑
i∈[1,N ]

git ≥ λmax

git ≤ µitqi ∀i ∈ [1, N ]

git ≥ 0 ∀i ∈ [1, N ]

It can be shown that in this case the greedy solution to
the LP problem, i.e., one in which the most energy efficient
servers are allocated first, followed by the next most energy
efficient servers and so on till the total service rate becomes
at least equal to λmax, is also the optimal solution. Note
from Equation 7 servers will get picked in decreasing order

of the coefficients
(eit−eidlei )

µit
.

Greedy allocation of servers to the incoming job stream
results in the power consumption being a piecewise linear
function of the data center design vector Q, which is appar-
ent from Equation 5.

Lemma 2 allows us to re-write the Minimax constraint
E∗(Q,Λt) ≤ γ as N linear constraints, i.e.,:(
j−1∑
i=1

qie
diff
it +

λmax −
∑j−1
i=1 qiµit

µjt
ediffjt

)
≤ γ ∀j ∈ [1, N ]

Therefore, the robust heterogeneous data center design
problem can be expressed as a LP with N+1 variables (data
center design vector Q and γ) and NM + 1 constraints.

2.2 Illustrative Example
Wu use a simple example with two job types (M = 2)

and two server types (N = 2) to illustrate the proposed ap-
proach. In this simple example, we assume that each server
can process each job at the same rate of 1 job/second, i.e.,
µij = 1 (i ∈ [1, 2] and j ∈ [1, 2]). Moreover, in terms of
energy consumption, we assume that servers of type 1 are
optimized to run jobs of type 1, while servers to type 2 are
optimized to run jobs of type 2. In particular, e11 = 1, e12 =
3, e21 = 4, e22 = 1. The idle power consumption is assumed
to be zero for both servers. Finally, each server is assumed
to have unit cost and the maximum total arrival rate of jobs

Figure 2: Illustrative Example

into the system is assumed to be 10 jobs/second. Figure 2
depicts the optimal data center design for different values of
cbudget, which in this case simply constrains the total num-
ber of servers allowed in the data center. As can be seen
from the figure, if only ten servers are allowed, the optimal
design has 6 servers of type 1 and 4 servers of type 2, and
dissipated 22 units of power in the worst case.

3. FUTURE WORK
The robust heterogeneous data center design problem we

address in this paper is based implicitly on a number of
assumptions that we are now working on relaxing. First,
we assume that the data center performance specification
only requires queue stability but does not account for either
queuing or execution latency. We assumed also that the
servers exist in one of two states, either ON or IDLE, but
in general, servers have access to a range of power states
which they can switch between at run-time. In addition,
worst-case optimization using a minimax objective function
is perhaps too pessimistic. We are currently looking at ad-
dressing scenario when some of the moments of arrival rate
vector Λ are known. Much of this work falls squarely within
the framework of adjustable robust optimization [1], with
the data center design vector Q corresponding to the ”‘here-
and-now”’ variables, R (or any run-time scheduling decision)
corresponding to the ”‘wait-and-see”’ variables and Λ corre-
sponding to the parametric uncertainty.
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ABSTRACT
Network criticality is a graph-theoretic metric that quanti-
fies network robustness, and that was originally designed to
capture the effect of environmental changes in core networks.
This paper investigates the application of network critical-
ity in designing robust power allocation and flow assignment
algorithms for wireless networks. Achieving robust behavior
in wireless networks is a challenging task due to constant
changes in channel conditions and the interference. We con-
sider network criticality as a natural robustness metric, and
propose approaches to preserve the useful convexity proper-
ties of network criticality, while resolving issues related to
the non-convexity of Shannon’s capacity.

1. INTRODUCTION
Due to the time-varying nature of the wireless channels, the
design of resource allocation methods in wireless networks
significantly differs from that in wireline networks. Channel
variations make it necessary to design robust algorithms for
power allocation and flow assignment. The robust design
of wireless networks has been tackled from different stand-
points. For example in [1], the rate maximization in cogni-
tive radio networks (CRN) is considered. It is shown that
direct maximization of user rates results in large ripples and
instability in the achievable rates of individual users. The
authors in [1] proposed a max-min method to design a ro-
bust rate maximization method. The proposed algorithm in
[1] removes instability; however, the total achievable rate is
significantly reduced in comparison to the original case.

Network criticality is a robustness metric to capture the ef-
fect of environmental changes such as traffic variation and
topology changes in networks. A network is modeled as a
weighted graph, where the weights of a link denote the ca-
pacity or desirability of a path. Network criticality is defined
as the average random-walk betweenness of a link (node)
normalized by its weight. This quantity is independent of
link (node) location and it is a decreasing and strictly convex
function of link weights. Network criticality can be written

in terms of the components of the undirected Moore-Penrose
Laplacian matrix [2]:

τ̂ =
2

n− 1
Tr(L+)

There is a useful interpretation of network criticality in terms
of electrical circuits: network criticality is the unweighted
average of the equivalent resistances in a network of resistors.
Therefore optimizing criticality is equivalent to minimizing
the average resistance or maximizing the average conduc-
tance of a network, which explains why network criticality
can be considered as a global robustness metric. Further-
more, according to Thomson’s principle from physics, Kir-
choff equations yield the set of currents that minimize the
overall power consumed in a resistive network [3]. Clearly,
algorithms based on network criticality attempt to route net-
work flows similarly to the way electric currents flow through
an electrical network.

Network criticality was designed for wireline core networks,
but it is conceptually applicable wherever the network is
represented with a weighted graph in which the link weights
are well defined. In this paper, we investigate appropriate
definitions of link weights that allow us to use network crit-
icality as an objective while preserving its convexity. In the
following discussion, we assume that we have a wireless net-
work in which the capacity of a link depends on not only
the power allocated to itself, but also the powers allocated
to the other links due to interference.

Throughout, we assume that the topology of a wireless net-
work is given by a directed graph G(N,E,W ) (in most gen-
eral form, it is a full-mesh, since potentially all the wire-
less nodes can send/receive traffic to/from all other nodes),
where N , E, and W denote the link set, node set, and link
weight matrix respectively. The weight matrix is in general
asymmetric; however, in calculating the network criticality
we use an undirected symmetric matrix of the graph defined

as Wsym = W+W t

2
, where W t denotes the transpose of W .

Clearly Wsym is a symmetric matrix.

2. SERVICE TIME CONTROL
Let G = [gij ] be the channel gain matrix of the wireless net-
work, where gij is the power gain from the transmitter of
link i to the receiver of link j. In an ideal interference-free
environment only the diagonal entries of G (i.e. gii ∀i ∈ E,
where E is the set of wireless links) are nonzero, but in a
typical wireless network the off-diagonal terms gij ∀i 6= j



are nonzero and due to interference. In order to model the
variability of channel gains, we adopt a probabilistic frame-
work in which G ∈ {G1, G2, ..., Gk}, where each channel gain
matrix Gu (u is referred to as the channel gain state) exists
with probability p̂u. In such environments and if there is no
prior interference cancellation mechanism in place, the up-
per bound for achievable rate is given by Shannon’s formula:

ri,u ≤ log(1 +
gii,upi,u

σi +
∑
k 6=i gki,upk,u

) (1)

where ri,u and pi,u denote the rate (bits per channel use)
and power of the transmitter of wireless link i at channel
gain state u respectively. Furthermore, let pi,u denote the
transmit power of user i in channel gain state u. We assume
the transmitter of link i has the transmit power constraint
of pmaxi , i.e. 0 ≤ pi,u ≤ pmaxi . Suppose at a known channel
gain state u, the transmitter of link i wishes to send equal-
length packets of length γi to the receiver of link i. Let ti,u
be the number of channel uses or the service time of each
packet, then:

ti,u ≥
γi
ri,u

(2)

We introduce variable xi as the maximum SINR (signal to
interference plus noise ratio) at the receiver of link i. Hence:

xi,u ≤
gii,upi,u

σi +
∑
k 6=i gki,upk,u

(3)

Combining inequalities (2) and (3), we have:

γi
log(1 + xi,u)

≤ ti,u (4)

Our goal is to find to construct a convex optimization prob-
lem in order to find the optimal values for service times and
user powers to minimize the network criticality (consider-
ing (2) and (4) as constraints of the optimization problem);
however, in their present form inequalities (2) and (4) do
not impose convex sets. To find an equivalent convex form,
we rewrite constraint (3) as:

xi,uσi
gii,upi,u

+
∑
k 6=i

xigki,upk,u
gii,upi,u

≤ 1 (5)

We apply the following change of variables:

yi,u = ln(xi,u), qi,u = ln(pi,u) (6)

Equation qi = ln(pi,u) involves a slight loss of generality,
because we should have pi,u > 0, but we will see that it is
worth since it provides convexity. Applying equation (6) in
(4) and (5) results in:

γi
log(1 + eyi,u)

≤ ti,u (7)

ln{eyi,u−qi,u−ln(gii,u)+ln(σi)

+
∑
k 6=i

eyi,u−qi,u+qk,u−ln(gii,u)+ln(gki,u)} ≤ 0 (8)

Convexity of constraint (7) can be examined by evaluating
the second derivative of function f(x) = 1

log(1+ex)
with re-

spect to x. Note that f(x) = ln(2)
ln(1+ex)

; therefore, we have:

d

dx
f(x) = −ln(2)

ex

1 + ex
1

(ln(1 + ex))2

= −ln(2)
ex

1 + ex
f2(x) (9)

Equation (9) shows that f(x) is a decreasing function of x.
By finding the derivative of both sides in equation (9) and
after some simplification, we have:

d2

dx2
f(x) = −ln(2)

ex

(1 + ex)2
(1− 2ex

ln(1 + ex)
)f2(x) (10)

Considering the fact that ex > 0, we have ex > ln(1 + ex),
hence we conclude that:

1− 2ex

ln(1 + ex)
< −1

d2

dx2
f(x) > ln(2)

ex

(1 + ex)2
f2(x) > 0 (11)

The second derivative of f(x) according to (11) is nonnega-
tive; therefore, constraint (7) represents a convex set. Fur-
thermore, the left hand side of constraint (8) is of the form
Log-Exp-Sum which is also convex [4].

We are now ready to formulate our robust convex optimiza-
tion problem using network criticality. There are different
approaches to construct such an optimization problem. The
general idea is to define weights for the graph such that an
increase in the weight increases the desirability of the link,
while at the same time preserving the convexity of network
criticality with respect to the variables. We will discuss some
examples of such weight assignments for different purposes.

First, we define link weights as a concave decreasing function
of the mean service time over all possible channel gain states:
t̄i =

∑
u p̂uti,u’s (service times), i.e. wi = Φ(t̄i), where Φ

is a concave decreasing function of t̄i. We symmetrize the
weight matrix (denoted by Wsym) as discussed in section
1, and we use it to calculate τ̂ . Then, the robust convex
optimization will be:

minimize τ̂(Wsym) (12)

subject to

(∀i ∈ E, ∀u ∈ {1, 2, ..., k} :)

t̄i =
∑
u p̂uti,u

γi
log(1+e

yi,u )
≤ ti,u

ln{eyi,u−qi,u−ln(gii,u)+ln(σi) +∑
k 6=i e

yi,u−qi,u+qk,u−ln(gii,u)+ln(gki,u)} ≤ 0

qi,u ≤ ln(pmaxi )

Note that since Φ is a concave function of t̄i’s and τ̂ is a
convex decreasing function of weights [2], network criticality
(τ̂) is a convex function of t̄i’s [4]. Moreover, optimization
problem (12) is valid for the whole range of SINR values
(low SINR regime up to high SINR regime).

We discuss a second robust optimization problem, where our
goal is to provide robustness with regards to the SINR. To
this end, we define the weight of a link i for the channel
gain state u as wi,u = yi,u (note that increasing yi,u will
improve desirability of link i), and after symmetrizing the
weight matrix, we let the mean of network criticality over
all channel gain states be the objective function of the opti-
mization problem. Let τ̂u denote the network criticality for
channel gain state u, then the optimization problem can be



summarized as follows:

minimize
∑
u p̂uτ̂u (13)

subject to

(∀i ∈ E, ∀u ∈ {1, 2, ..., k} :)
γi

log(1+e
yi,u )

≤ ti,u

ln{eyi,u−qi,u−ln(gii,u)+ln(σi) +∑
k 6=i e

yi,u−qi,u+qk,u−ln(gii,u)+ln(gki,u)} ≤ 0

qi,u ≤ ln(pmaxi )

yi,u ≥ 0

The last constraint (nonnegativity of yi,u) is added to guar-
antee that the link weights are nonnegative (in order for
network criticality to exist). In terms of SINR, the nonneg-
ativity of yi,u according to (4) means that signal-to-noise-
interference ratio should be more than 1. This is true in
most practical situations as usually gii,u >> gki,u. Please
note that we have not assumed that the system is in high
SINR regime. The formulation is valid for low SINR regime
as long as SINR > 1.

We can define link weights differently to achieve other ob-
jectives. Suppose, we need to have a robust power allocation
scheme as the primary goal. Then we define the weight of
link i as wi,u = qi,u, and after symmetrizing the weight
matrix, we calculate the mean of network criticality in opti-
mization problem (13) based on that. The rest is similar to
the optimization problem (13).

3. HIGH-SINR REGIME
The special case of high-SINR regime is easier and it is al-
ready considered in the literature. Let Γ = [γij ] be the traffic
flow matrix that needs to be routed in the wireless network.
In [5], the joint robust resource allocation and power assign-
ment problem is discussed. We adopt the problem intro-
duced in [5] and provide a robust version of it. We would
like to have robustness in the traffic distribution; therefore,
we choose the available capacity of a communication link
(i.e. the Shannon capacity of a the link minus the traffic
flow passing through the link) as the weight of our link:
wi,u = ci,u − fi,u, where fi,u is the total flow of link i for
channel gain state u, and ci,u = log(1 +

gii,upi,u
σi+

∑
k 6=i gki,upk,u

).

Applying the change of variable qi,u = ln(pi,u), we can ap-
proximate the wireless link capacity as follows [5]:

ci,u = −log(
σi
gii,u

e−qi,u +
∑
k 6=i

gki,u
gii,u

eqk,u−qi,u) (14)

Equation (14) is a Log-Sum-Exp expression; therefore, it is
a concave function (due to the negative sign) [4]. In order to
write the flow conservation for the network, we define total
incoming traffic to node d as γ(d) =

∑
s γsd. Moreover, we

define the flow of link i for destination d as f
(d)
i . Then the

flow conservation equations can be written in matrix form
as Bf (d) = γ(d), where f (d), γ(d), and B denote the vector
of link flows for node d, the external input traffic vector for
d, and the graph incidence matrix respectively. Now sup-
pose the goal is to minimize the total power assigned to all
the wireless users, while we would like to robustly distribute
the traffic flows. We can provide robustness by introducing
a constraint to guarantee that the value of network criti-
cality does not exceed a given threshold. The optimization

problem for joint resource and power assignment is:

Minimize
∑
i e
q̄i (15)

Subject to

(∀i ∈ E, ∀d ∈ N, ∀u ∈ {1, 2, ..., k} :)

q̄i =
∑
u p̂uqi,u

Bf (d) = γ(d)

fi,u =
∑
d f

(d)
i,u

fi,u ≤ −log( σi
gii,u

e−qi,u +
∑
k 6=i

gki,u

gii,u
eqk,u−qi,u)− wi,q

f
(d)
i,u ≥ 0

eqi,u ≤ pmaxi∑
u p̂uτ̂u ≤ a

where a is a known upper bound for network criticality. Op-
timization problem (15) assigns user powers and distributes
traffic flows such that the sum of power consumption is min-
imized while we make sure that network criticality remains
below the specified upper bound (i.e. a), which guarantees
the robustness in flow distribution. Lower constraint bound
for network criticality makes the problem more robust but
we expect to see more power required.

4. CONCLUSIONS AND ROAD MAP
In this paper we investigated a number of approaches to
construct convex optimization problems to provide robust
joint resource allocation and power assignment for wireless
interference aware networks. We have shown how network
criticality can be introduced to provide robust designs while
maintaining desirable convexity properties.

We are in the initial steps of developing robust solutions for
wireless networks using network criticality. In this paper
we explained some theoretical methods that we have devel-
oped to construct convex optimization problems for joint
power allocation and flow assignment. The next step is to
test the proposed frameworks on real wireless systems. Our
goal is to design robust algorithms based on the proposed
optimization problems to do the power allocation and flow
assignment in a distributed manner.
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ABSTRACT
The spread of new ideas, behaviors or technologies has been
extensively studied using epidemic models. Here we con-
sider a model of diffusion where the individuals’ behavior
is the result of a strategic choice. We study a simple coor-
dination game with binary choice and give a condition for
a new action to become widespread in a random network.
We also analyze the possible equilibria of this game and
identify conditions for the coexistence of both strategies in
large connected sets. Finally we look at how can firms use
social networks to promote their goals with limited informa-
tion. Our results differ strongly from the one derived with
epidemic models and show that connectivity plays an am-
biguous role: while it allows the diffusion to spread, when
the network is highly connected, the diffusion is also limited
by high-degree nodes which are very stable.

Categories and Subject Descriptors
G.3 [Mathematics of Computing ]: PROBABILITY AND
STATISTICS

Keywords
social networks, diffusion, random graphs, empirical distri-
bution

1. INTRODUCTION
To illustrate our point, consider the basic game-theoretic

diffusion model proposed in [7]. Consider a graph G in which
the nodes are the individuals in the population and there is
an edge (i, j) if i and j can interact with each other. Each
node has a choice between two possible behaviors labelled
A and B. On each edge (i, j), there is an incentive for i and
j to have their behaviors match, which is modeled as the
following coordination game parameterised by a real num-
ber q ∈ (0, 1): if i and j choose A (resp. B), they each
receive a payoff of q (resp. (1 − q)); if they choose opposite
strategies, then they receive a payoff of 0. Then the total
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payoff of a player is the sum of the payoffs with each of her
neighbors. Consider a network where all nodes initially play
A. If a small number of nodes are forced to adopt strat-
egy B and other nodes in the network apply best-response
updates, then these nodes will be repeatedly applying the
following rule: switch to B if enough of your neighbors have
already adopted B. There can be a cascading sequence of
nodes switching to B such that a network-wide equilibrium
is reached in the limit. Most of the results on this model are
restricted to deterministic (possibly infinite) graphs. In this
work, we analyze the diffusion in the large population limit
when the underlying graph is a random network G(n, d)
with n vertices and where d = (di)

n
1 is a given degree (i.e.

number of neighbors) sequence, similarly to [4].
In this simple model, agents play a local interaction binary

game where the underlying social network is modeled by a
sparse random graph. First considering the deterministic
best response dynamics, we compute the contagion thresh-
old for this model, confirming the heuristic result of [8]. We
find that when the social network is sufficiently sparse, the
contagion is limited by the low connectivity of the network;
when it is sufficiently dense, the contagion is limited by the
stability of the high-degree nodes. This phenomenon ex-
plains why contagion is possible only in a given range of the
global connectivity (i.e. the average number of neighbors).

We identify the set of agents able to trigger a large cas-
cade: the pivotal players, i.e. the largest component of play-
ers requiring a single neighbor to change strategy in order
to follow the change. When contagion is possible, both in
the low and high-connectivity cases, the number of pivotal
players is low, resulting in rare occurences of cascades. How-
ever in the high-connectivity case, we found that the system
displays a robust-yet-fragile quality: while the cascades are
very rare, their sizes are very large. This feature makes
global contagions exceptionally hard to anticipate.

Motivated by social advertising, we also consider cases
where contagion is not possible if the set of initial adopters
is too small, i.e. a negligible fraction of the total popula-
tion, as in [3]. We compute the final size of the contagion
as a function of the fraction of the initial adopters. We find
that the low and high-connectivity cases still have different
features: in the first case, the global connectivity helps the
spread of the conatgion while in the second case, high con-
nectivity inhibits the global contagion but once it occurs, it
facilitates its spread.

We also analyze possible equilibria of the game and in
particular, we find conditions for the existence of equilib-
ria with co-existent conventions. Finally, we analyze a gen-



eral percolated threshold model for the diffusion allowing to
give different weights to the (anonymous) neighbors. This
model allows us to study rigorously semi-anonymous thresh-
old games of complements with local interactions on a com-
plex network. Our general analysis gives explicit formulas
for the spread of the diffusion in terms of the initial con-
dition, the degree sequence of the random graph, and the
distribution of the thresholds.

We refer to [5] for these last two points.

2. ANALYSIS OF A SIMPLE MODEL OF
CASCADES

2.1 Graphs: the configuration model
We consider a set [n] = {1, . . . , n} of agents interacting

over a social network. Let d = (d
(n)
i )n

1 = (di)
n
1 be a se-

quence of non-negative integers such that
Pn

i=1 di is even.
For notational simplicity we will usually not show the depen-
dency on n explicitly. This sequence is the degree sequence
of the graph: agent i ∈ [n] has degree di, i.e. has di neigh-
bors. We define a random multigraph (allowing for self-loop
and multiple links) with given degree sequence d, denoted
by G∗(n, d) by the configuration model [1]. Conditioned on
the multigraph G∗(n, d) being a simple graph, we obtain a
uniformly distributed random graph with the given degree
sequence, which we denote by G(n, d).

We will let n → ∞ and assume that we are given d = (di)
n
1

satisfying the following regularity conditions, see [6]:

Condition 1. For each n, d = (d
(n)
i )n

1 is a sequence of
non-negative integers such that

Pn

i=1 di is even and, for
some probability distribution p = (pr)

∞
r=0 independent of n,

(i) |{i : di = r}|/n → pr for every r ≥ 0 as n → ∞;

(ii) λ :=
P

r≥0 rpr ∈ (0,∞);

(iii)
P

i∈[n] d
2
i = O(n).

(iv)
P

i∈[n] d
3
i = O(n).

In words, we assume that the empirical distribution of the
degree sequence converges to a fixed probability distribution
p with a finite mean λ.

2.2 Contagion threshold for random networks
An interesting perspective is to understand how different

network structures are more or less hospitable to cascades.
Going back to previous diffusion model, we see that the lower
q is, the easiest the diffusion spreads. In [7], the contagion
threshold of a connected infinite network (called the cascade
capacity in [2]) is defined as the maximum threshold qc at
which a finite set of initial adopters can cause a complete cas-
cade, i.e. the resulting cascade of adoptions of B eventually
causes every node to switch from A to B. There are two
possible models to consider depending whether the initial
adopters changing from A to B apply or not best-response
update. It is shown in [7] that the same contagion threshold
arises in both models. In this section, we restrict ourselves
to the model where the initial adopters are forced to play
B forever. In this case, the diffusion is monotone and the
number of nodes playing B is non-decreasing. We say that
this case corresponds to the permanent adoption model: a
player playing B will never play A again.

We now compute the contagion threshold for a sequence
of random networks. Since a random network is finite and
not necessarily connected, we first need to adapt the defi-
nition of contagion threshold to our context. For a graph
G = (V, E) and a parameter q, we consider the largest con-
nected component of the induced subgraph in which we keep
only vertices of degree strictly less than q−1. We call the ver-
tices in this component pivotal players: if only one pivotal
player switches from A to B then the whole set of pivotal
players will eventually switch to B in the permanent adop-
tion model. For a player v ∈ V , we denote by C(v, q) the
final number of players B in the permanent adoption model
with parameter q, when the initial state consists of only v
playing B, all other players playing A. Informally, we say
that C(v, q) is the size of the cascade induced by player v.

Proposition 2. Consider the random graph G(n,d) sat-
isfying Condition 1 with asymptotic degree distribution p =
(pr)

∞
r=0, and define qc by:

qc(p) = qc = sup

8

<

:

q :
X

2≤r<q−1

r(r − 1)pr >
X

1≤r

rpr

9

=

;

.

Let P (n) be the set of pivotal players in G(n,d).

(i) For q < qc, there are constants 0 < γ(q, p) ≤ s(q,p)

such that w.h.p. limn
|P (n)|

n
= γ(q, p) and for any v ∈

P (n), lim infn
C(v,q)

n
≥ s(q, p).

(ii) For q > qc, for an uniformly chosen player v, we have
C(v, q) = op(n). The same result holds if o(n) players
are chosen uniformly at random.

This result is in accordance with the heuristic result of [8]
(see in particular the cascade condition Eq. 5 in [8]). and is
proved in [5]

Figure 1: qc(λ) for Erdős-Rényi random graphs and
for power law graphs (dashed curve) as a function
of the average degree λ.

We now consider some examples. The curves in Figure 1
corresponds to the contagion threshold for an Erdős-Rényi
random graphs G(n, λ/n) corresponding to pr = e−λ λr

r!
for

all r ≥ 0 and a scale-free random network whose degree dis-

tribution pr = r−γ

ζ(γ)
(with ζ(γ) =

P

r−γ) is parameterised

by the decay parameter γ > 1. We see that in this case we
have qc ≤ 1/9. In other words, in an Erdős-Rényi random
graph, in order to have a global cascade, the parameter q
must be such that any node with no more than four neigh-
bors must be able to adopt B even if it has a single adopting



neighbor. In the case of the scale free random network con-
sidered, the parameter q must be much lower and any node
with no more than nine neighbors must be able to adopt
B with a single adopting neighbor. This simply reflects the
intuitive idea that for widespread diffusion to occur there
must be a sufficient high frequency of nodes that are certain
to propagate the adoption.

We also observe that in both cases, for q sufficiently low,
there are two critical values for the parameter λ, 1 < λi(q) <
λs(q) such that a global cascade for a fixed q is only possible
for λ ∈ (λi(q); λs(q)). The heuristic reason for these two
thresholds is that a cascade can be prematurely stopped at
high-degree nodes. For Erdős-Rényi random graphs, when
1 ≤ λ < λi(q), there exists a “giant component”, i.e. a
connected component containing a positive fraction of the
nodes. The high-degree nodes are quite infrequent so that
the diffusion should spread easily. However, for λ close to
one, the diffusion does not branch much and progresses along
a very thin tree, “almost a line”, so that its progression is
stopped as soon as it encounters a high-degree node. Due
to the variability of the Poisson distribution, this happens
before the diffusion becomes too big for λ < λi(q). Never-
theless the condition λ > λi(q) is not sufficient for a global
cascade. Global diffusion also requires that the network not
be too highly connected. This is reflected by the existence of
the second threshold λs(q) where a further transition occurs,
now in the opposite direction. For λ > λs(q), the diffusion
will not reach a positive fraction of the population. The
intuition here is clear: the frequency of high-degree nodes
is so large that diffusion cannot avoid them and typically
stops there since it is unlikely that a high enough fraction of
their many neighbors eventually adopts. Following [8], we
say that these nodes are locally stable.

Figure 2: Size s(q, λ) of the cascade (in percent of the
total population) for Erdős-Rényi random graphs as
a function of λ the average degree for a fixed q =
0.15. The lower curve gives the asymptotic fraction
of pivotal players γ(q, λ).

The lower curve in Figure 2 represents the number of piv-
otal players in an Erdős-Rényi random graph as a function of
λ the average connectivity for q−1 = 6.666.... By the same
heuristic argument as above, we expect two phase transi-
tions for the size of the set of pivotal players. Indeed the
phase transitions occur at the same values λi(q) and λs(q)
as can be seen on Figure 2 where the normalized size (i.e.
fraction) γ(q, λ) of the set of pivotal players is positive only
for λ ∈ (λi(q), λs(q)). Hence a cascade is possible if and
only if there is a ’giant’ component of pivotal players. Note

also that both phase transitions for the pivotal players are
continuous, in the sense that the function λ 7→ γ(q, λ) is
continuous. This is not the case for the second phase tran-
sition for the normalized size of the cascade given by s(q, λ)
in Proposition 2: the function λ 7→ s(q, λ) is continuous in
λi(q) but not in λs(q) as depicted on Figure 2. This has
important consequences: around λi(q) the propagation of
cascades is limited by the connectivity of the network as in
standard epidemic models. But around λs(q), the propaga-
tion of cascades is not limited by the connectivity but by
the high-degree nodes which are locally stable.

2.3 Advertising with word of mouth commu-
nication

We consider now scenarios where λ /∈ [λi(q), λs(q)] and
the initial set of adopters grows linearly with the total pop-
ulation n.

Given a distribution p = (ps)s∈N, we define the functions:

h(z; α, p) := (1 − α)
X

s

ps

X

r≥s−⌊sq⌋

rbsr(z),

g(z;α, p) := λz2 − h(z; α, p),

h1(z; α, p) := (1 − α)
X

s

ps

X

r≥s−⌊sq⌋

bsr(z).

We define

ẑ(α, p) := max {z ∈ [0, 1] : g(z;α, p) = 0} .

Proposition 3. Consider the random graph G(n, d) for
a sequence (di)

n
1 satisfying Condition 1. If the size of the set

of initial adopters is αn, then the final number of buyers is
given by (1 − h1(ẑ, α, p))n + op(n) provided ẑ(α, p) = 0, or
ẑ(α, p) ∈ (0, 1], and further g(z;α, p) < 0 for any z in some
interval (ẑ − ǫ, ẑ).

We refer to [5] for a discussion of this result.
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Summary Using a mixed jump and diffusion model, we
compute the time and energy needed to find an object placed
at a finite distanceD from a searcher’s initial location within
an infinite non-homogenous search space, assuming that the
searcher has imprecise information about where and how
to search, and also that the searcher may be blocked or
destroyed during the search. This problem arises in large
wired or wireless networks with imprecise routing tables and
packet losses [4, 8, 10, 13], in large databases with uncertain
or approximately represented data such as the content of
images [5, 14], and in the search by robots in hostile envi-
ronments such as minefields [7].
Introduction An animal’s search for prey was modelled in
[9, 12] when the predator renews its energy reserve during
the search. Randomly connected finite graphs in [11] rep-
resent search in a computer network or a system of roads.
In [10] it was shown that the time it takes a data packet to
travel from a source to a destination node in an infinitely
large and unreliable network is finite on average, if a time-
out mechanism destroys the packet after a predetermined
time, replacing it with a new one that starts at the source
proceeding at random and independently of its predeces-
sor. This was generalised [15] to N searchers which are
simultaneously, but independently sent out in the quest for
the same object. Most of the literature considers homoge-
nous search spaces, and in this paper we develop a mixed
analytical-numerical method for an infinite random non-
homogenous medium that generalises the work in [15] ob-
taining expressions for the average time and energy that it
takes the searcher to eventually find the object it is seek-
ing. An interesting phase transition is exhibited concerning
the eventual success of the search depending on the relative
speed of approach of the searcher and the intensity of events
which block the searcher’s progress.
The Model Although traditionally most models in com-
puter systems and networks are discrete [3], here we con-
sider a continuous distance Y (t) of the searcher to the ob-
ject at time t ≥ 0. The searcher starts at Y (0) = D and
the search ends at time T = inf{t : Y (t) = 0}. If the

random variable s(t) represents the state of the searcher,
s(t) ∈ {S,W,P, ...}, then s(t) ∈ S if the search is pro-
ceeding with the search and its distance from the destina-
tion is Y (t) > 0. The probability density function of Y (t)
is denoted f(z, t)dz = P [z < Y (t) ≤ z + dz, s(t) = S].
s(t) ∈ W if the searcher’s life-span has ended, and so has
its search. This can happen because the searcher was de-
stroyed or became lost, and the source was informed via
the time-out. After an additional exponentially distributed
delay of parameter µ, meant to avoid mistakes in assum-
ing that the searcher is “dead”, a new searcher is placed at
the source and a new search immediately begins. We write
W (t) = P [s(t) = W]. s(t) ∈ L if the searcher is destroyed or
lost, and the search is interrupted until a new searcher can
be sent out. The time spent in this state is exponentially
distributed with parameter r which is the same parameter as
that of the ”time-out” or life-span, since the source realises
that the searcher is lost or destroyed via the life-span or
time-out effect. At the end of this exponentially distributed
time, the searcher is handled just as if it has “died”, and
we denote L(t) = P [s(t) = L]. s(t) ∈ P if the searcher
has reached its destination, i.e. it has found the object it
sought and the search process ends. However, as an artefact
to construct an indefinitely repeating recurrent process, af-
ter one time unit the search process restarts at the source
and a new searcher is sent out. We will use the notation
P (t) = P [s(t) = P]. Notice that the process repeats itself in-
definitely. If E[T ] is the average time that it takes from any
successive start of the search until the first instance when
state P is reached again, and P (t) is the probability that
the model we have just described is in state P at time t ≥ 0,
and P = limt→∞ P (t), then P = 1

1+E[T ]
, E[T ] = P−1 − 1.

During the searcher’s travel in state S while {Y (t) = z > 0}
the following events can occur in the time interval [t, t+∆t[.
With probability λ(z)∆t + o(∆t) the searcher is destroyed
or lost, and enters state L. From that state it enters state
W after an exponentially distributed delay of parameter r.
With probability r∆t + o(∆t) the searcher’s life-span runs
out and it enters state W. Note that 1/r is the average
life-span. As indicated earlier, when it enters state W, after
an additional delay of average value 1/µ, the searcher is re-
placed with a new one at the source. The average rate per
unit time at which the searcher approaches the object being
sought when it is at distance z is b(z), and the variance of
the distance travelled in the interval [t, t+∆t[ is denoted by



Figure 1: Average search time E[T ] versus γ = λ1−λ2

for S = 10− 15 with a step size of 1.

Figure 2: Average search time E[T ] versus S when

λ1 = 10/S for different values of b1. The optimum

protection area needed becomes smaller so that λ1

increases when the search speed increases.

c(z)∆t so that:

b(z) = lim
∆t→0

E[Yt+∆t − Yt|Yt = z]

∆t
,

c(z) = lim
∆t→0

E[(Yt+∆t − Yt)
2 − (E[Yt+∆t − Yt])

2|Yt = z]

∆t

When b(z) < 0, on average the searcher gets closer over
time to the object being sought. The searcher’s location
probability density function f(z, t) at time t ≥ 0, satisfies
the diffusion equation [1] as in models used previously for
packet flow in communication traffic flow in transportation
systems or packet flows in communication systems [2, 6].
The equations that f(z, t)dz, z > 0, and the probability

Figure 3: Average search time E[T ] versus ρ when

λk = e1/(ρk) and bk = −eψ/(ρk) for different values of

ψ; ck = 1, D = 10, r = 0.05, µ = 0.025 and Sk = 1, k <
m = 20.

masses L(t), W (t) and P (t), t ≥ 0 satisfy are:

∂f(z, t)

∂t
=
1

2

∂2[c(z)f(z, t)]

∂z2
−
∂[b(z)f(z, t)]

∂z

− (λ(z) + r)f(z, t) + [P (t) + µW (t)]δ(z −D)

dL(t)

dt
=− rL(t) +

∫

∞

0

λ(z)f(z, t)dz

dW (t)

dt
=− µW (t) + r[L(t) +

∫

∞

0

f(z, t)dz]

dP (t)

dt
=− P (t) + lim

z→0+

[1

2

∂[c(z)f(z, t)]

∂z
− b(z)f(z, t)

]

1 = P (t) +W (t) + L(t) +

∫

∞

0

f(z, t)dz

where the local behaviour of the searcher is captured in the
drift b(z), instantaneous variance c(z) as well as loss param-
eter λ(z). This is equivalent to also letting the time-out
parameter r be location dependent because it could be in-
cluded in λ(z). We simplify the model by considering a finite
unbounded number of “segments” having different parame-
ters for the Brownian motion describing the searcher’s move-
ment as a function of distance to the object, while within
each segment the parameters are the same. The first seg-
ment is in immediate proximity of the object being sought,
starting at distance z = 0. Each segment may have different
size, and there are a total of m <∞ segments. By choosing
as many segments as we wish, and letting each segment be
as small as needed (all segments need not be of the same
length), we can approximate closely any physical situation
that arises where the searcher’s motion characteristics vary
over the distance of the searcher to the object being sought.
This representation leads to a neat algebraic ”product form”
for the average search time, providing a useful analytic form
that offers an intuitive representation of the analytical re-
sults. Let 0 ≤ Zk < ∞ be the boundary between the k-th
and (k+1)-th segments with Z0 = 0. The last segment goes
from Zm−1 to +∞, and we assume that both m and Zm−1

are finite but unbounded. Thus for greater accuracy in rep-
resenting the search we can take as many segments as we
wish, and they may be as small as needed, but they are all
finite except the last segment. Thus for 1 ≤ k ≤ m, the k-th
segment represents the range of distances Zk−1 ≤ z < Zk,
and let Sk = Zk −Zk−1 denote its size. We use n to denote
the segment number in which the source point of the search
is located, i.e. Zn−1 < D ≤ Zn. The stationary solution of
the location dependent diffusion equation for any segment
k 6= n is then:

0 =
ck
2

d2fk(z)

dz2
− bk

dfk(z)

dz
− (λk + r)fk(z) (1)

while the equation for the segment where the source is lo-
cated is:

−[P + µW ]δ(z −D) =

cn
2

d2fn(z)

dz2
− bn

dfn(z)

dz
− (λn + r)fn(z) (2)

Main Result Let uk, vk be the positive and negative real
roots of the characteristic polynomial of the stationary dif-
fusion equation for the k-th segment:

uk, vk =
bk ±

√

b2k + 2ck(λk + r)

ck



Then the total average search time obtained by solving for
P so that E[T ] = P−1 − 1:

E[T ] =

(

1

r
+

1

µ

)

×

[

√

b2n + 2cn(λn + r)

b21 + 2c1(λ1 + r)

AnGne
unSn −BnFne

vnSn

Gneun(Zn−D) + Fnevn(Zn−D)
− 1]

(3)

where the remaining parameters are as follows. Let:

α−

k =
ckuk − ck−1vk−1

ck(uk − vk)
, β−

k =
ckuk − ck−1uk−1

ck(uk − vk)

α+
k =

ckuk − ck+1vk+1

ck(uk − vk)
, β+

k =
ckuk − ck+1uk+1

ck(uk − vk)
(4)

Then set A1 = 1 and B1 = −1 and for 2 ≤ k ≤ n compute:
[

Ak
Bk

]

=

[

α−

k β−

k

1− α−

k 1− β−

k

] [

euk−1Sk−1 0
0 evk−1Sk−1

] [

Ak−1

Bk−1

]

(5)

Then set Fm = 0 and Gm = evmZm , and start another
computation at k = m− 1 for n ≤ k ≤ m− 1 with:
[

F k
Gk

]

=

[

α+
k β+

k

1− α+
k 1− β+

k

] [

e−uk+1Sk+1 0
0 e−vk+1Sk+1

] [

F k+1

Gk+1

]

(6)

This completes all terms in E[T ]. The proof is omitted.

Special cases If the last segment m = n includes the start-
ing point z = D then:

E[T ] =
r + µ

rµ
[

√

b2n + 2cn(λn + r)

b21 + 2c1(λ1 + r)
Ane

un(D−Zn−1) − 1] (7)

and if the search space is homogenous m = n = 1 then [15]:

E[T ] =

(

1

r
+

1

µ

)

[

eu1D − 1
]

If the searcher consumes energy only when it is moving,
and not while it is is the lost or while it is waiting to be
retransmitted, then the average energy consumed is simply
given by

E[J ] = (1 + E[T ])
m
∑

k=1

∫ Zk

Zk−1

fk(z)dz. (8)

Search in a Protected Neighbourhood Consider the
case where the neighbourhood of the object being sought,
up to a distance S, is protected by randomly located traps
that destroy the searcher. In the rest of the search space ac-
cidental destruction of the searcher may occur, but at much
lower rate. Thus we take m = n = 2, so that E[T ] is ob-
tained from (7) with λ2 = λ and λ1 = λ+ γ, γ > 0. Figure
1 shows the manner in which E[T ] sharply increases with γ,
for S ranging between 10 and 15, D = 100, b2 = b1 = 0.25,
c1 = c2 = 1, λ = 0. Also µ = 1/10 and r is set to the value

that minimises E[T ] when γ = 0 and S = 10. Figure 2 indi-
cates that S and λ can be chosen to maximise the protection
offered to the object being sought.
Phase Transition when Defence is More Effective

than Search The destruction of the searcher and the time-
out, both relaunch the search and allow the searcher to im-
prove its chances to attain the object. However we will see
that if the object being sought is heavily defended when the
searcher gets close, then the searcher may never attain it. In
Figure 3 we observe that if log λk = 1

kρ
, as ρ becomes very

small, E[T ], and also E[J ] in (8) which is not shown on the
graph, tend to infinity despite the fact that the search speed
and its accuracy grow as the searcher approaches the object.
Thus if the searcher’s speed of approach to the object grows
faster than the rate at which the searcher is destroyed then
both E[T ] and E[J ] remain finite or tend to zero, while in
the opposite case they tend to infinity, presenting a form of
phase transition.
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ABSTRACT
We consider estimation problems in G/G/∞ queue under
incomplete information. Specifically, we are interested in
scenarios where it is infeasible to track each individual job
in the system and only aggregate statistics are known or ob-
servable. We first show that the minimum expected square
estimator for the queue length process can be written as
the sum of the minimum square estimators for an indica-
tor function associated with each job, which is simply the
survival function of the service time variable for each job.
We also obtain tight lower and upper bounds on the time
average of the square estimation error. Next we look at the
inverse problem of estimating the service time distribution
when the observed process is only the queue length process.
We develop an on-line stochastic-optimization based estima-
tion algorithm for the service time distribution and study its
convergence under different parameter settings.

Keywords
G/G/∞ queue, estimation, mean square estimation error,
stochastic optimization.

1. INTRODUCTION
The count process N(t) (number of busy servers or queue

length process) of any infinite server queue can be con-
structed by just knowing the arrival process {Ai} and the
service time process {Xi} of each job. The arrival process
on the other hand can just be constructed by knowing N(t),
as the jump epochs in N(t) correspond to arrival times of
jobs. We study non-parametric estimation of statistics of
different processes in a G/G/∞ queue when only partial in-
formation is available. While we make no assumptions on
the arrival process, the service times are assumed to be i.i.d.
Specifically, we pose two estimation questions for G/G/∞
type queue:
• Given the arrival process and the service time distribution

of jobs, what is the best estimator for N(t)?
• Given only N(t), what is the best estimator for service

time distribution?
Large population systems are characteristic of many real-
world systems at different temporal and spatial dimensions.
An important concern with such large-scale systems is that
often its infeasible to track each individual either due to scal-
ability of the monitoring system or due to other concerns like
privacy etc. However aggregate statistics are easier to ob-
tain like the count process N(t) which at any time is known
by just knowing the total arrivals and total departures with-
out tracking arrival and departure time for each individual.
Earlier works adopt this position, e.g., for road traffic [2] and
for industrial production [6]. For a single or multiple servers
with Poisson arrivals, Larson [5] considered the problem of
inferencing the mean waiting time and mean queue length
from recorded service starting and ending times of all jobs.
Pickands and Stine [7] considered the problem of estimat-

ing arrival rate and service time distribution of a discrete
time M/G/∞ queue using only the count process informa-
tion. Bingham and Pitts [1] applied the theory developed in
Grubel and Pitts [4] for estimating the service time distri-
bution in M/G/∞ queue under three different settings for
the observed process. Heavily exploiting the property of a
Poisson arrival process, these existing works are not directly
applicable to the G/G/∞ scenario.

2. ESTIMATOR FOR COUNT PROCESS
We first consider the problem of finding the best estimator

for the count process given the arrival process and the ser-
vice time distribution. Consider a G/G/∞ queue where the
service time X is i.i.d. with cumulative distribution function
F (x). Consider a single job arriving at time 0. Let IX(t)
be the indicator random variable which is 1 for 0 ≤ X < t
and 0 otherwise. Basically {IX(t)} is a stochastic process
taking binary values, 1 when the job is in the queue and 0
when the job is not in the queue. Let us use a determinis-
tic real-valued function φ(t) as an estimator for for {IX(t)}.
The mean of {IX(t)} is given by:

E [IX(t)] ≡
{

Pr [X > t] , (t ≥ 0)
0, (t < 0)

}

=: F̄ (t),

where F̄ (t) is the survival function of X, defined differently
than the Complementary Cumulative Distribution Function
(CCDF) of X for t < 0. Thus knowing the survival func-
tion one can use F̄ (t) as an estimator for IX(t), ∀t. It can
be easily shown that φ = F̄ minimizes the expected square
estimation error for IX(t) among class of all real-valued func-
tions. Further when φ ≡ F̄ , the expected square estimation
error E

[

(IX(t)− F̄ (t))2
]

equals F̄ (t)− F̄ 2(t) which is same
as the variance of IX(t).

2.1 A Deterministic Function as Estimator for
Count Process

Let ai be the arrival time of job i, and Xi be its service
time. Then the number of jobs in the system can be written

N(t) :=
∑

i∈I

IXi
(t− ai),

where I is the set of job indices, which can be either the
set of integers or its subset. Since Xi are i.i.d., we use a
deterministic φ(·) to estimate IXi

(·) for all i ∈ I, we have

Ñ(t) :=
∑

i∈I

φ(t− ai).

Let E(t) denote the expected square estimation error, i.e.,

E(t) = E

[

(

N(t)− Ñ(t)
)2
]

.

Lemma 1. For any deterministic function φ(t), E(t) is
minimized when φ ≡ F̄ and the minimum E(t) is simply the



sum of the variances of individual IXi
(t− ai), i ∈ I i.e.,

Emin(t) :=
∑

i∈I

(

F̄ (t− ai)− F̄ 2(t− ai)
)

. (1)

Proof. From the definition of N(t), Ñ(t) and E(t) we have:

E(t) = E

[(

∑

i∈I

(IXi
(t− ai)− φ(t− ai))

)2]

=
∑

i∈I

E
[

(IXi
(t− ai)− φ(t− ai))

2]

+
∑

i,j∈I
i 6=j

E
[

(IXi
(t− ai)− φ(t− ai))

(

IXj
(t− aj)− φ(t− aj)

)]

.

As IXi
(t−ai) is independent of IXj

(t−aj) for i 6= j, we get

E(t) =
∑

i∈I

E
[

(IXi
(t− ai)− φ(t− ai))

2]

+
∑

i,j∈I
i 6=j

E [IXi
(t− ai)− φ(t− ai)]E

[

IXj
(t− aj)− φ(t− aj)

]

=
∑

i∈I

Var [IXi
(t− ai)− φ(t− ai)]

+

{

∑

i∈I

E [IXi
(t− ai)− φ(t− ai)]

}2

Observe that Var [IXi
(t− ai)− φ(t− ai)] = Var [IXi

(t− ai)].
Thus we get

E(t) =
∑

i∈I

(

F̄ (t− ai)− F̄ 2(t− ai)
)

+

{

∑

i∈I

(

F̄ (t− ai)− φ(t− ai)
)

}2

. (2)

Clearly, this expected square error is minimized when F̄ ≡
φ, in which case we get (1). 2

2.2 Time average of the square error
The time average of the square error is defined to be

lim
T→∞

1

T

∫ T

0

(

N(t)− Ñ(t)
)2

dt = E

[

lim
T→∞

1

T

∫ T

0

(

N(t)− Ñ(t)
)2

dt

]

for a stationary queue. Let us assume that 0 ≤ ai ≤ T .
We assume that the number of arrivals in any finite inter-
val is finite and the service time distribution has finite first
moment, i.e.,

∫∞

0
F̄ (t)dt <∞. Then,

1

T

∫ T

0

(

N(t)− Ñ(t)
)2

dt =
1

T

∫ T

0

E(t)dt

=
1

T

∑

i∈I

∫ T

0

(

F̄ (t− ai)− F̄ 2(t− ai)
)

dt

=
1

T

∑

i∈I

∫ T−ai

0

(

F̄ (t)− F̄ 2(t)
)

dt,

where |I| is the number of arrivals within [0, T ]. As T →∞,
it approaches to

lim
T→∞

(

|I|
T

)
∫ ∞

0

(

F̄ (t)− F̄ 2(t)
)

dt = λ

∫ ∞

0

(

F̄ (t)− F̄ 2(t)
)

dt

Let the long-term time average of number of arrivals be λ
and define ρ = λE [X]. Since

∫∞

0
F̄ (t)dt = E [X] and 0 ≤

F̄ 2(t) ≤ F̄ (t): we have

0 ≤ lim
T→∞

1

T

∫ T

0

(

N(t)− Ñ(t)
)2

dt

= λ

∫ ∞

0

(

F̄ (t)− F̄ 2(t)
)

dt ≤ λE [X] = ρ

Both bounds are tight; when X is of deterministic distribu-
tion, the error is zero. We can use a D2 distribution [3] to
show that the upper bound is also tight. In addition, we
can construct two series D2 distributions of any given mean
and variance, such that one series approaches to the lower
bound and the other approaches to the upper bound. It is
easy to deduce that if X is exponentially distributed, the
average square error is ρ/2. In other words, we can see that
the average error is tightly bounded above by

√
ρ and below

by 0, and exponential service time gives
√

ρ/2.

3. ESTIMATION OF THE SERVICE TIME
DISTRIBUTION

Observe that the RHS in (2) is a quadratic functional of
φ minimized only at φ ≡ F̄ . Discretizing the arrival and
service times, and assuming φ has a finite support, we can
represent φ using a high-dimensional vector. Therefore, we
can use convex optimization techniques to find the minimal
solution of φ using E as the objective function, if we can
compute E for each given φ easily. The process Ñ is fixed if
the arrival process is given; however, N is a stochastic pro-
cess depending on both the arrival process and the service
times. Let φk = φ(kTs) be the vector entry at discrete time
k, where Ts is the length of a unit sample interval.

3.1 Off-Line Estimation Algorithm
We can design a simple gradient descent method algo-

rithm for offline estimation.
1. Choose a step size α and a positive number n.
2. Choose an initial φ(0) = φ0.
3. At iterate j, first generate a fixed finite arrival sequence
{a1, a2, . . . , an} and use this same arrival sequence to re-
peatedly run the queue with random service times. E[N(t)]
is then approximated by averaging observed N(t) in these

repetitions. Then the elements of the gradient ∇E(j)(t)
for each discrete time t is given by

∂E(j)(t)
∂φk

= 2
(

Ñ (j)(t)− E[N ](j)(t)
) ∂Ñ (j)(t)

∂φk

.

Note that Ñ j(t) =
∑

i
φj(t−ai). Therefore, ∂Ñ

(j)(t)/∂φk =
1 only if kTs = (t−ai) for some i in I, or zero otherwise.

4. Update φ(j+1) ← φ(j) − α∇E(j) and go back to step 3.
The problem of the off-line problem is that we cannot restart
the queue and provide a fixed arrival process in a real sys-
tem. In fact, usually we have no control over the arrival
process. What we get is only a single sample path of the
arrival process and the service times. Hence in the next sec-
tion we provide an on-line stochastic optimization algorithm
to estimate F̄ .

3.2 On-Line Estimation Algorithm
The on-line algorithm is based on stochastic gradient de-

scent algorithm. For on-line estimation we need to assume
that the arrival process is a stationary process.

We assign a fixed φ to each job. As a new job comes in, it
gets the most updated φ. For every m arrivals, we compute
the gradient using the formula as in the off-line algorithm
as follows:
1. First choose an initial φ = φ0.
2. For each discrete time t:

(a) Observe N(t).

(b) Compute Ñ(t) =
∑

i
φi(t − ai). Since we assume φ

has a finite support, say [0, s), then we need only to
add all jobs with ai + s ≥ t.

(c) Compute ∆N(t) = Ñ(t) − N(t). Set ∂E(t)/∂φk =
2∆N(t), ∀k, if kTs = (t− ai) for some i in I.

3. t← t+ 1.
4. If (jm+1)-th arrival comes, ∀j, update φ: φ← φ−α∇E .



5. (Optional) Constrain φ so that it is a decreasing function
with value between 0 and 1.

6. Output an average value of φ as an approximation of F̄
(we can use the average of entire history of φ, or using
other averaging method, e.g., exponential moving aver-
age). (Project φ into the space of decreasing functions
between 0 and 1 before output it if Step 5 is not done.)

7. Go to step 2.
In step 5, optionally we can limit φ to be a valid CCDF
function for t ≥ 0 by projecting φ to the space of F̄ in
every iteration. However, even without the projection, φ
approaches to F̄ in the general functional space; therefore,
we can do the projection before estimating an approximation
of F̄ in Step 7. We will show that the algorithm gives a
better estimation of F̄ if we don’t impose the constraints in
Step 5 but instead use it only for output.

3.2.1 Simulation Study of On-Line Algorithm
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Figure 1: Error with different step sizes for exponential

service time distribution case.
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Figure 2: Estimates of φ at different iterations converge

to the (unknown) exponential service time distribution.

Figures 1 and 2 show the simulation results for exponen-
tial service times with mean 10. We set Ts = 0.01, m = 2
and s = 100. The arrival process is a renewal process with
i.i.d. inter-arrival time uniformly distributed between 0 and
2 (with mean of 1). Therefore, the expected load will be
10. Figure 1 shows the convergence of square root of time
average of E with different step sizes (α = 0.001, 0.01, 0.02).
For α = 0.001 we show both, optimization with constraints
(0 ≤ φ ≤ 1 and φk ≥ φk+1; i.e., on-line algorithm with Step
5), and without constraints. For α = 0.01 and α = 0.02,
we show only unconstrained case. We can see that with
smaller steps, the errors converge to a closer neighborhood
of the optimal expected error due to our stochastic setting.
Figure 2 shows the estimated φ from the optimization al-
gorithm, averaged over time, at t = a1261, t = a16340, and
t = a105 , for α = 0.01 and with unconstrained case. We
can see a gradual convergence of the average φ towards the
expected uniform distribution. At t = a106 (not drawn in

the figure), the average φ is almost indistinguishable from
the CCDF of the exponential distribution.
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Figures 3 and 4 show the simulation results for service
time being uniformly distributed in [5,15]. The arrival pro-
cess is Poisson with rate 1. The mean service time and ar-
rival rate are same as the simulation results for exponential
case. Again at t = a106 (not drawn in the graph), the un-
constrained algorithm again gives an estimation very close
to the true service time distribution. In addition, we plot
the estimated φ for constrained algorithm at t = a105 in
Figures 2 and 4. As seen in the figures, although the con-
vergence of E is not much different between constrained and
unconstrained variants, the constrained version gives much
better estimation of the distribution over time.
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1. INTRODUCTION
As a field, queueing theory predominantly assumes that

the arrival rate of jobs and the system parameters, e.g., ser-
vice rates, are fixed exogenously, and then proceeds to design
and analyze scheduling policies that provide efficient perfor-
mance, e.g., small response time (sojourn time). However,
in reality, the arrival rate and/or service rate may depend on
the scheduling and, more generally, the performance of the
system. For example, if arrivals are strategic then a decrease
in the mean response time due to improved scheduling may
result in an increase in the arrival rate.
Understanding the effect of such strategic interactions is

the focus of “queueing games”, which consider the interac-
tion of classic queueing models and game theory. Typically,
research on queueing games has focused on (i) strategic ar-
rivals, which model jobs as strategic entities with utilities
that depend on the performance received in the system, and
(ii) profit-maximization, which allow the system to strate-
gically price service (usually in the presence of strategic ar-
rivals) in order to maximize profit. Examples of (i) include
[11, 6, 8] and examples of (ii) include [14, 9, 12]. There is
also an excellent survey available in [7].
In this work, we depart from the research cited above by

considering a model where arrivals are not strategic, but
where servers strategically choose their service rates. The
motivating example for this work is call centers, where servers
are people who have control over how quickly and efficiently
they work. In this setting, a dispatch design that focuses only
on efficiency may seek to send calls to the fastest and most
efficient servers; however by doing so the dispatch policy is
actually disincentivizing hard work by requiring the most
effort from its best employees, which can hurt employee re-
tention and job satisfaction. Resultantly, call center designs
seek to ensure that call dispatching is “fair”, in that servers
have similar amounts of idle time [3, 4, 13]. This highlights
the importance of paying attention to the “utility” of the
servers; however such designs have not yet explicitly consid-
ered the strategic behavior of the servers.
In this work, we highlight that the strategic behavior of the

servers has a fundamental impact on the design of dispatch
policies. To do this, we focus on a simple model, an M/M/2
queue, where each server can strategically choose its service
rate so as to maximize its utility, which is taken as the sum
of a decreasing function of the chosen service rate and an
increasing function of idle time experienced (which depends
on the choice of service rate of the other server). In this
setting, we consider the design of a non-preemptive, work-
conserving dispatch policy, which decides which idle server
to send the next job to, and our focus is on understanding
the symmetric Nash equilibria (for the service rates) that
emerges. Note that we focus on symmetric equilibria due to
the importance of “fairness” in settings such as call centers.

In classic queueing theory, the most commonly proposed
dispatch policies for this setting include Fastest Server First
(FSF), Longest Idle Server First (LISF), and Random (which
sends the job to each server with equal probability). When
strategic servers are not considered, FSF is the natural choice
for reducing the mean response time when forced to be work-
conserving (though it is not optimal in general [5, 10]). How-
ever, we prove that FSF has no symmetric equilibria when
servers are strategic. Further, we prove that LISF, a com-
monly suggested policy for call centers due to its fairness
properties, has the same, unique, symmetric equilibrium as
random dispatching. Thus, when strategic servers are con-
sidered, LISF does not even do better than the most naive
dispatcher, Random. This highlights the importance of de-
signing dispatch policies while being aware of the incentives
they create.

With this in mind, one might suggest that Slowest Server
First (SSF) would be a good dispatch policy, since it in-
centivizes servers to work fast; however, we prove that, like
FSF, SSF has no symmetric equilibrium. But, by “softening”
the bias placed by SSF toward slow servers we are able to
give policies that are guaranteed to have a unique symmet-
ric equilibrium and provide mean response times that are
smaller than the response time at equilibrium under LISF
and Random.

A key message provided by the results in this work is that
dispatch policies must carefully balance two conflicting goals
in the presence of strategic servers: they must make efficient
use of the service capacity (e.g., by sending work to fast
servers) while still incentivizing servers to work fast (e.g.,
by sending work to slow servers). While these two goals are
inherently in conflict, it is possible to balance them in a way
that provides improved performance over Random.

2. MODEL
Our motivating example throughout this abstract is call

centers. Incoming jobs (calls) are served by one of many
servers (agents). In the rest of this section, we describe
the model in two parts—the queueing model and the game-
theoretic model.

2.1 Queueing model
We assume that jobs arrive according to a Poisson process

with rate normalized to 1, into a central, First Come First
Served (FCFS) queue. The job sizes are independently expo-
nentially distributed with rate normalized to 1. We assume
that there is no abandonment, that is, every arrival is eventu-
ally served. In general, there are m servers that each choose
the rates at which they work on the jobs, µi, i = 1, . . . ,m,
according to the game-theoretic model described in the next
section. Let µ = (µ1, . . . , µm) denote the vector of chosen
service rates. In this abstract, we report results only for the



case of m = 2. In other words, we have an M/M/2/FCFS
queue with an infinite buffer. The response time of a job
is the amount of time it spends in the system, which is the
sum of its waiting time (time spent in queue) and service
time (time spent while being served). The performance ob-
jective for the system is to minimize the expected response
time of a job, E[T ].
The focus of this work is on the dispatch policy, which

assigns jobs to servers. We restrict our attention to non-
preemptive and work-conserving dispatch policies that do
not use job size information. At any given instant, if at least
one server is idle, and the queue is non-empty, such a policy
will always pick the next job in queue and assign it to one
of the idle servers. So, the defining aspect of the dispatch
policy is how to make the choice of which idle server gets the
next job in queue.
Four commonly studied dispatch policies are FSF (Fastest

Server First), SSF (Slowest Server First), Random, and LISF
(Longest Idle Server First). As their names indicate, FSF
assigns the next job in the queue to the fastest idle server,
SSF to the slowest idle server, Random to any of the idle
servers with equal probability, and LISF to the idle server
that has been idle the longest. Among these dispatch poli-
cies, FSF minimizes the expected response time. However,
it was shown in [5, 10] that even when there are two servers,
FSF is not an optimal dispatch policy – there are non-work-
conserving policies that improve upon it. But, in [1], it was
shown that as the number of servers grows large and the
arrival rate approaches the service capacity in the Halfin-
Whitt regime, FSF is asymptotically optimal. A drawback
of FSF is that prioritizing faster servers does not distribute
idle time evenly between the servers, and such ‘unfairness’
to the faster servers could lower employee satisfaction and
degrade performance [3, 4]. As such, LISF is a “fairer” pol-
icy than FSF in the sense that asymptotically, it shares the
idle time among the servers in proportion to their service
rates [2]. It is this “fairness” property that leads LISF to be
commonly used in practice.
In addition to these dispatch policies, we study two broad

classes of dispatch policies: rate-based and idle-time-based.

2.1.1 Ratebased dispatch policies
Let I(t) denote the set of idle servers at time t. In a rate-

based dispatch policy, jobs are assigned to idle servers only
based on the rate vector µ, restricted to I(t). We consider
a parameterized class of rate-based dispatch policies that
we term r-dispatch policies (r ∈ R). Under these policies,
at time t, the next job in queue is assigned to idle server
i ∈ I(t) with probability

pi(µ, t; r) =
µr
i∑

j∈I(t)

µr
j

Notice that for special values of the parameter r, we recover
well-known policies. For example, setting r = 0 results in
Random; as r → ∞, it approaches FSF; and as r → −∞, it
approaches SSF.

2.1.2 Idletimebased dispatch policies
Let s(t) = (s1, . . . , s|I(t)|) denote the ordered vector of idle

servers at time t, where server sj became idle before server
sk whenever j < k. Let Pn = ∆({1, . . . , n}) denote the set of
all probability distributions over the set {1, . . . , n}. An idle-
time-based dispatch policy is defined by a vector of prob-
ability distributions p = (p1, . . . , pm), such that pj ∈ Pj ,
j = 1, . . . ,m. Under this policy, at time t, the next job in
queue is assigned to idle server sj ∈ s(t) with probability
p|I(t)|(j). Examples of idle-time-based dispatch policies in-
clude Random, LISF, and SISF (Shortest Idle Server First).

2.2 Gametheoretic model
The novelty of our model is its game-theoretic aspect—

servers act as strategic players in a noncooperative game.
Specifically, each server chooses its service rate, µi, from
its action set, given by [µ,∞), where µ is a minimum re-
quired service rate. This captures the fact that agents in
a call center are expected to perform above a minimum
level of efficiency, failing which they could be fired. We
set µ = 1

m
, which is enough to ensure stability. The deci-

sions made by the servers constitute their joint action profile,
µ = (µ1, . . . , µm).1

Given a dispatch policy Π, servers aim to selfishly maxi-
mize their utility functions, given by

Ui(µ; Π) = Ii(µ; Π)− c(µi),

where Ii(µ; Π) is the steady state fraction of time that server
i is idle, c(µ) is an increasing function representing the cost
incurred by a server to work at rate µ. We assume that
servers are homogeneous, so they all have the same cost
function. Our utility function captures the fact that servers
value idle time, but have fatigue.2 Note that we assume a
fixed payment model where servers are paid a fixed periodic
salary, and therefore the wages would just add a constant
term to the utility function. We normalize the cost function,
so that c(µ) = 0. We assume that c is convex, and satisfies

c′(µ) < 5
6
, and c′′′(µ) ≥ 0. In particular, the assumption

that c′(µ) < 5
6
ensures voluntary participation.

Our choice of solution concept for this game is Nash equi-
librium, which is a vector of service rates µ∗, such that for
each server i, Ui(µ

∗
i ,µ

∗
−i; Π) = maxµi≥µ Ui(µi,µ

∗
−i; Π).3 We

restrict ourselves to symmetric Nash equilibria, since they
best represent a “fair” outcome in our model with homoge-
neous servers. With a slight abuse of notation, for brevity, we
say that µ∗ is a symmetric Nash equilibrium if (µ∗, . . . , µ∗)
is a Nash equilibrium.

3. RESULTS
Our interest in this work is on understanding how the

choice of dispatch policy affects the system performance in
the presence of strategic servers. We use the expected re-
sponse time of a job, E[T ], at symmetric equilibrium as the
measure of system performance. The goal is to choose a dis-
patch policy that minimizes E[T ] at symmetric equilibrium.
To this end, we study the following questions:

• How do well known dispatch policies like FSF, SSF, Ran-
dom, LISF perform in the presence of incentives?

• What dispatch policies admit a symmetric equilibrium?
Do such policies admit unique symmetric equilibria?

• How do dispatch policies compare in terms of E[T ] at sym-
metric equilibrium?

In the rest of this section, we state our answers to these ques-
tions for the case of two servers (m = 2), and the following
assumptions on the cost function c(µ): (i) c(µ) = 0, (ii)

c′(µ) > 0, (iii) c′′(µ) > 0, (iv) c′(µ) < 5
6
, and (v) c′′′(µ) ≥ 0.

Note that we set µ = 1
2
.

1Even though the action profile (µ, . . . , µ) is admissible, it
can be shown that it is never an equilibrium, so there will
be no stability issues.
2In general, any function that is increasing in Ii(µ; Π) and
decreasing in c(µi) could model this behavior, for example,
Ui(µ; Π) = −(1− Ii(µ; Π))c(µi).
3µ∗

−i = (µ1, . . . , µi−1, µi+1, . . . , µm) denotes the vector of
service rates of all the servers except server i.



Our first result deals with the existence of symmetric equi-
libria, under rate-based r-dispatch policies. It asserts that,
under mild assumptions on the cost function, there are poli-
cies that do not admit symmetric Nash equilibria.

Theorem 3.1. There exists a bounded interval for r out-
side of which no r-dispatch policy admits a symmetric Nash
equilibrium.

Note that this result implies that well known policies FSF
and SSF that have been used to construct asymptotically
optimal and/or near-optimal dispatch policies in the clas-
sic setting [2] do not admit a symmetric equilibrium when
incentives are considered. Intuitively, FSF does not admit
a symmetric equilibrium because, given a symmetric action
profile, decreasing its service rate slightly is a better response
for either server, which would improve its idle time as well
as cost. This dynamics would result in a progressive lower-
ing of service rates, until there comes a point when the load
becomes too high (and idle time too low), and so, working
harder would significantly increase the idle time compared
to the cost. A similar intuition holds for SSF as well. This
highlights the importance of accounting for incentives while
designing dispatch policies.
Our second result asserts that, there are some rate-based

dispatch policies that admit unique symmetric equilibria.

Theorem 3.2. Any r-dispatch policy with r ∈ {−2,−1, 0, 1}
admits a unique symmetric Nash equilibrium.

Note that this result implies that Random admits a unique
symmetric Nash equilibrium. This highlights the fact that
in the presence of strategic servers, Random is “better” than
FSF and SSF.
Our third result relates the class of idle-time-based dis-

patch policies to the class of rate-based dispatch policies.

Theorem 3.3. All idle-time-based policies result in the
same unique symmetric equilibrium as that of Random.

Note that this result implies that no idle-time-based policy
can perform better than Random (which is also a rate-based
r-dispatch policy with r = 0). In particular, this highlights
the fact that LISF does no better than Random.
Our final result provides a performance comparison among

rate-based dispatch policies.
Theorem 3.4. Any r-dispatch policy that admits a sym-

metric Nash equilibrium admits a unique symmetric Nash
equilibrium. Further, among all such policies, E[T ] at sym-
metric equilibrium is increasing in r.

Note that this result (along with Theorem 3.2) implies that
an r-dispatch policy with r = −2 outperforms Random and
all idle-time-based policies. This highlights the fact that
choosing a dispatch policy while paying attention to server
incentives can lead to better performance.
Our results suggest that using smaller r values lead to

better performance by “softening” the bias placed by SSF
toward slow servers, but, beyond a certain limit, symmetric
equilibria cease to exist. While r = −2 is the best performing
parameter for which we could prove the existence of a sym-
metric equilibrium for all admissible cost functions, individ-
ual cost functions may allow for even smaller values. For ex-
ample, Figure 1 shows the performance of a 2-server system,

for two cost functions, c1(µ) =
µ2

20
− 1

80
, and c2(µ) =

2µ2

3
− 1

6
.

In both cases, we see that moving r down to −10 still yields
a symmetric equilibrium.

4. FINAL REMARKS
This abstract summarizes a first step toward understand-

ing the interaction of strategic servers and dispatch policy
design. We are working to extend the work in many direc-
tions. Most obviously, it would be interesting to extend our

Figure 1: Mean response time (log scale) at symmetric equi-

librium as a function of policy parameter r, for two cost func-

tions c1 (blue) and c2 (green). The purple dots indicate the

mean response time at symmetric equilibrium for Random

and any idle-time-based policy.

results to m > 2 servers. Other promising directions in-
clude exploring heterogeneous agents, asymmetric informa-
tion, alternate payment models, alternate utility functions,
more general queueing models, and broader classes of dis-
patch policies.
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ABSTRACT
It is well known that the expected waiting time for

customers routed to several parallel queues decreases

dramtically when customers are routed to the shortest

of two randomly chosen queues, rather than being arbi-

trarily assigned to one of the queues, and that the fur-

ther improvement when there are three queues to choose

from is much less than the improvement when moving

from one to two queues (the power of two [5]). We

consider the power of two effect when a subset of cus-

tomers are flexible, and can choose the shortest of two

queues, while the remainder are dedicated, and have no

routing choice. We show that the stationary expected

waiting time is decreasing and convex in the proportion

of flexible customers. Our results show that having

a small proportion of flexible customers has nearly as

much benefit as having full power of two choices.
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1. INTRODUCTION
Flexibility is an important tool in many practical

systems for improving performance while reducing costs.

One notion of partial flexibility in load balancing is

power of two choices (see Mitzenmacher [5] and refer-

ences therein). Here, customers randomly select two

potential queues to query for queue lengths, and join the

shortest of those two. It has been shown that having

two choices has a large impact in reducing waiting times

over being routed to a single arbitrary queue, but that

more than two choices provide diminishing marginal im-

provements. We show that when some proportion p < 1

of customers are flexible, that is, are given a choice

of two queues to join, expected waiting times are de-

creasing and convex in p, again exhibiting decreasing

marginal returns to flexibility.

Our model of partial flexibility has application to

congestion dependent routing of highway traffic, multi-

lingual call centers, make-to-order queues with flexible

customers, as well as routing in computing and commu-

nication systems.

Our model is a two-server queueing system with



i.i.d. exponentially distributed service times for both

servers. The servers follow a nonidling but otherwise

arbitrary service discipline (FCFS, LCFS, etc.). Some

proportion of arrivals (dedicated arrivals) are obliged to

use a particular dedicated server, while others (flexible

arrivals) have the ability to use either of the two servers

and they join the shortest queue upon arrival. Each

arrival is flexible with probability p, independent of the

other arrivals, and dedicated arrivals are equally likely

to require either server. The overall customer arrival

process is independent of the state and satisfies some

additional mixing conditions so that the stationary ex-

pected waiting time is well defined.

In our earlier work we showed that routing flex-

ible customers to the shortest queue among an arbi-

trary number of queues, known in the literature as the

“Join the Shortest Queue (JSQ)” policy, is optimal in

a very strong sense; it minimizes the queue-length vec-

tor process in a sample-path weak majorization sense

[1]. This is true even within power of two choices. A

consequence of this result is that the stationary wait-

ing time is stochastically decreasing in the proportion

of flexible customers, p. Here we are interested in the

marginal impact of customer flexibility, so we consider

the convexity of waiting time in p. Although convex-

ity in p is intuitive, it does not hold in the strong sense

that monotonicity holds, and it is surprisingly difficult

to prove. We develop a new approach that combines

marginal analysis with coupling to show convexity in the

stationary mean waiting time. We consider a tagged

customer in steady-state that has lowest preemptive pri-

ority relative to the other customers so that the other

customers are unaffected by the tagged customer. We

show that the derivative of the stationary waiting time

with respect to p (the marginal value of customer flexi-

bility) can be expressed in terms of the difference in ex-

pected waiting time between going to the long and the

short queue for the tagged customer. We then show,

using another coupling argument, that this difference is

decreasing in p. Our result also holds when each of

two parallel stations may have c ≥ 1 i.i.d. exponen-

tial servers, and and when service rates vary randomly

as long as the rates for all servers are the same at the

same time. Customers may also abandon after an ex-

ponentially distributed time.

The JSQ policy has been widely studied in the liter-

ature. Its optimality, assuming all customers are flexi-

ble, has been shown in a variety of contexts (e.g., Akgun

et al. [1] and the references therein). The only work we

are aware of that addresses convexity is the paper by He

and Down [4]. They show that in heavy traffic with Pois-

son arrivals and multiple parallel servers the full benefit

of having some flexible customers can be achieved with

an arbitrarily small proportion of customers being flex-

ible.”

2. RESULTS
Let W (p) be the stationary mean waiting time when

the proportion of flexible customers is p. The arrival

process is state-independent, and each arrival is inde-

pendently flexible with probability p and dedicated to

queue i with probabilty (1 − p)/2. Flexible arrivals

join the shortest queue. To guarantee that W (p) is

well defined and finite, we require that the interarrival

sequence, {Tn, n = 0,±1, ...} be strongly mixing and

stationary ergodic with 1
2µ
< ET , where T is a random

variable with the marginal distribution of any Tn. Intu-

itively, in a strongly mixing sequence, the dependencies

between the intervals disappear as the time between in-

tervals goes to infinity. Under additional regularity con-

ditions [3, Lemma 7], W (0) exists and is finite. We have

that W (p) is decreasing in p [1, Corollary 9], so the sta-

tionary waiting times are finite for all p.

We start with a sample path for the model with

fixed λ = 1
ET

, µ > λ
2

, and p (call this the p system) and

construct a coupled sample path when the proportion of

flexible customers becomes p+ε (the p+ε system). All

arrivals and (potential) service completions occur at the

same times in both systems, and if a service completion

is from the shortest (longest) queue in the p system

then it is also from the shortest (longest) queue in the

p + ε system. Let {Uj ; j = 0, 1, 2...} be a sequence of

independent and identically distributed uniform random

variables on the interval [0, 1] and, for the jth arrival, let

Aj = 1{Uj ∈ [0, p]}+1{Uj ∈ [0, p+ε]}, so Aj represents

the number of flexible customers for the jth arrival for

both systems. Thus, Aj = 2 if the arrival is flexible

in both systems; Aj = 0 if it is dedicated in both (we

call both of these “regular” customers), and Aj = 1 if

the arrival is an “extra” arrival, i.e., it is flexible for the

p + ε system but not for the p system. When Aj = 0,

if the dedicated customer goes to the shortest (longest)

queue in the p system, then it does the same in the p+ε

system.



Rather than strict FCFS, we consider the following

alternative service discipline that will make only extra

customers experience the difference in waiting times for

the two systems, i.e., it will maintain the same waiting

times for regular customers in both systems. The ex-

tra customers in both systems have lowest preemptive

priority, i.e., they are always at the back of whichever

queue they join, and, among extra customers, the pri-

ority is LCFS-PR. Among regular customers the dis-

cipline is FCFS. We also have the following switching

rule. Suppose a flexible regular customer (Aj = 2)

joins the shorter queue (just observing the total queue

lengths) and realizes that it would have been better off

if it had joined the longer queue as it could have pre-

empted the extra customers in the longer queue (i.e.,

the longer queue has fewer regular customers). Then

we switch this customer with the first extra customer
in the other queue. This makes the routing of regu-

lar flexible customers in the p and p + ε systems the

same without changing the queue lengths. Our alterna-

tive service discipline has the same overall mean waiting

time as standard FCFS for all customers, because ser-

vice times are i.i.d. and exponential, independent of the

type of the customer. In [2] we show that

W ′(p) =
dW (p)

dp
= lim
ε→0

(
W (p+ ε)−W (p)

ε

)
= −Y (p)/2.

where Y (p) is the additional expected waiting time for

an extra customer that goes to the longest queue (in

the p+ ε system) rather than the shortest queue (in the

p system) given that no other extra customers arrive

while it is in the system.

An important note here is that we may assume,

without loss of generality, that the tagged customer will

not be switched if it is the only extra customer in the

system at a given time, by assuming that if a flexible

customer sees equal queues, it will go to the queue with

the tagged customer. This is the only case where a

switch after choosing the shortest queue would be ben-

eficial to the regular customer. Then, for a particular

sample path in both systems, the tagged customer will

remain at the same queue until either it leaves in the

p + ε system, or the two queue lengths, not counting

the tagged customer, become the same in both systems.

In the former case the waiting time is smaller in the

p+ε system, i.e., Y (p) ≥ 0 and W (p) is decreasing in p.

In the latter case the waiting time for the tagged cus-

tomer in the two systems will be the same, so, for both

cases Y (p) ≥ 0 and W (p) is decreasing in p. Note that

although the overall arrival process is general, because

dedicated arrivals are equally likely to join either of the

two queues and service times are exponential, once the

two queue lengths are equal, from that point on the two

queues will be stochastically identical. Summarizing,

we have the following theorem.

Theorem 1. Y (p) ≥ 0 so W ′(p) = −Y (p)
2
≤ 0.

Note that W ′(p) ≤ 0 follows from our earlier much

stronger result [1].

Now let us consider Y (p), the additional stationary

expected waiting time a random arrival (the tagged cus-

tomer) must spend if it goes to the long queue rather

than the short queue when the proportion of flexible

customers is p, it has lowest preemptive priority, all

other customers are regular customers and regular flex-

ible customers will join the queue with the tagged cus-

tomer when the queue lengths are equal.

A similar analysis, considering the impact on the

tagged customer of a single customer that is flexible in

one system and dedicated in the other, gives the follow-

ing theorem [2].

Theorem 2. Y (p) is decreasing in p, soW (p) is con-

vex in p.
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1. INTRODUCTION
In recent years smartphones have become increasingly pop-

ular. In April 2011, Google claimed that around 350000 An-
droid smartphones are being activated daily. A smartphone
is a device equipped with a range of sensors, a gigahertz-
range CPU, and high bandwidth wireless networking ca-
pabilities. The power and increasing prevalence of smart-
phones in combination with current research on opportunis-
tic mobile networking have (1) increased the range of appli-
cations that could be supported on an opportunistic mobile
network and (2) given birth to new fields of research such as
mobile crowd computing [5] that are geared towards large-
scale distributed computations.

An opportunistic network is created between mobile phones
using local peer-to-peer connections. The nodes in such a
network are mobile phones carried by human users on the
move, and a link between two phones represent the fact
that the corresponding phone users are within each other’s
wireless communication range. Opportunistic networks are
usually intermittently connected and are characterized by
social-based mobility and heterogeneous contact rate. Their
basic principle of operation is based on the store-and-forward
strategy [2].

Keeping in mind the fact that opportunistic networks in
the near future will primarily comprise of smartphones as
nodes, and would be geared towards servicing numerous ap-
plications of varied QoS demands, the opportunistic net-
work research community today still face three basic hurdles
to achieving good performance on most applications. User
mobility is one such hurdle. In a relatively sparse network,
user mobility might lead to network disconnectivity at times,
which in turn increases response time of a user application.
The second hurdle is the uncertainty in the quality of the
wireless transmission channel. Effects like fading, shadow-
ing, and interference might result in data packets being lost
during transmission or being transmitted at a low speeds.
Finally, individual user selfishness is a psychological hurdle
which users in an opportunistic network face. A mobile user
would be unwilling to forward packets for someone it does
not know due to (1) individual security concerns and (2)
it unnecessarily expending battery power and computation
resources for an application it has no relation with. Un-
der the above mentioned hurdles, it is not guaranteed that
user QoS1 demands could be satisfied to a certain degree
at all times let alone guaranteeing complete user satisfac-

1In general, QoS could be parameters such as response time,
number of computations per unit time, allocated bandwidth,
etc.

tion. However, in practice, users are generally tolerant on
accepting lesser QoS guarantees than what they demand,
with the degree of tolerance varying from user to user. The
latter fact has been taken into account in some sense in tra-
ditional opportunistic networks research, where the primary
goal was to make sure that users can somehow get the infor-
mation through data relaying without thinking of QoS. On
the other hand, an opportunistic mobile network of the near
future needs to focus on the user tolerance of QoS degra-
dation in order to justify it handling varied applications of
different QoS demands.

In this abstract we propose a market based mathemat-
ical framework that enables heterogenous mobile users in
an opportunistic mobile network to compromise optimally
and efficiently on their QoS demands in a manner such that
each user is satisfied with its achieved (lesser) QoS, and at
the same time the social welfare of users in the network is
maximized. Our market based framework is practically im-
plementable and is based on the concept of parameterized
supply function bidding in traditional microeconomic theory
[3][4]. The contribution made in this abstract is important
because (1) the hurdles related to opportunistic mobile net-
works mentioned in the previous paragraph are not easy to
get rid of in a practical sense, and as a result mobile users
have to compromise with lesser QoS than they would have
ideally liked (2) the mobile users would love to make sure
that they can comprise in an optimal and efficient manner,
given uncertain network conditions, and (3) In an oppor-
tunistic mobile network, the network conditions vary from
time to time, and it may not be possible to conjure up net-
work resources on demand to meet user QoS choices; thus
there is the need of an efficient technique that matches user
demand to supply rather than the other way round. Supply
function bidding is one such technique specifically suited for
this purpose. In the rest of the abstract we use the terms
‘mobile user’ and ’user’ interchangeably.

2. SYSTEM MODEL
We consider a mobile network system of Nt mobile users

in a time slot t. Each time slot t lies within a total time
period T 2and is of the form [t − 1, t]. Within each time
slot the total number of mobile users is assumed to be con-
stant. We assume that the system is geared towards exe-
cuting distributed computation tasks, in addition to regular
data forwarding as in an opportunistic network. Each user
in a time slot could either be (a) someone initiating a com-
putation task, (b) someone doing computations for a task

2For example, the period T could be a single day.



at hand, (c) someone just relaying information, or (d) some-
one doing all of (a), (b), and (c). In every time slot both
the task initiators and task executors register with a central
market agency. The agency could either be the one who
develops the framework for efficient and optimal large-scale
distributed computation or a third party. The agency has
two functions in every time slot: (1) to accept user QoS
demands and supply functions (QoS compromise functions)
from task initiators and (2) to assess the aggregate service
capacity of the task executors and enable market clearing,
i.e., ensure aggregate user QoS compromise equals aggregate
service capacity deficit. We also assume that the agency is
connected to the mobile users via a control channel for sig-
naling purposes (e.g., via a 3G connection).

2.1 The Basic Idea in a Nutshell
In every time slot the task initiators ‘supply’ (via an it-

erative bidding process [4] between themselves and the cen-
tral agency) their supply functions to the central agency.
A supply function is a measure of the amount of QoS a
user is willing to compromise in return for a certain amount
of benefit the agency would provide to the mobile user for
making the compromise3. The agency estimates 4 the deficit
in the aggregate service capacity (if there is any) that pre-
vents the network from servicing ideal user QoS demands,
and chooses a common benefit value that clears the market.
This benefit value is passed on to all the task initiators in
the time slot who in turn settle for the corresponding com-
promise level based on their compromise (supply) functions.
In this abstract we consider two ways in which mobile users
could choose their supply functions: (1) it chooses an opti-
mal function in a ‘price taking’ (competitive) [6] market5 of
task initiators and (2) it chooses an optimal function in an
‘price anticipating’ (oligopolistic) [6] market of task initia-
tors.

2.2 QoS Compromise Function
Let cit(kit, bt) be the QoS compromise function for user i

in time slot t. We parameterize user i’s compromise function
in each time t as follows.

cit(kit, bt) = kitbt, ∀i εN init
t ⊆ Nt, (1)

where N init
t consists of those users in time slot t who initiate

the execution of a task. The function cit(·) is the ‘supply’
function for user i and gives the amount of QoS it is com-
mitted to compromise. In this abstract we treat QoS as the
reciprocal of response time of an application initiated by a
user. For example, if a user expects to ideally achieve a re-
sponse time of 2 time units, its QoS metric would have a
value of 1

2
. However, it could compromise6 say a response

time of 3 additional seconds in which case its achieved QoS

3The benefit provided also incentivizes users to compromise.
Benefits could be in the form of reduction of prices charged
for service.
4Message passing between the agency and task executors
could be one way of estimating service capacity deficits.
5We note here that the market is jointly run by the central
agency and the task initiators.
6To decide on its amount of compromise, a user, amongst
other factors, may account for the delay due to computa-
tion information percolating through relay nodes before it
reaches the intended recipient. In this abstract we do not ex-
plicitly model the role that relay nodes have on the optimal
supply function of a user.

is 1
5
. Thus, it makes a compromise of 3

10
QoS units. kit ≥ 0

is the supply function profile [4] for user i in time slot t. It
is a scalar quantity that determines the supply function of a
user in time slot t, and is known to the central agency. bt is
the benefit that the central agency provides to all the task
initiators.

2.3 Clearing the Market
The central agency clears the market in every time slot

by solving the following equation.X
i

cit(kit, bt) =
X
i

kitbt = dt, (2)

where dt is the aggregate service capacity deficit in time slot
t. Solving the latter equation we get the value of bt as

bt(
−→
kt) =

dtP
i kit

, ∀t, (3)

where
−→
kt = (k1t, k2t, ......, k|Ninit

t |) is the vector of support

profiles for the task initiators in time slot t.

3. COMPETITIVE MARKET ANALYSIS
We consider a competitive market of task initiators where

the latter are ‘benefit’ taking. Given a benefit value bt in
time slot t, each user i maximizes its profit according to the
following optimization problem.

argmaxkitbtcit(kit, bt)− Cit(cit(kit, bt)),

where Cit(cit(·)) is the disutility or cost incurred by user i in

time slot t when it compromises cit()̇ QoS units. We assume
that Cit(·) is continuous, increasing, and strictly convex with
Cit(0) = 0.

In every time slot t, a competitive (Walrasian) equilib-
rium amongst the task initiators and the central agency is
defined as a tuple {(keqit )i εNinit

t
, beqt } that satisfies the fol-

lowing conditions:

C′it(cit(k
eq
it , b

eq
t ))− beqt )(bt − beqt ) ≥ 0, ∀bt ≥ 0 (4)X
i

cit(k
eq
it , b

eq
t ) = dt (5)

Theorem 1. There exists a competitive equilibrium in the
market of task initiators in every time slot, t that maximizes
the following:

argmaxcit

X
i

−Cit(cit)

subject to
P
i cit = dt.

Proof Sketch. We get the optimality conditions of the
optimization problem in Theorem 1 from equations (4) and
(5). The uniqueness of the optimal solution, i.e., the equi-
librium solution, follows from the fact that the optimization
problem and its dual are strictly convex.

Theorem Implications. The equilibrium solution maxi-
mizes the social welfare, i.e., minimizes the sum of the disu-
tility of the task initiators, via the optimization problem in
the theorem. Thus in every time slot, the central agency
is able to clear the market by enabling optimal user QoS
compromises as well as by ensuring social welfare.

The Iterative Bidding Process. We provide a dis-
tributed iterative bidding scheme based on the dual gradient



algorithm in [1] that achieves the market equilibrium in each
time slot t.
At the j-th iteration in time slot t, we execute the following
steps:

1. Upon receiving benefit bt(j) announced by the central
agency, task initiator i updates its supply function pro-
file, kit(j) as

kit(j) =


(C′it)

−1(bt(j))

bt(j)

ff+

, (6)

and supplies it to the central agency. Here ‘+’ denotes
the projection onto R+, the set of non-negative real
numbers.

2. The central agency updates its benefit according to the
following equation

bt(j + 1) = [bt(j)− ρ(
X
i

kit(j)bt(j)− dt]+, (7)

and announces the new benefit to the task initiators.

The above distributed bidding process converges for small
enough values of step size, ρ [1].

4. OLIGOPOLISTIC MARKET ANALYSIS
We consider an oligopolistic market of task initiators where

the latter are ‘benefit’ anticipating. The initiators are strate-
gic in the sense that they know that benefit bt in each time
slot t is computed according to equation (3) and as a result
choose their supply function profile in a manner so as to
maximize their net utility functions. The net utility function
for each user i in time slot t is represented by Uit(kit, k(−i)t)
and is given as

Uit(kit, k(−i)t) = btcit(kit, bt(
−→
kt))−Cit(cit(kit, bt(

−→
kt))), (8)

where k(−i)t = (k1t, ...., ki−1t, ki+1t....., k|Ninit
t |) is the vec-

tor of supply function profile of users other than i. Each
user participates in a non-cooperative game of selecting kit’s,
with other task initiators in time slot t, in order to maxi-
mize its net utility function. The intersection of the best
responses of all the task initiators results in a Nash equilib-
rium [6].

Lemma 1. If (
−−→
kneqt ) is a Nash equilibrium of the non-

cooperative game at time slot t, then (1)
P
j 6=i k

neq
jt > 0 for

any i εN init
t , (2) kneqit < Kneq

(−i)t for any i εN init
t , and (3) No

Nash equilibrium exists when |N init
t | = 2, where Kneq

(−i)t =P
j 6=i k

neq
jt .

We omit the proof of the lemma due to lack of space.
Lemma Implications. At Nash equilibrium in every

time slot, each task initiator compromises at most dt
2

amount
of QoS units, and at least two task initiators are necessary
to reach a Nash equilibrium.

Theorem 2. There exists a Nash equilibrium, (
−−→
kneqt ),

in the market of task initiators in every time slot, t that
maximizes the following:

argmax
0≤cit<

dt
2

X
i

−Hit(cit)

subject to
P
i cit = dt, where

Hit(cit) =

„
1 +

cit
dt − 2cit

«
Cit(cit)−

Z cit

0

dt
(dt − 2xit)2

Cit(xit)dxit

Proof Sketch. The uniqueness of the Nash equilibrium
(optimal) solution follows from the fact that the optimiza-
tion problem and its dual are strictly convex.

Theorem Implications. The equilibrium solution maxi-
mizes the social welfare, i.e., minimizes the sum of the disu-
tility of the task initiators, via the optimization problem in
the theorem. Thus in every time slot, the central agency
is able to clear the market by enabling optimal user QoS
compromises, reaching a unique Nash equilibria, as well as
ensuring social welfare.

Proposition 1. The Nash equilibrium benefit bneqt is
bounded within a factor (1 + rt

dt−2rt
) of beqt , the Walrasian

equilibrium benefit where rt = maxi(H
′
it)
−1(Yt) and Yt =

maxiH
′
it(

dt

|Ninit
t | ).

Proposition 1 is an important result and implies that the
benefit anticipating and mutually competitive nature of task
initiators in an oligopoly market leads to the Nash equilib-
rium benefit being bounded by the Walrasian equilibrium
benefit as Walrasian markets are benefit taking. We omit
the proof of the proposition due to lack of space.

The Iterative Bidding Process. At the j-th iteration
in time slot t, we execute the following steps:

1. Upon receiving benefit bt(j) announced by the central
agency, task initiator i updates its supply function pro-
file, kit(j) as

kit(j) =


(H ′it)

−1(bt(j))

bt(j)

ff+

, (9)

and supplies it to the central agency.

2. The central agency updates its benefit according to the
following equation

bt(j + 1) = [bt(j)− ρ(
X
i

kit(j)bt(j)− dt]+, (10)

and announces the new benefit to the task initiators.

5. CONCLUSION
In this abstract we studied ways to optimally and effi-

ciently entail user QoS compromises in opportunistic mobile
networks via market mechanisms. As part of future work, we
plan to conduct a simulation study of our proposed theory,
and extend our theory to include different forms of param-
eterized supply functions.
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1. INTRODUCTION
Network (positive) externality describes the phenomenon that

when people align their behaviors with others, they can incur an
explicit benefit [2]. A good example of network externality is the
adoption of new technologies. For example, when companies in-
troduce smartphone to the market, the benefit of smartphone to
people is determined by how many people are using it. Network
externality has been extensively studied. However, many previous
results, e.g., [2] only focus on the impact of population size on net-
work externality and only capture the influence of population size
on people’s willingness to adopt to a new technology. They did not
consider the effect of heterogeneity, for example, different people
can cast different influence on others and also different people can
be influenced differently. In [3], the authors consider the influence
of network externality on security measures deployment. We fur-
ther enhance and generalize the work by considering the impact of
node heterogeneity and differentiation.

2. MODEL
In this work, we present the mathematical model on how security

protection can limit the spread of virus. In particular, we include
differential treatment of different types of nodes and consider the
impact of network externality in our evaluation. Our work is mainly
based on the model proposed in [3]. The model includes two parts:
the epidemic model and the economic model. The epidemic model
is used to characterize the spread of virus or malware in a network.
The economic model is used to evaluate the expected payoff of
nodes. Based on the epidemic and economic model, nodes can de-
termine whether to invest in security protection or not by evaluating
their expected payoff.
Epidemic Model: Let G = (V,E) be an undirected graph with
vertex set V and edge set E. For i, j ∈ V , if (i, j) ∈ E, then
nodes i and j are neighbors and we use i ∼ j to denote this rela-
tionship. Let X = {healthy, infected} represent the set of states
each node can be in. If node i is infected (healthy), then Xi = 1
(Xi = 0). Each infected node can contaminate its neighbors in-
dependently with probability q. Once a node is infected, it cannot
recover to the healthy state. Note that this is similar to the bond
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percolation process [4] in which every edge is occupied with prob-
ability q. Each node has an initial state of being infected or not.
Let us denote it by xi where xi = 1 if it is initially infected and
xi = 0 otherwise. Hence, at the steady state, a node is infected
either because it is initially infected, or it contracted virus from its
infected neighboring nodes. Hence, the final state of node i can be
expressed in terms of the following recursive equation:

1−Xi = (1− xi)
∏
j∼i

(1− θjiXj) ∀i ∈ V, (1)

where θji is a random variable indicating whether the edge (i, j)
is occupied or not. According to previous discussion, θji is a
Bernoulli random variable with Pr(θji = 1) = q. With Equa-
tion 1, the final probability that a node is infected can be derived by
using the local mean field technique [3] given the initial probability
of infection. Note that the infection can incur certain loss to a node.
So a node needs to decide whether to invest in self-protection to de-
crease the infection probability or not by comparing the expected
payoffs using the economic model, which we state below.
Economic Model: Every node i has an initial wealth wi ∈ R+. A
node’s utility u(y) is a function of wealth y ∈ R. In our study, we
consider nodes are risk averse, i.e., the utility function is strictly
increasing and concave in y. However, for simplicity of illustration
in this short paper, we assume that it is linear. If node i is infected,
then it will incur a loss of li ∈ R+. In order to reduce the proba-
bility of being infected, the node can consider some self-protection
measures, such as buying anti-virus software, installing firewall etc.
For simplicity of analysis, we assume that the choice of a node i re-
garding self-protection is a binary decision: either the node invests
with a cost of ci, or it does not invest at all. If it decides to invest,
it can still be infected with probability p−. Else, it will be infected
with p+. Obviously we have p− < p+. We use S and N to de-
note the economic state of a node that it invests or does not invest
in security protection respectively. A node makes the decision by
maximizing its expected utility. In state N , the expected utility can
be expressed as:

pNu(w − l) + (1− pN )u(w), (2)

where pN is the final probability of a node being infected when it
initially did not consider security protection, and l is the loss due to
infection. The expected utility of a node which initially subscribed
to security protection is:

pSu(w − l − c) + pSu(w − c), (3)

where pS is the final probability of a node being infected when it
initially subscribed some self-protection measures with cost of c.
Note that pN and pS are functions of p− and p+, as well as the
infection probability q. They can be determined by the epidemic



model and can be derived using Equation (1) with the local mean
field technique [1, 3].

Each node needs to consider whether it should subscribe to some
self-protection measures. The decision is based on the cost of in-
vesting in security measure, as well as the risk loss of being in-
fected. The decision is non-trivial because one has to consider the
externality effect. In general, a node needs to compare the cost on
security investment and the risk. In particular, node i will choose
to invest in security protection if and only if

ci < (pN − pS)li. (4)

In [3], the authors analyzed the case of homogeneous self-
protection cost and risk loss, i.e., nodes, independent of their con-
nectivity, will have the same investment cost and risk loss. How-
ever, this is not reasonable in practice, since many nodes have dif-
ferent risk loss. For example, nodes with low degree, representing
individual users, have low risk loss, while nodes with high degree,
representing large companies, have high cost and security risk if
they are crippled by virus. Nodes with high degree are those who
have high level of interaction with other nodes. Also, their deci-
sions can have higher influence on others than those nodes with
low degrees. Thus, nodes need to be differentiated according to
their degree to represent different kinds of users in a network. It
is important to incorporate node heterogeneity in the model and
analyze the effect. It can also help us to understand the low level
of self-protection measure adoption in real life and also different
levels of adoption extent in different social classes.

In the following, we consider a Erdös–Rènyi random graph
G(n, p) with n nodes, where p = λ/n is the probability that every
possible node pair (i, j), 1 ≤ i < j ≤ n, is connected. In the limit
of large n, the degree of nodes in the random graph follows the
Poisson distribution, i.e., pk = e−λλk/k!. All results below can
be extended to random graphs with general degree distribution [4].

3. DIFFERENTIAL TREATMENT: TWO
TYPES CASE

Let us classify nodes into two types according to their degree.
Let ki denote the degree of node i. We define a degree threshold
K. If ki ≤ K, then the cost of self-protection is c1 and the loss due
to being infected is l1. On the other hand, if ki > K, the cost of
self-protection is c2 and the loss due to being infected is l2. It is
reasonable to assume that c1 ≤ c2 and l1 ≤ l2. The initial proba-
bility of being infected is determined by economic state: p− for S
and p+ for N . All edges have the same contraction probability q.

Assume that initially γ1 (γ2) fraction of the nodes with degree
k ≤ K (k > K) will invest in self-protection. Using the local mean
field technique [1,3], we can calculate the average final probability
of nodes being infected , which we denote by h.

Proposition 1. If γ1 fraction of nodes with degree k ≤ K and γ2
fraction of the nodes with degree k > K invest in self-protection,
then h, the final average probability of nodes being infected, is
given by the unique solution in [0, 1] of:

h =1− (1− p+)e−λqh − (p+ − p−)[γ1
∑
k≤K

p(k)(1− hq)k

+ γ2
∑
k>K

p(k)(1− hq)k], (5)

where p(k) = e−λλk/k! is the probability mass function of the
degree distribution of random graph.

Let pS1 (pN1 ) denote the final infection probability of a node which
has degree k ≤ K and has initialled subscribed (not subscribed) to

the self-protection mechanism. Similarly, let pS2 (pN2 ) denote the fi-
nal infection probability of a node which has degree k > K and has
initially subscribed (not subscribed) to the self-protection mecha-
nism. With Proposition 1, we can derive the following conditional
probabilities:

Corollary 1. For nodes with degree k ≤ K,

pS1 = 1− (1− p+)

∑
k≤K p(k)(1− qh)k∑

k≤K p(k)
, (6)

pN1 = 1− (1− p−)

∑
k≤K p(k)(1− qh)k∑

k≤K p(k)
. (7)

For nodes with degree k > K, we have

pS2 = 1− (1− p+)

∑
k>K p(k)(1− qh)k∑

k>K p(k)
, (8)

pN2 = 1− (1− p−)

∑
k>K p(k)(1− qh)k∑

k>K p(k)
. (9)

Each node needs to make a decision to perform self-protection
or not by maximizing the expected utility. Nodes will invest in
self-protection if their utility with investment is greater than that
without investment, so

γ1 = Pr((pN1 − pS1 )l1 ≥ c1), (10)
γ2 = Pr((pN2 − pS2 )l2 ≥ c2). (11)

Note that the conditional probabilities pS1 , pN1 and pS2 , pN2 are
functions of γ1 and γ2. Equations (6) to (11) form fixed point
equations. By Proposition 1 and Corollary 1, we can compare the
utilities to determine the fraction of users that will invest in self-
protection. For k ≤ K, we have

pN1 l1−(pS1 l1 + c1) = (pN1 − pS1 )l1 − c1

= (p+ − p−)

∑
k≤K p(k)(1− qh)k∑

k≤K p(k)
l1 − c1. (12)

Let f1(γ1, γ2) = (p+ − p−)
∑

k≤K p(k)(1−qh)k∑
k≤K p(k)

(because h is a
function of γ1 and γ2), then Equation (12) becomes:

pN1 l1 − (pS1 l1 + c1) = f1(γ1, γ2)l1 − c1. (13)

Here, f1(γ1, γ2) = (pN1 −pS1 ) is the probability reduction for nodes
being finally infected if they invest in self-protection. Similarly, for
k > K, we have

pN2 l2 − (pS2 l2 + c2) = (p+ − p−)f2(γ1, γ2)l2 − c2, (14)

where f2(γ1, γ2) = (p+ − p−)
∑

k>K p(k)(1−qh)k∑
k>K p(k)

. It is easy to
verify that both f1(γ1, γ2) and f2(γ1, γ2) are increasing functions
in γ1 and γ2, which indicates that γ1 and γ2 degenerate to indica-
tor functions. In other words, either no nodes will invest in self-
protection, or all of them will invest in self-protection. This also
shows the effect of network externality: the value of investing in
self-protection increases with the number of nodes doing the in-
vestment.

It can be shown that for any 0 ≤ γ1 ≤ 1 and 0 ≤ γ2 ≤ 1,

f2(γ1, γ2) < f1(γ1, γ2), (15)

which indicates that nodes with higher degree are less sensitive to
invest in self-protection. In other words, investing in self-protection
will lead to lower reduction in the final infection probability for
nodes with higher degree.



Nodes can determine whether to make investment or not by com-
paring the expected profit of investment f1(γ1, γ2)l1 with the cost
c1 for nodes with lower degrees and f2(γ1, γ2)l2 with c2 for nodes
with higher degrees. We proceed to compare f1(γ1, γ2) with c1/l1
and f2(γ1, γ2) with c2/l2. We have four cases to consider:
Case 1: If f1(0, 0) > c1/l1, f2(0, 0) > c2/l2, then there is a
unique Nash equilibrium where all the nodes invest in self-protection.
Even if initially none of the nodes invest in self-protection, the
profit of investment exceeds the cost regardless of the degree of
nodes and eventually, all nodes will purchase self-protection tools.
Case 2: If f1(0, 0) > c1/l1, f2(0, 0) < c2/l2, then all nodes
with degree k ≤ K will invest in self-protection. This is because
the profit of investment for nodes with lower degree exceeds the
cost while the profit is smaller than the cost for nodes with higher
degree.

• If f2(1, 0) > c2/l2, then all nodes with degree higher than K
will invest in self-protection. In this case, the profit of invest-
ment for nodes with higher degree increases since nodes with
lower degrees will do the investment. Hence, the investment
in security by nodes with with degree k ≤ K will incentivize
nodes with degree k > K to invest in self-protection.

• If f2(1, 0) < c2/l2 < f2(1, 1), there exists a tipping point
γ∗
2 , such that f2(1, γ∗

2 ) =
c2
l2

. This implies that if we can of-
fer self-protection to γ∗

2 fraction of nodes with degree higher
than K for free, then this will incentivize all nodes with higher
degrees to do the investment. The price of anarchy can be ex-

pressed as
∑

k≤K pkpS1 (1,0)l1+
∑

k>K pkpN2 (1,0)l2∑
k≤K pk(p

S
1 (1,1)l1+c1)+

∑
k>K pk(pS2 (1,1)l2+c2)

.

• If c2/l2 > f2(1, 1), all nodes with degree k > K will not
perform self-protection.

Case 3: If f1(0, 0) < c1/l1, f2(0, 0) > c2/l2, then all nodes with
degree k > K will take self-protection.

• If f1(0, 1) > c1/l1, then all nodes with degree lower than
K will take self-protection. In this case, the investment in
security by nodes with degree k > K will incentivize nodes
with degree k ≤ K to invest in self-protection.

• If f1(0, 1) < c1/l1 < f1(1, 1), there exists a tipping point
γ∗
1 , such that f1(γ∗

1 , 1) = c1
l1

. The price of anarchy can be

expressed as
∑

k≤K pkp
N
1 (0,1)l1+

∑
k>K pkp

S
2 (0,1)l2∑

k≤K pk(pS1 (1,1)l1+c1)+
∑

k>K pk(p
S
2 (1,1)l2+c2)

.

• If c1/l1 > f1(1, 1), all nodes with degree lower than K will
not take self-protection.

Case 4: If f1(0, 0) < c1/l1 < f1(1, 1), f2(0, 0) < c2/l2 <
f2(1, 1), then there exists a tipping point γ∗

1 and γ∗
2 . The price of

anarchy can be expressed as∑
k≤K pkpN1 (0,0)l1+

∑
k>K pkpN2 (0,0)l2∑

k≤K pk(pS1 (1,1)l1+c1)+
∑

k>K pk(pS2 (1,1)l2+c2)
.

4. NUMERICAL RESULTS & CONCLUSION
In this section, we present numerical results to show that how

various parameters may affect the adoption of security protection
measures. In our experiments, we set the average degree of nodes
λ = 5 and the degree threshold K = 5.

First, we fix the initial probability of infection p+ without secure
measure and study the effect of p−, the validity of self-protection,
on the adoptability of self-protection measures. The result is shown
in Figure 1(a). We set p+ = 0.9, contagion probability q = 0.3 and
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Figure 1: Influence of parameters on thresholds

vary p− from 0.1 to 0.8. The figure shows how the reduced infec-
tion probability (thresholds) f1(γ1, γ2) and f2(γ1, γ2) change with
p−. From the figure, we can see f1(γ1, γ2) > f2(γ1, γ2), which
verifies previous claim. f1(γ1, γ2) and f2(γ1, γ2) decrease as p−

grows, which indicates that self-protection measures with higher
quality imply more nodes to take the self-protection measures. This
is because the network externality effect plays a small role if the
self-protection quality is high. Notice that f1(0, 1)− f1(0, 0), i.e.,
the gap between f1(0, 1) and f1(0, 0), is greater than f2(1, 0) −
f2(0, 0). It means that the adoption of self-protection for nodes
with lower degree can incentivize higher degree nodes to invest in
self-protection more than that higher degree nodes can influence
those lower degree nodes. It is somewhat counter intuitive since
we expect that nodes with higher degree can inflict more influence.
One possible explanation is that nodes with lower degree takes a
larger percentage of all the nodes, i.e., Pr(k ≤ K) > Pr(k > K).

In Figure 1(b), we investigate the effect of contagion probability
q on the the thresholds. We set p+ = 0.4, p− = 0.1 and vary q
from 0.15 to 0.45. As the figure shows, the thresholds decrease as q
grows, i.e., a high contagion probability implies a greater network
externality. When the contagion probability is high, taking self-
protection will not lead to significant reduction in the final prob-
ability of being infected if no one decides to take self-protection.
When contagion probability is high, people will decide to invest
only if their cost and loss ratio c/l is low enough. Hence, high
contagion probability will inhibit nodes to take self-protection.
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1. INTRODUCTION

In peer-to-peer swarming systems, as peers join a swarm
to download a content they bring resources such as band-
width and memory to the system. That way, the capacity of
the system increases with the arrival rate of peers. Further-
more, if publishers are intermittent, increasing the arrival
rate of peers can increase content availability [7].

In the presence of stable publishers that have enough ser-
vice capacity for peers to smoothly complete their down-
load [6], increasing the arrival rate of peers decreases the
probability that a piece will be unavailable among peers.
However, if the capacity of the stable publisher, U pieces/sec-
ond, is not large enough, it has been shown that the system
might be unstable [3, 5, 14]. Hajek and Zhou [3, 14], follow-
ing up work by Mathieu and Reynier [5], have shown that
if the arrival rate of peers, λ, is greater than U , the number
of peers increases unboundedly with time. It has also been
shown that simple strategies can alleviate, and in some cases
resolve, the instability problem. For instance, if peers reside
in the system after completing their downloads, on average,
the same time that they take to download a piece, then the
system is always stable [14]. Nevertheless, as peers have no
incentive to stay in the system after completing their down-
loads, it is important to investigate whether other simple
strategies that do not depend on providing incentives for
peers to remain online after the download completion can
improve system performance and stability.

In a peer to peer system, each peer has to make two de-
cisions before transmitting each piece: 1) which piece to
transmit and 2) to whom to transmit it. Although the for-
mer question has received some attention in previous works
(for instance, it has been shown that rarest-first piece selec-
tion and random useful piece selection yield the same stabil-
ity region [3]), to the best of our knowledge the implications
of the peer selection strategy have not been discussed yet
(previous works assumed random peer selection [3, 9, 14], a
notable exception being [5] – see related work section).

Let the throughput be the rate at which peers leave the
system. The goal of this paper is to evaluate the impact of
different peer selection strategies on the throughput (hence,
stability) of the system. We pose the following questions:

a) how to increase the throughput of the system by letting
peers strategically select their neighbors?

b) how does throughput scale with the number of peers in
a closed peer-to-peer swarming system?

We provide the following answers to the above questions.
First, we derive an upper bound on the throughput when the

stable publisher adopts the most deprived peer selection [1]
and rarest-first piece selection, while peers adopt random
peer selection and random useful piece selection. The bound
is significantly larger than the maximum attainable through-
put when both peers and publishers adopt random peer and
random useful piece selection. Then, we consider a closed
system and we use a simple Markov chain model to study
how the throughput of the system scales with the number
of peers.

Related Work. The service capacity of peer-to-peer sys-
tems was first analyzed by Yang and de Veciana [12], who
considered a closed system to analyze the transient increase
in throughput after a flash crowd. They also considered an
idealized fluid model to study the steady state. The fluid
model was further explored by Qiu and Srikant [10], Chow
et al. [2] and Zhang et al. [13]. None of these works consid-
ered the instability problem that occurs due to the fact that
one piece in the system might become rare compared to the
others. This problem, referred to as the missing piece syn-
drome, was first pointed out by Mathieu and Reynier [5].
To the best of our knowledge, [3, 14] and previous works
considered only random peer selection [9], files with at most
two pieces [8, 11], or considered a different class of peer-to-
peer networks as those considered here [4]. Mathieu and
Reynier [5] pointed out the potential advantages of most
deprived peer selection, but did not pursue its in depth anal-
ysis since peers can cheat when announcing their ages. In
this paper, in contrast, we analyze different peer selection
strategies for peer-to-peer networks that resemble BitTor-
rent, but assuming peers that do not misbehave. Whereas
previous work [4,8,9,11] assume that peers have no informa-
tion about the number of replicas of each piece in the system,
in this paper, inspired by BitTorrent, we leverage the fact
that most deprived peer/rarest-first piece selection are prac-
tical peer and piece selection mechanisms. As we will show
next, it suffices that only publishers adopt such mechanisms
in order to improve the throughput of the whole population.

2. MODEL

We consider the model presented by Hajek and Zhu [3],
with an important modification: the publisher can adopt
the most deprived peer policy. A file, divided into K pieces,
must be distributed to peers that arrive according to a Pois-
son process with rate λ. Let C be the set consisting of all
subsets of {1, 2, . . . ,K}. A type C peer is a peer that has a
collection C of pieces of the file, C ∈ C.

The publisher has service capacity U pieces/second. If
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Figure 1: Piece exchanges among peers.

the publisher adopts random peer selection, at the end of ex-
ponentially distributed intervals with mean 1/U it selects
a peer uniformly at random to transmit a piece. If the pub-
lisher adopts the most deprived peer selection, in contrast,
and U < λ, a fraction U/λ of peers receive a piece from
the publisher after arriving to the system. These peers are
referred to as gifted peers. The arrival rate of gifted peers
and non-gifted peers are U and λ− U , resp. (see Fig. 1).

Peers adopt the random peer, random useful piece selec-
tion. Each peer has an internal clock, which triggers at the
end of exponentially distributed intervals with mean 1/µ.
Every time the clock triggers, the peer selects a target peer
uniformly at random to transmit a piece. The piece to be
transmitted is selected uniformly at random among those
that the target peer does not own. Alternatively, publishers
or peers can adopt the rarest-first piece selection policy, ac-
cording to which they select and transmit the rarest piece
among those that the target peer does not own. As soon as
peers complete their downloads, they leave the system.

Let nC denote the number of peers of type C. The system
described above can be modeled using a Markov Chain with
state space n = (nC : C ∈ C). Let eC be a vector of the
same length as n, with all its elements equal to zero, except
the one corresponding to C, which equals one. Let TC,i(n)
denote the state resulting from a peer of type C downloading
piece i. Since the peer-to-peer system is known to be stable
when λ < U [3], henceforth we assume λ > U .

If the publisher adopts the most deprived peer selection
and rarest-first piece selection, whereas peers adopt random
peer, random useful piece selection, the positive entries of
the generator matrix Q = (q(n,n′) : n,n′ ∈ N|C|) are

q(n,n+ e{c}) = U,where c is the rarest piece in n(1)

q(n,n+ e∅) = λ− U (2)

q(n, TC,i(n)) = nC

(

µ
∑

S:i∈S

nS/(|S − C|)

)

/|n| (3)

Eqs. (1) and (2) characterize the arrival rate of gifted and
non-gifted peers, respectively. Eq. (3) characterizes piece
transmissions between peers adopting random peer and ran-
dom useful piece selection.

If the publisher and peers adopt random peer, random
useful piece selection, the positive entries of the generator
matrix Q are given in [14, §II]. To simplify presentation,
in what follows we assume peers adopt random useful piece
selection. Our results also hold if peers adopt rarest first
piece selection.

3. MOST DEPRIVED PEERS FIRST

In this section we study the system throughput when the
publisher adopts the most deprived peer selection strategy
and rarest-first piece selection, whereas peers adopt random
peer, random useful piece selection.
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Figure 2: The effect of the publisher strategy.

Proposition 3.1. If the publisher adopts most deprived
peer selection and rarest-first piece selection and peers adopt
random peer and random useful piece selection, the maxi-
mum achievable throughput is upper bounded by KU .

Proof Sketch. In what follows, let λ > KU . First, we
note that all states n = (nC : C ∈ C) are achievable. Even-
tually, the system reaches a state in which a large number
of peers have all pieces except a tagged one. These peers
are also referred to as one-club peers (see Figure 1).

As a consequence of the random peer selection adopted by
peers, if the one-club is large enough then gifted peers will
transmit content only to one-club peers, with high proba-
bility. As shown next, if λ > KU the one club grows un-
boundedly. Therefore, the effect of transmissions from gifted
peers to members outside the one club reduces with time,
and does not affect the maximum achievable throughput.
For this reason, henceforth we neglect arrow (a) in Figure 1.

All uploads from the stable publisher are to newcomers,
a fraction U/λ of which effectively receive pieces from the
publisher. Each peer that receives a piece from the publisher
has an additional expected lifetime of (K−1)/µ. During this
time, it will serve on average K−1 peers from the one-club,
who will then leave the system. Therefore, the population of
the one-club decreases at a rate of U(K − 1), and increases
at a rate of λ − U . Hence, the total departure rate of
peers is upper bounded by U(K − 1) + U = UK.

If the stable publisher uses random useful piece selection
rather than rarest-first, the stability region degenerates to
the case analyzed in [3]. That is because in this case the
argument presented in the above paragraph still holds, after
replacing U by U/K, which yields a stable system if and
only if λ < U .

Achievability. In this section we provide evidence that the
bound of KU on the system throughput is achievable. To
this aim, we consider simulation results shown in Figure 2.
Let µ = U = 1/10 pieces/s, K = 10, λ = 9/10, and all peers
(except possibly the publisher) adopt random peer/random
useful piece selection. Figure 2 shows, for 20 simulation
runs, the population size as a function of the number of
simulated events. When publishers adopt most deprived
peer/rarest first piece selection (blue curves), the popula-
tion size oscillates around its mean. This indicates that the
system is likely to be stable and a throughput of 0.9 is
achieved (see Proposition 3.1). In contrast, when publish-
ers adopt random peer/random useful piece selection (red
curves), the population grows unboundedly. This is in ac-
cordance to [3], where it has been showed that in this case



the system is unstable if λ > U .

Random Peer Selection Versus RandomUseful Peer Se
lection. Since peers adopt random peer selection, the rate
at which a tagged peer A contacts a tagged peer B for trans-
missions is µ/|n|. Therefore, each peer is contacted by the
rest of the population roughly at rate µ. Note that if there is
a large number of peers that have all pieces except a tagged
one, most of the contact opportunities will occur among the
one-club members, and will consist of unuseful contacts. In
the sequel, we discuss how downlink constraints and reci-
procity affect the system throughput when peers adopt ran-
dom useful peer selection.

Reciprocity. The lifetime of peers that receive pieces from
the publisher equals (K − 1)/µ. As discussed in the pre-
vious paragraph, the use of random peer selection by the
peers, which yields such an expected lifetime, is key. Alter-
natively, other factors can also yield such an expected life-
time. One factor is the limited download capacity of peers.
A second factor is the reciprocity that occurs among peers
in most peer-to-peer swarming systems. If non-gifted peers,
when transmitting content to gifted peers, adopt a tit-for-tat
strategy, according to which a peer A only transmits a piece
to peer B if peer B transmits a piece to peer A, the mean
lifetime of gifted peers will be at least equal to (K − 1)/µ,
independently of the peer selection strategy adopted. That
is because gifted peers can only transmit packets at rate µ,
hence receive packets at that rate from one-club members.
Note that, to bootstrap peers that do not receive pieces from
the publisher, one-club peers still need to optimistically send
pieces to resource-less peers.

Throughput Scaling. We now study how the throughput
of the system scales with the number of peers. To this goal,
we consider a Markovian model of a closed system: every
time a peer leaves a new one immediately arrives. A de-
tailed description of the Markov Chain and the correspond-
ing Tangram II model are available at http://www-net.

cs.umass.edu/~sadoc/p2pthr/. For a file consisting of two
blocks (K = 2) and µ = 1, Figure 3 plots the throughput as
a function of the population size, for different publisher ca-
pacities U (varied between 0.5 and 1 blocks/s) and publisher
strategies. Peers follow random peer, random useful piece
selection. Figure 3 shows that the throughput obtained
when publishers adopt rarest piece/most deprived peer se-
lection is greater than the throughput obtained with each of
the other two strategies. It also shows that for large popu-
lation sizes, the throughput of rarest first/random peer and
random useful piece/random peer are roughly the same.

4. CONCLUSION

During the past decade, peer-to-peer systems have re-
ceived considerable attention for their popularity and scal-
ability. Nonetheless, it has been recently shown that such
systems are not always stable [3,5,14]. In this paper we con-
sidered publishers that adopt the most deprived peer/rarest
piece selection. First, we presented a bound on the achiev-
able system throughput. The bound is proportional to the
number of pieces in the file and simulations provide evidence
that it is achievable in practice. Second, we presented nu-
merical results obtained with a Markovian model of a closed
system. These results also indicate considerable gains when
publishers adopt the most deprived peer/rarest piece selec-
tion mechanism.
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1. INTRODUCTION

In the past ten years, peer-to-peer (P2P) networks have chal-
lenged the traditional client/server networking paradigm.
From the performance point of view, the salient feature of
P2P networks is their scalability, which originates from the
fundamental idea that the peers not only act as clients down-
loading content from other peers but also serve the other
peers by uploading onwards the downloaded contents.

Qiu and Srikant [7] developed a deterministic fluid model to
analyze the performance of BitTorrent-like P2P file sharing
systems under a steady flow arrival scenario. Among the key
parameters are the arrival rate of new peers, λ, the efficiency
of P2P file sharing, η, and the abort rate of leechers, θ.
For the file sharing application, it is generally accepted that
η ≈ 1 whenever the number of pieces is sufficiently high.
More fine-grained models for P2P file sharing systems have
later been developed, e.g., in [3, 2, 5], where the models are
analyzed from the stability point of view. Another approach
is presented in [4], which uses M/G/∞ queues to model the
self-scaling property of P2P file sharing systems.

Inspired by [7], Parvez et al. [6] developed a fluid model to
analyze the performance of P2P video-on-demand systems.
In [1], we presented a slightly different model. An essential
difference between our model and that of Parvez et al. is
in the handling of the playback phase and the modeling of
selfishness. The model in [6] ignores the playback phase and
simply assumes that any seed, whether it has played back
the media file or not, departs with a constant rate. Instead
of that, we include the playback phase explicitly in [1].

While in the context of file sharing a peer may download
the pieces in any order, the pieces of a video file have to
be retrieved (almost) in their sequential order to enable the
on-line playback as required by the video-on-demand appli-
cation. Therefore, it is clear that η < 1 in this case. One
of our main conclusions in [1] was that the system operates
properly (guaranteeing sufficient playback quality) whenever

the efficiency parameter η exceeds the following threshold:

η >
1

z
(
1

µ
−

k

λ
), (1)

where z refers to the playback time of the video, k to the
number of permanent seeds, and µ to the upload rate of a
single peer (in file transfers per time unit).

Previous P2P video-on-demand models [6, 1], however, omit
the fact that the leechers may become impatient during the
transfer phase and leave the system before the video file is
completely downloaded. In this paper, we study how impa-
tience affects the performance and scalability of BitTorrent-
like P2P video-on-demand systems. We find out that a dif-
ferent approach is needed for modeling. Instead of a deter-
ministic fluid model, we propose and develop an approxima-
tive stochastic queueing model describing the steady-state
behavior of the system, the accuracy of which is verified by
simulations. Based on this model, we come, maybe a bit
surprisingly, to a conclusion that the most stringent condi-
tions concerning the playback quality are related to the case
with the least amount of impatience.

2. MODEL AND ANALYSIS

Let m denote the size of the video file to be shared (in bits).
The video is played back at a constant rate w. New peers
arrive at rate λ. Each peer is connected to the network
over an asymmetric access link with download capacity d
and upload capacity u, where d > u. The corresponding
download and upload rates are: c = d/m and µ = u/m. As
justified in [1], we assume that d > w.

The life span of a peer consists of two phases, the file transfer
phase and the playback phase, which are overlapping. The
video transfer and playback proceed in a parallel manner
until the entire video is transferred. The transfer rate should
be greater than the playback rate so that the video can be
played back without any breaks or delays. In such a case,
the playback phase extends beyond the transfer phase.

During the transfer phase, the peer is called a leecher. Ac-
cording to the fundamental P2P principle, leechers help each
other. Let η ∈ [0, 1] denote the efficiency of this operation.
An altruistic leecher becomes a seed as soon as its own video
file transfer is completed. Let ζ ∈ [0, 1] denote the fraction
of altruistic peers, which continue to upload to leechers even
after their own transfer phase. Non-altruistic peers are as-
sumed to leave the system immediately after the transfer



phase, while altruistic peers stay in the system until the end
of the playback phase but no longer, which is a conservative
assumption. If the video is played back without any breaks
or delays, the length of the playback phase equals z = m/w.
In addition to dynamic seeds, we allow permanent seeds, the
number of which is denoted by k.

Fluid model: As a new parameter (when compared to [1]),
we introduce the abort rate of leechers, θ ∈ [0,∞). A rather
straightforward extension of our previous deterministic fluid
model would be as follows:

8

<

:

x′(t) = λ − θx(t) − φ(t),

y′(t) = ζφ(t) − y(t)
z−x(t)/φ(t)

,

φ(t) = min{cx(t), µ(ηx(t) + y(t) + k)},

(2)

where x(t) and y(t) denote the number of leechers and (non-
permanent) seeds, respectively, at time t. However, as we
demonstrate in our numerical examples, the fluid model does
not describe the steady-state behavior of the system with
satisfactory accuracy for θ > 0. Therefore, we have to take
a new approach for modeling.

Stochastic approach: Below we develop an approxima-
tive stochastic queueing model to describe the steady-state
behavior of the system more precisely. For that, we assume
that new peers arrive according to a Poisson process with
rate λ, and leechers leave the system before the transfer
completion randomly at rate θ. A leecher that completes
the transfer phase leaves the system immediately thereafter
with probability 1 − ζ. Otherwise it stays in the system as
a seed until the end of the playback phase.

First we consider the hypothetical pure download constrained
case with µ → ∞. In this case, the time Sx that a peer is a
leecher is clearly distributed as min{A, 1/c}, where A is an
independent exponential random variable with mean 1/θ.
It follows that the number of leechers, X(t), behaves like
the number of customers in an M/G/∞ queue (cf. [4]) with
steady-state mean value

xd := E[X ] = λE[Sx] =
λ

θ
(1− e−θ/c). (3)

In addition, we observe that new seeds constitute a Pois-
son process with rate parameter equal to λP{A > 1/c}ζ =

λe−θ/cζ, and the length of the remaining playback phase af-
ter the completion of the video file transfer is exactly z−1/c.
Thus, the number of (non-permanent) seeds, Y (t), behaves
like the number of customers in another M/G/∞ queue with
steady-state mean value

yd := E[Y ] = λe−θ/cζ(z − 1/c). (4)

Consider now the other extreme, i.e., the pure upload con-
strained case with c → ∞. Here we have to make a further
simplification by assuming that the random variation of the
effective transfer capacity per leecher, µ(η+(Y (t)+k)/X(t)),
can be neglected and its expectation can be approximated
by

µ̃ := µ(η + (E[Y ] + k)/E[X ]), (5)

where the steady-state mean values E[X ] and E[Y ] are given
below in (6) and (7), respectively. Under these simplifying

assumptions, we may proceed as above by just substitut-
ing µ̃ for c everywhere. Thus, we get the following implicit
formulas for the steady-state mean values:

xu := E[X ] =
λ

θ
(1 − e−θ/µ̃), (6)

yu := E[Y ] = λe−θ/µ̃ζ(z − 1/µ̃). (7)

The explicit values for xu and yu can be determined numer-
ically from equations (5), (6), and (7).

According to our numerical experiments, the candidates de-
rived above closely approximate the corresponding mean val-
ues determined from simulations when the efficiency param-
eter η is high enough but shows a qualitatively different be-
havior when η is below a certain threshold. The critical value
η0 is determined by requiring that the (approximate) trans-
fer rate in the upload constrained case equals the playback
rate, i.e., µ̃ = 1/z. It follows that

η0 =
1

z
(
1

µ
−

kθz

λ(1 − e−θz)
), (8)

If the efficiency parameter is below this threshold, η < η0,
the transfer rate for a leecher stays below the playback rate
resulting in playback quality problems. Peers have to stay
longer in the system than the actual playback time so that
Y (t) = 0 and the system is upload constrained. Our obser-
vation in this case is that the number of leechers and seeds
are well estimated by

x0 := xu|ζ=0, y0 := yu|ζ=0 = 0. (9)

The threshold η0 is monotonously decreasing with θ imply-
ing that the most stringent conditions for the efficiency pa-
rameter η (concerning the playback quality) are related to
the case with the least amount of impatience, θ = 0. As a
consequence, we find that the playback quality is scalable
(i.e., independent of the arrival rate) whenever η > w/u.
A necessary condition for this kind of scalability is clearly
u > w.

3. NUMERICAL RESULTS

In this section, we validate the accuracy of our approxima-
tive model against simulations. Unlike the analysis, which
is based on the two extreme cases with c → ∞ or µ → ∞,
simulations allow any finite values for c and µ. In the simu-
lations, peers arrive according to a Poisson process and start
downloading the video file with a given fixed size at a rate
determined by dynamically evolving φ(t) (cf. (2)) which is
assumed to be evenly shared between all leechers.

We consider a scenario where the parameters correspond to
a typical YouTube setting. The users are viewing a video file
consisting of 800 pieces each 32kB in size. The video coding
rate is w = 300 kbit/s, and thus the viewing time is z = 682
s. The upload and download bandwidths of the users are
u = 512 kbits/s and d = 1024 kbit/s. Also, we assume that
k = 1. New users arrive with rate λ = 0.2 peers/s, and
leechers leave due to impatience with rate θ = 0.001. Unless
stated otherwise, η = 0.8, which is a reasonable estimate of
the efficiency that can be achieved in the present setting by
using a windowed BitTorrent protocol [1].
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Figure 1: Dynamic evolution of x(t) and y(t) as a
function of time in a download constrained case with
ζ = 0.9 (upper panel) and an upload constrained case
with ζ = 0.3 (lower panel). Dashed lines represent
the solution of the fluid model, solid jagged lines the
simulated results and the solid horizontal line the
solution from the approximative stochastic model.

First we compare the fluid model and the stochastic ap-
proach against simulations. The results are given in Fig-
ure 1, which depicts as a function of time the mean number
of leechers x(t) and seeds y(t) when the system is initially
empty. In the upper panel with ζ = 0.9, the system is down-
load constrained, while in the lower panel with ζ = 0.3 the
system is upload constrained. As it can be seen, especially
in the lower panel, the fluid model is not able to accurately
characterize the steady-state performance, while the accu-
racy of the approximative queueing model is very good.

In Figure 2, we set η = 0.4, which is below our fundamen-
tal quality threshold (8) with the given parameters. In this
case, when a leecher downloads the video, it typically takes
longer than z seconds and the leecher leaves the system im-
mediately after the download. It can be observed that the
steady state is well estimated by equation (9).

Finally, we study the impact of the impatience parameter θ
on the steady state. We set η = 0.8 and ζ = 0.9, and vary
θ ∈ (0, 0.01). The results are given in Figure 3. For small
values of θ, the system is initially download constrained and
the values of x and y decrease monotonously as θ increases.
However, the steady state solution switches to being upload
constrained roughly at θ = 0.0050 at which point there is a
discontinuity also in the steady state solution. Comparing
with the simulated results, we observe that the correspon-
dence is very good when θ < 0.0040 or θ > 0.0055. In the
middle, the simulations indicate a smoother behavior than
the approximative stochastic model predicts.
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Figure 2: Dynamic evolution of x(t) from simula-
tions (solid jagged line) as a function of time when
η is below the threshold (8) compared with the pre-
dicted steady state from equation (9) (solid horizon-
tal line).
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Figure 3: Predicted steady state solutions for x
and y (solid lines) from the approximative stochastic
model compared with the simulated values (dashed
lines) as a function of θ.

In the future, we plan to compare the results against traces
from a BitTorrent simulator implementing a windowing al-
gorithm as already done for the case θ = 0 in [1].
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