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1. INTRODUCTION
Data centers represent the fastest growing component of

information and communication technologies (ICT) energy
footprint. With the advent of cloud computing, data cen-
ters will increasingly be used to process a wide array of jobs
with differing characteristics such as degree of parallelism,
memory access patterns etc.. From an energy efficiency per-
spective, the most energy efficient server architecture differs
for jobs with different characteristics [4], motivating the need
to consider heterogeneous data center designs consisting of
many server types [3, 5].

Even though types of jobs that a data center is expected to
serve might be known at design time, the workload statis-
tics are often unknown until the data center is deployed.
Therefore, data centers should be designed keeping in mind
the uncertainty in workload statistics — in this paper, we
outline a principled approach to designing energy-efficient,
heterogeneous data centers that are robust against data cen-
ter workload variations, using Wald’s minimax criterion as
a starting point. In the proposed formulation, we assume
that the only thing that is known at design time is an up-
per bound on the total rate (over all job types) at which
jobs arrive at the data center, and design the data center
to have the minimum worst-case energy consumption over
all job type mixes. We then highlight a number of potential
avenues for further investigation.

2. PROBLEM FORMULATION
We assume that there N types of commercially available

server architectures that can be used to design the data cen-
ter, and that the data center is expected to serve M different
job types that are pre-characterized. The power consumed
while executing an instance of a job of type j (1 ≤ j ≤ M)
on a server of type i (1 ≤ i ≤ N) is given by eij , and the
corresponding service rate is given by µij . Furthermore, the
idle mode power consumption of server i is given by eidlei .

We assume that per-type jobs arrivals are modeled as
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Figure 1: Problem set-up

independent point Poisson processes, and that the arrival
rate of jobs of type j is given by λj . The vector Λ =
[λ1, λ2, . . . , λM ]T is referred to as the arrival rate vector.
To reflect the uncertainty in workload statistics at design
time, we assume that the individual arrival rates for each
job type are not known a priori. Instead, we only know an
upper bound on the total arrival rate of all jobs into the
data center, i.e.,

∑
j∈[1,M ] λj ≤ λmax.

We denote by qi the number of servers of type i that are
included in the data center. The vector Q = [q1, q2, . . . , qN ]T

is referred to as the data center design vector. Each server
has an associated cost, for example, its market price, ci, and
the data center must be designed within a total budget given
by cbudget.

Finally, we assume that there exists a data center resource
manager (RM) that maps incoming jobs to servers at run-
time. We assume that the RM can distinguish between job
types and slots them into one of M virtual queues, one for
each job type. The RM schedules the execution of jobs in
each virtual queue to a subset of available servers in the data
center such that the queues remain stable, i.e., the service
rate of each queue matches (or exceeds) its arrival rate. The
matrix R ∈ RN×M is called the data center scheduling ma-
trix, and element rij indicates the number of servers of type
i that are used to process jobs of type j. The problem set-up
is illustrated in Figure 1. It is interesting to note that the
model described here is an generalization of the data center
modeled discussed by [2], where the authors assume a ho-
mogeneous data center with single job and server types and
a known job arrival rate.

The goal of the robust heterogeneous data center design
problem is to find the optimal data center design vector Q∗,
that minimizes the worst-case power consumption over all
admissible arrival rate vectors, assuming that for any data



center design vector and arrival rate vector, the RM makes
optimal scheduling decisions.

2.1 Minimax Optimization
We begin with some definitions for ease of exposition.

Definition 1. Given an arrival rate vector Λ and data cen-
ter design vector Q, RS(Q,Λ) is defined to be the set of all
RM scheduling decisions that ensure that the queues remain
stable. More specifically, RS(Q,Λ) is the feasible region of
the following set of linear inequalities:∑

i∈[1,N ]

µijrij ≥ λj ∀j ∈ [1,M ]

∑
j∈[1,M ]

rij ≤ qi ∀i ∈ [1, N ]

rij ≥ 0 ∀i ∈ [1, N ], ∀j ∈ [1,M ]

Definition 2. E(Q,Λ, R) is defined to be the power con-
sumption of a data center for a given data center design
vector Q, arrival rate vector Λ, and data center scheduling
matrix R.

E(Q,Λ, R) =

{ ∑
i

∑
j rij(eij − e

idle
i ) + qie

idle
i R ∈ RS(Q,Λ)

∞ otherwise

We begin with by formulating a deterministic problem in
which both arrival rate vector Λ and data center design Q
are known, and the goal is to determine the optimal schedul-
ing matrix, R∗(Q,Λ), that minimizes the data center power
consumption.

LP-Deterministic.

E∗(Q,Λ) = min
R
E(Q,Λ, R) (1)

subject to:

R ∈ RS(Q,Λ)

The robust heterogeneous data center design problem can
now be written as:

Minimax.

min
Q

max
Λ

E∗(Q,Λ) (2)

subject to: ∑
i∈[1,M ]

λi ≤ λmax

∑
i∈[1,N ]

ciqi ≤ cbudget

To solve the minimax problem, we first define some addi-
tional terminology.

Definition 3. Λi (i ∈ [1,M ]) represents an arrival rate
vector in which jobs of type i arrive at rate λmax and all
other jobs arrive at rate 0. Formally, λij = 0 if j 6= i and

λij = λmax if j = i.

Lemma 1. Let Λ′ be any admissible arrival rate vector,
i.e.,

∑
i∈[1,M ] λ

′
i ≤ λmax, then:

E∗(Q,Λ′) ≤ max
i∈[1,M ]

(E∗(Q,Λi))

.

Proof. We begin by noting that for any Λ′, there exists
a vector ∆ = [δ1, δ2, . . . , δM ]T such that Λ′ =

∑
i∈[1,M ] δiΛ

i,

where δi ≥ 0 (∀i ∈ [1,M ]) and
∑
i∈[1,M ] δi ≤ 1.

Now define R′ =
∑
i∈[1,M ] δiR

∗(Q,Λi). It can be shown

that R′ is a feasible solution for data center design vector Q
and arrival rate Λ′, i.e., R′ ∈ RS(Q,Λ′).

In addition, we can show that:

E(Q,Λ′, R′) =
∑

i∈[1,M ]

δiE
∗(Q,Λi)

.
By definition, E∗(Q,Λ′) ≤ E(Q,Λ′, R′) and given that∑
i∈[1,M ] δiE

∗(Q,Λi) ≤ maxi∈[1,M ](E
∗(Q,Λi)), the desired

result is obtained.

Lemma 1 allows us to simplify the Minimax problem as
follows:

Minimax.

min
Q,γ

γ (3)

subject to:

E∗(Q,Λi) ≤ γ∑
i∈[1,N ]

ciqi ≤ cbudget

We will now determine an analytical expression for E∗(Q,Λt)
(t ∈ [1,M ]). Recall that E∗(Q,Λt) represents the minimum
data center power consumption given a data center design
Q and assuming that jobs of only type t arrive at the data
center, and the rate at which they arrive is λmax. We will as-
sume, for notational simplicity and without any loss of gen-
erality, that for job type t, the following relationship holds:

eit − eidlei

µit
≤ ejt − eidlei

µjt
∀i, j ∈ [1, N ]; j ≥ i (4)

Note that
eit−eidlei

µit
can be viewed, in a sense, as a measure

of the energy efficiency of servers of type i in processing jobs
of type t. This is becomes more clear if we set eidlei = 0.
Equation 4 simply says that for jobs of type t, the servers
are indexed in decreasing order of energy efficiency1. Under
this assumption, we can write an expression for E∗(Q,Λt).

Definition 4.

eit − eidlei = ediffit ∀i ∈ [1, N ]

Lemma 2.

E∗(Q,Λt) = max
j∈[1,M ]

(
j−1∑
i=1

qie
diff
it +

λmax −
∑j−1
i=1 qiµit

µjt
ediffjt

) (5)

1Similar results can be derived for every other task type by
appropriately re-ordering the indices in decreasing order of
energy efficieny.



.

Proof. We can obtain E∗(Q,Λt) by solving the following
linear program:

E∗(Q,Λt) = min
R

∑
i∈[1,N ]

(rit(eit − eidlei ) + qie
idle
i ) (6)

subject to: ∑
i∈[1,N ]

µitrit ≥ λmax

rit ≤ qi ∀i ∈ [1, N ]

rit ≥ 0 ∀i ∈ [1, N ]

Substituting the variable git = µitrit (∀i ∈ [1, N ]), we get
the following equivalent LP:

E∗(Q,Λt) = min
G

∑
i∈[1,N ]

(git
(eit − eidlei )

µit
+ qie

idle
i ) (7)

subject to: ∑
i∈[1,N ]

git ≥ λmax

git ≤ µitqi ∀i ∈ [1, N ]

git ≥ 0 ∀i ∈ [1, N ]

It can be shown that in this case the greedy solution to
the LP problem, i.e., one in which the most energy efficient
servers are allocated first, followed by the next most energy
efficient servers and so on till the total service rate becomes
at least equal to λmax, is also the optimal solution. Note
from Equation 7 servers will get picked in decreasing order

of the coefficients
(eit−eidlei )

µit
.

Greedy allocation of servers to the incoming job stream
results in the power consumption being a piecewise linear
function of the data center design vector Q, which is appar-
ent from Equation 5.

Lemma 2 allows us to re-write the Minimax constraint
E∗(Q,Λt) ≤ γ as N linear constraints, i.e.,:(
j−1∑
i=1

qie
diff
it +

λmax −
∑j−1
i=1 qiµit

µjt
ediffjt

)
≤ γ ∀j ∈ [1, N ]

Therefore, the robust heterogeneous data center design
problem can be expressed as a LP with N+1 variables (data
center design vector Q and γ) and NM + 1 constraints.

2.2 Illustrative Example
Wu use a simple example with two job types (M = 2)

and two server types (N = 2) to illustrate the proposed ap-
proach. In this simple example, we assume that each server
can process each job at the same rate of 1 job/second, i.e.,
µij = 1 (i ∈ [1, 2] and j ∈ [1, 2]). Moreover, in terms of
energy consumption, we assume that servers of type 1 are
optimized to run jobs of type 1, while servers to type 2 are
optimized to run jobs of type 2. In particular, e11 = 1, e12 =
3, e21 = 4, e22 = 1. The idle power consumption is assumed
to be zero for both servers. Finally, each server is assumed
to have unit cost and the maximum total arrival rate of jobs

Figure 2: Illustrative Example

into the system is assumed to be 10 jobs/second. Figure 2
depicts the optimal data center design for different values of
cbudget, which in this case simply constrains the total num-
ber of servers allowed in the data center. As can be seen
from the figure, if only ten servers are allowed, the optimal
design has 6 servers of type 1 and 4 servers of type 2, and
dissipated 22 units of power in the worst case.

3. FUTURE WORK
The robust heterogeneous data center design problem we

address in this paper is based implicitly on a number of
assumptions that we are now working on relaxing. First,
we assume that the data center performance specification
only requires queue stability but does not account for either
queuing or execution latency. We assumed also that the
servers exist in one of two states, either ON or IDLE, but
in general, servers have access to a range of power states
which they can switch between at run-time. In addition,
worst-case optimization using a minimax objective function
is perhaps too pessimistic. We are currently looking at ad-
dressing scenario when some of the moments of arrival rate
vector Λ are known. Much of this work falls squarely within
the framework of adjustable robust optimization [1], with
the data center design vector Q corresponding to the ”‘here-
and-now”’ variables, R (or any run-time scheduling decision)
corresponding to the ”‘wait-and-see”’ variables and Λ corre-
sponding to the parametric uncertainty.
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