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ABSTRACT

Graph theory has provided a powerful modeling foundation for

problems in many domains, but we argue that group interactions

are better modeled by hypergraphs. As we work toward scalable

systems for such hypergraph analysis, several major challenges and

opportunities arise; here we highlight a sample of those challenges.

We consider the need for efficient representations of hypergraphs,

and show that in some cases it is possible to exploit the specific

structure of a hypergraph to reduce storage overhead. We also

explore several challenges in distributing computation on hyper-

graphs, including the need for more general partitioning approaches.
Finally, we discuss several other problems that arise as we move

from graphs to hypergraphs, including designing programming mod-
els, using hypergraphs to model real-world groups, and the need

for a better understanding of the structural characteristics of hyper-

graphs.

1. INTRODUCTION

Recent years have seen massive amounts of data being gener-
ated at unprecedented scales, through the rapid growth in large so-
cial networking platforms such as Facebook and Twitter, extensive
recording of consumer data for both online and in-store purchases,
and discovery of dense genetic networks of various organisms. As
such systems consist of a large number of entities interacting with
each other, there is an increasing interest in studying group dynam-
ics in order to better understand many social, economic, and bio-
logical phenomena. For instance, the group is a fundamental build-
ing block of many social interactions [9], from attending events to-
gether, to collaborating in teams, to sharing information and views
on social networks. In fact, many aspects of an individual’s behav-
ior depend upon the behavior of the social groups to which that in-
dividual belongs. Similarly, in the biology domain [2], many physi-
ological phenomena are driven by group interactions between mul-
tiple genes rather than by individual genes, and such group interac-
tions are important for understanding diseases and finding cures.

Graph theory has been used to study and model several phenom-
ena in a variety of domains, allowing data analysts to find and un-
derstand relations between various entities, for example friendships
between users, or interactions among genes. The standard graph
analysis approach has been to consider the interaction between a
pair of actors as the basic unit of interaction, modeled as an edge
between two vertices, leading to a dyadic graph model.! While
suitable for many purposes, such a graph model fails to capture
group-level interactions between actors, which are considered to be
fundamentally different. For example, a group of academics A, B,
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and C co-authoring a paper is not the same as three separate papers
co-authored by A and B, by B and C, and by A and C, respectively.
Specifically, the latter model fails to capture the three-way collab-
orative nature of the relation between the authors. This group of
co-authors is better modeled as a hyperedge { A, B, C'} rather than
as the set of dyadic edges {A, B}, {B,C}, and {4, C}.

This observation suggests that the right mathematical object for
modeling group interactions is not a graph, but rather a hypergraph.
Formally, a hypergraph (see Figure 1) can be defined as a tuple
H = (V,E), where V is the set of entities, called vertices, in the
network, and E is the set of subsets of V', called hyperedges, rep-
resenting relations between one or more entities [1]. Research has
shown that several social, biological, ecological, and technological
systems can be better modeled using hypergraphs than using dyadic
proxies [4].

Figure 1: A hypergraph with four vertices (filled circles) and four
hyperedges (enclosing ovals).

A key challenge in supporting hypergraph analysis is the large
volume of underlying data in many domains. For example, large
social networks such as Facebook and Twitter have nearly a billion
users, and on the order of millions or billions of group interactions
(e.g., likes, comments, and tweets) every day. Thus, hypergraph
analysis algorithms need to be scalable both in terms of their mem-
ory/storage usage as well as computation by utilizing distributed
resources. While several large-scale graph processing systems and
frameworks [10, 11] have been proposed in the recent past, and
while hypergraphs themselves have been studied for decades, we
believe that scalable distributed systems for hypergraph analysis
present novel challenges and opportunities.

In this paper, we discuss three sets of issues in developing scal-
able hypergraph analysis systems: efficient data representation (Sec-
tion 2), distributed computation (Section 3), and hypergraph mod-
eling and characterization (Section 4).

To illustrate these issues, we use two publicly available datasets:
the DBLP authorship database,” and Subversion logs from the Apache
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Software Foundation’s subversion repository.® In the DBLP hyper-
graph, each vertex models an author, and each hyperedge models a
distinct collaborating set of authors. The Apache hypergraph mod-
els collaboration on open-source software projects in the Apache
Software Foundation’s Subversion repository. In this hypergraph,
each vertex represents a committer, and each hyperedge represents
a unique set of committers that have collaborated on one or more
files. For example, if committers A, B, and C have all modified
file F', then this group is modeled in the hyperedge {A, B, C}. (If
they have collaborated on multiple files, then the count or full list
of these files can be recorded as a hyperedge attribute.)

Table 1: Datasets.

Dataset Vertices Hyperedges
DBLP 1,199,273 authors | 1,383,304 author sets
Apache SVN | 3,360 committers | 80,922 committer sets

Table 1 provides further details, and Figure 2 shows the distribu-
tion of vertex degrees and hyperedge sizes for these hypergraphs.
We note that while these datasets are relatively small, they provide
several insights about the challenging nature of hypergraph anal-
ysis. Moreover, we can study the hypergraph properties of these
datasets because they are amenable to analysis on a small scale,
further motivating the need for scalable hypergraph analysis sys-
tems to handle much larger datasets.
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Figure 2: Distributions of vertex degrees and hyperedge sizes for
the DBLP hypergraph (top), and the Apache hypergraph (bottom).

2. EFFICIENT DATA REPRESENTATION

The first issue we discuss is that of data representation; i.e., how
hypergraphs should be represented at a system level to enable effi-
cient storage and processing. Even at the fundamental level of data
representation, hypergraphs present richer challenges and oppor-
tunities compared to their graph counterparts. We illustrate these
differences through one example property of hypergraphs: the un-
restricted vertex membership of hyperedges. In particular, a key
distinction between a graph and a hypergraph is that while an edge
in a graph can be incident on exactly two vertices, each hyperedge
in a hypergraph is an arbitrary subset of the vertex set. Thus, many
hyperedges may be subsets of other hyperedges. As an example, in
Figure 1, hyperedges e; and e3 are subsets of hyperedge es. We
next discuss how this property could impact the data representation
efficiency of a hypergraph.

One way to represent a hypergraph is to use an underlying bipar-
tite graph, which we will describe in terms of its nodes and links
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to avoid confusion with the hypergraph counterparts. In a bipar-
tite representation, nodes on one side of the bipartition represent
vertices in the hypergraph, while nodes on the other side represent
hyperedges. Links in the bipartite graph represent the membership
of vertices in hyperedges. Figure 3a shows the bipartite graph rep-
resentation of the example hypergraph from Figure 1.

(a) Bipartite graph

(b) Hierarchy DAG (HDAG)
Figure 3: Hypergraph representations.

As an alternative, we can explicitly encode the subset/superset
relationships in the underlying representation. In general, we add
a link from e; to e; if e; C e; and there does not exist a hyper-
edge ey such that e; C ey and e, C e;. In the example from
Figure 3a, we add a link from e; to ey to reflect that e; C eq. We
similarly add links from e3 to e4 and from ez to e; to reflect ad-
ditional subset relationships. We do not, however, add a link from
ez to e4 even though ez C ey; there is already a path of links that
establishes this connection. Figure 3b shows how we can represent
the hypergraph from Figure 1 using this alternative representation,
which we refer to as the Hierarchy DAG, or HDAG.* The HDAG
can be constructed efficiently from the bipartite representation: the
subset/superset relationships can be established in O(1) rounds of
messages between hyperedges and vertices, and redundant links
(e.g., from ez to e4) can then be removed by propagating messages
in a parallel breadth-first manner from the vertices.

To explore further, we consider the DBLP hypergraph and ob-
serve the distribution of the number of strict subsets contained within
each hyperedge. We notice a high degree of skew, with most hyper-
edges containing fewer than a handful of strict subset hyperedges,
while some others contain 50 or more subsets.

Given this observation, we would expect that by removing direct
links from large hyperedges to each of their adjacent vertices, and
instead using the superset-to-subset links to achieve this connec-
tivity indirectly, we could reduce storage overhead. Indeed this is
what we find: In the bipartite representation, there are a total of
about 4.23 million hyperedge-to-vertex links (and the same again
from vertices to hyperedges, as we model an undirected hyper-
graph). In the HDAG representation, more than 47% of these links
are removed, and 1.68 million new hyperedge-to-hyperedge links
are added to maintain the original connectivity. Overall, the number
of links in the underlying representation decreases by 7.9%, show-
ing that we can exploit the structure of a hypergraph to achieve a
more efficient representation.

These savings are critical not only for the raw storage of the hy-
pergraph (e.g., on disk), but also in terms of the amount of mem-
ory required to operate on the hypergraph, especially for memory-
resident algorithms (even if the memory is distributed across ma-
chines). Moreover, such space savings may also improve the com-
munication efficiency during analysis. As an example, the links of
the underlying graph representation might be used for passing mes-
sages among vertices and hyperedges across different phases of an
iterative computation (similar to that in graph-processing systems

“We also add symmetric superset-to-subset links to build a separate
reversed DAG to allow traversal in either direction.



such as Pregel or GraphLab). Reducing the number of links reduces
the number of messages and might also facilitate better aggregation
of such messages where needed. Further, reduced overall mem-
ory requirements might reduce the number of machines needed for
distributed computation on the hypergraph, resulting in fewer mes-
sages crossing physical machine boundaries.

3. DISTRIBUTED COMPUTATION

The large size of interesting datasets requires that we distribute
computation across a cluster of machines, and the need for effi-
cient distributed computation leads to interesting scheduling and
load balancing issues. Distributed graph analysis systems such as
Pregel [11] and GraphLab [10] provide a graph-specific execution
model, where computation is carried out in the form of a vertex pro-
gram that runs at each vertex, receiving messages from and send-
ing messages to its neighbors. Gonzalez et al. [6] generalize these
models to a GAS (Gather, Apply, Scatter) model that can describe
either Bulk Synchronous Parallel [12] execution, or asynchronous
execution.

While these models have served well in the graph context, hyper-
graphs present different challenges. Most notably, hyperedges are
not merely passive entities in the way that edges are often treated
in the graph setting. Instead, they are first-class citizens in hyper-
graph analysis, and systems must support hyperedges that maintain
attribute state and perform computation just as vertices do. There-
fore, supporting hypergraph analysis—including hyperedge-based
computations—will require either extending existing graph execu-
tion models, or developing new execution models that are a better
fit for these new requirements.

This added complexity presents interesting challenges in terms
of partitioning the hypergraph for the purpose of distributing com-
putation across a cluster. Just as with graphs, hypergraphs will ex-
hibit highly skewed vertex degree distributions. But unlike dyadic
graphs, where all edges have the same cardinality, hypergraphs can
also exhibit high skew in terms of hyperedge cardinality (size). For
example, Figure 2 shows the skewed distributions of vertex degree
and hyperedge size in both the DBLP and Apache hypergraphs.
This pronounced skew can lead to some hyperedges or vertices
requiring much more computation than others, making partition-
ing difficult due to imbalanced load, just as in the case of dyadic
graphs [6].

Partitioning a dyadic graph is typically a matter of partitioning
the vertex set [11] and in turn “cutting” edges by replicating them
across partition boundaries, or by partitioning the edge set [6], and
cutting vertices. The goal of partitioning is to minimize the num-
ber of edge (respectively, vertex) cuts subject to some balance con-
straint. The arbitrary size of hyperedges makes the partitioning
problem more challenging: in particular, while a vertex-based par-
titioning heuristic has been shown to be inefficient for graphs that
exhibit highly skewed vertex degrees [6], a hyperedge-based parti-
tioning heuristic may suffer from the same problem in the presence
of highly skewed hyperedge sizes. Thus, we may require a com-
bination of vertex- and hyperedge-based partitioning heuristics in
order to enable efficient partitioning in the presence of both ver-
tex degree skew and hyperedge size skew. At the same time, these
heuristics must facilitate efficient distributed partitioning of a hy-
pergraph.

Another question to consider is the distinction between vertex
and hyperedge computations. For instance, in some applications,
vertex computations may be much more heavy-weight (i.e., car-
rying out more operations or requiring more state), while hyper-
edge computations may be relatively light (e.g., they may simply
forward state between vertices). Such computation heterogene-

ity might impact scheduling and partitioning decisions; it is no
longer the case that we can simply use a one-size-fits-all partition-
ing heuristic (e.g., minimizing vertex cuts). Instead, an effective
partitioning heuristic needs to minimize a more holistic cost func-
tion based on the relative cost of vertex and hyperedge computa-
tions as well as the communication between them. This might re-
quire cutting vertices in some cases, cutting hyperedges in others,
or cutting both in other cases.

Hypergraph partitioning was a popular topic in previous decades,
particularly in the context of VLSI design. This led to mature and

highly efficient hypergraph partitioning algorithms such as hMETIS [8].

Such algorithms focus largely on hyperedge-based metrics such as
hyperedge cut or sum of external degrees (SOED), whereas sys-
tems that allow arbitrary computation and state at both hyperedges
and vertices will require more general partitioning objectives.

The choice of data representation itself might also depend on
this tradeoff. For instance, we find that compared to the bipartite
graph representation, the HDAG representation reduces the degree
of vertex nodes and increases the degree of hyperedge nodes in
the underlying representation, as Figure 4 illustrates. The HDAG
representation might therefore be preferable if vertex computations
are relatively heavy and dependent on the vertex degrees.

4. MODELING & CHARACTERIZATION

The move beyond graphs toward hypergraphs brings with it new
challenges in terms of programming models, application-level mod-
eling, and understanding the characteristics of hypergraphs. Though
we only briefly discuss each of these areas, they represent signifi-
cant opportunities on their own.

Programming models: The restrictive programming models af-
forded by popular systems such as MapReduce [3], Pregel [11], and
Spark [13] have proven highly effective for encoding several data
analysis problems. A restricted but still very effective program-
ming model must be developed for hypergraph analysis systems as
well, because such restricted models leave room for optimization
at the system level while providing sufficient expressibility to the
programmers. This may, however, prove to be a significant chal-
lenge. In the graph context, system developers had the benefit of
a mature and extensive body of efficient graph analysis algorithms
from which to make design decisions while developing these pro-
gramming models. The area of hypergraph algorithms is much less
mature, both due to a lack of systems for hypergraph analysis, and
also due to application modeling issues (see below). As a result, it
is more difficult to identify the common elements that a program-
ming model must support.

Application-level modeling: Though we have argued that hy-
pergraphs are a powerful structure for modeling groups in many
domains, such modeling itself may be difficult. In fact, even the
question of what constitutes a group can be a difficult one based on
the context. As an example, in the DBLP dataset, the concept of a
group is rather obvious: individuals that collaborate to co-author a
paper have almost certainly engaged in a meaningful group inter-
action. On the other hand, the concept of a group is more nebulous
in a social networking context such as Facebook. Here, it is unclear
if a group should be defined as the set of all friends for a user, or
all people who interact closely via common wall postings or pho-
tos, or perhaps people who are explicitly identified as belonging
to a Facebook group. Even if we restrict the choice of a group to
those people who interact with each other, we may want to distin-
guish between those who have interacted recently or often, against
those who may have interacted a long time ago or only rarely. The
Apache dataset illustrates similar challenges; there we treated all
committers to a common file as forming a group, though they may
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Figure 4: Degree distribution for nodes in the underlying representation. Note that for the bipartite representation, these correspond to vertex
degree and hyperedge size, but this no longer holds in the HDAG representation.

have worked on the file at different points of time. Of course some
of these modeling issues arise in the dyadic graph setting as well,
but the added generality of hypergraphs only magnifies the chal-
lenge, and many of these modeling questions are domain-specific.

Hypergraph characterization: The distinctive structure of natu-
ral graphs (such as those modeling Internet topology or the struc-
ture of the Web) has been the subject of a great deal of research,
and is relatively well understood. For example, we know that many
natural graphs exhibit power-law degree distributions [5], and that
graphs modeling social phenomena tend to have small diameters
that shrink rather than grow as vertices and edges are added to the
graph [7]. What we do not know, however, is whether these obser-
vations apply equally to hypergraphs, and also what other attributes
might be important for characterizing hypergraphs. Further, it is
possible that natural hypergraphs may display unique characteris-
tics not observed in or relevant to graphs. For instance, the vertices
in a social network-based hypergraph may have limited degree due
to the limited capacity of humans to engage in social interactions,
even though some hyperedges are very large.

From our own early experiments, we suspect that hypergraph
instances are likely to differ significantly from one another based
on the particular domain that they model. For example, Figure 4
shows the degree distributions of nodes in the underlying represen-
tation for both the DBLP and Apache hypergraphs. We can easily
see that both hypergraphs exhibit highly skewed distributions, but
the particular shapes of these distributions are quite different. Addi-
tionally, the impact of using the HDAG representation is also very
different in these two hypergraphs. Specifically, compared to the
DBLP hypergraph, using the HDAG representation for the Apache
hypergraph yields a much greater reduction in vertex degree, but
also a much greater increase in hyperedge degrees (in the underly-
ing representation). In fact, for the Apache hypergraph, the HDAG
representation actually increases the total space requirement due to
the large number of subset relationships but lack of a clear hierar-
chical structure to these relationships. These results suggest that
hypergraphs need to be characterized and classified based on their
properties to drive some of the system optimizations.

5. CONCLUSION

Graph theory has been a powerful tool for modeling several phe-
nomena in domains ranging from biology to social network anal-
ysis, but we argue that group interactions are better modeled by
hypergraphs. Several major challenges and opportunities arise as
we work toward scalable hypergraph analysis systems; we high-
light a sample of those challenges here. We consider the need
for efficient representations of hypergraphs, and show that in some

cases it is possible to exploit the specific structure of a hypergraph
to reduce storage overhead. We discuss several challenges in dis-
tributing computation on hypergraphs, including the need for more
general partitioning approaches. Finally, we discuss several other
problems that arise as we move from graphs to hypergraphs, includ-
ing designing programming models, using hypergraphs to model
real-world groups, and the need for a better understanding of the
structural characteristics of hypergraphs.
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