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ABSTRACT

This paper studies a control problem for optimal switching on and
off a cloud computing services modeled by an M/M/oco queue with
holding, running and switching costs. The main result is that an
average-optimal policy either always runs the system or is an (M, N)-
policy defined by two thresholds M and N, such that the system is
switched on upon an arrival epoch when the system size accumu-
lates to N and it is switched off upon a departure epoch when the
system size decreases to M. We compare the optimal (M, N)-policy
with the classical (0, N)-policy and show the non-optimality of it.
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1. INTRODUCTION

As cloud computing starts to play an important role in the ar-
eas related to big data analytics, the performance evaluation and
stochastic control of cloud computing centers are paid more and
more attentions in recent years. Cloud providers like Amazon Elas-
tic Compute Cloud [1], Google Compute Engine [5], HP Cloud
Compute [?], IBM Smart Cloud [9] and Microsoft [15] offer com-
puting and storage sharing facilities for lease at various prices de-
pending on the type of services. A major business requirement in
cloud computing is that it must be able to support extensive scala-
bility at an acceptable and competitive cost. Most cloud computing
is expected to be able to support thousands of servers with rea-
sonable performances [10], which is realized by using peer-to-peer
parallel and distributed techniques. Such facilities are highly scal-
able and capable of handling huge number of simultaneous user
requests using queueing based models [15]. Large financial and
environmental costs associated with high electricity consumption
of running a data center is one of the major considerations for these
cloud providers [6]. How to operate a cloud efficiently and envi-
ronmental friendly is becoming more challenging nowadays. This
paper studies the optimal decisions for a server provider of cloud
computing services, who needs to make decisions on whether to
pay for the cloud facility (switch on the service) or not.

Many research works on resource allocation and stochastic con-
trol of a cloud center consider modeling the cloud computing as
a multi-server queueing system [11, 13]. However, a cloud cen-
ter can have a huge number of server nodes, typically of the order
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of hundreds or thousands [6, 1]. Given that n is large, traditional
M/M/n queueing system is not suitable in this case. Thus we look
into M/M /oo queue in this paper.

In addition to cloud computing, another motivation comes from
the application in IT software maintenance. [12] studied the soft-
ware maintenance problem as a queue formed by software mainte-
nance requests relevant to software bugs experienced by customers.
Once a customer is served and the appropriate bug is fixed in the
new software release or patch, it also provides service to some other
customers in the queue. In [12] it was assumed that the number
of customers leaving the queue at a service completion time has a
binomial distribution, this problem was modeled in [12] as an opti-
mal switching problem for an M/G/1 queue in which a binomially
distributed number of customers is served each time, and the best
policy was found among the policies that turn the system off when
it is empty and turn it on when there are N or more customers in
the system. Here we observe that after an appropriate scaling, this
problem and the optimal switching problem for an M/M/co queue
have the same fluid approximations. So, the result on optimality
of (M.N)-policies described below provide certain insights to the
software maintenance problem in [12].

In this paper, we consider an M/M/co queue with Poisson ar-
rivals and independent exponential service times. The number of
servers is unlimited. The system can be switched on and off any
time. All occupied servers operate when the system is on, and all
the servers are off when the system is off. The costs include the
linear holding cost 4 for a unit time that a customer spends in the
system, the start-up cost sy, the shut-down cost sy, and the running
costs ¢ per unit time. We assume that 2 > 0, and s + 51 > 0.

To simplify the initial analysis, we assume that the server can
be turned on and off only at time 0, customer arrival times, and
customer departure times. These times are jump epochs for the
process X(¢) of the number of customers in the system at time ¢. Let
to, 11, . .. be the sequence of jump epochs. We initially consider the
servers can be switched on and off only at jump epochs. Switching
takes place only at these times is not restrictive, and the optimal
policies described in the paper are also optimal when the system
can be turned on and off any time.

The main result of this paper is that either the policy that always
keeps the server on is average-optimal or for some integers M and
N, where N > M > 0, the so-called (M, N)-policy, is average-
optimal. The (M, N)-policy switches the running system off when
the number of customers in the system is not greater than M and
it turns the idling system on when the number of customers in the
queue reaches or exceeds N. In particular, (0, N)-policies are known
in the literature under the name of N-policies. It is well-known [8]
that for an M/G/1 queue either the policy that always runs the sever
is average-optimal or for some natural number N the N-policy is



average-optimal. We will show that N-policies may not be average-
optimal for M/M /oo queues.

We model the problem as a Continuous-Time Markov Decision
Process in Section 2. The transition rates in this CTMDP are not
bounded. This is an additional complication. CTMDPs with un-
bounded transition rates were recently studied by [7]. However,
it was assumed there that any stationary policy defines an ergodic
continuous-time Markov chain. This condition does not hold for
the problem we consider because the policy that always keeps the
system off defines a transient Markov chain. First we study the
expected total rewards in Section 3.1. Then, in Section 3.2 we in-
vestigate the discrete-time total-reward problem limited to the poli-
cies that never turn the running system off. Section 3.3 investigates
the reduction of the original model to the finite state space model
and proves the existence of average-optimal policies. In Section 4
we prove the existence of stationary average-optimal policies and
describe their structure. Section 5 provides the conditions for the
full-service policies and (M, N)-policies. We provide the linear
programming method to compute the average-optimal polices in
Sectin 6.

2. PROBLEM FORMULATION

We model the above described problem as a continuous time
Markov decision process (CTMDP). The state space is Z = N x
{0, 1}, where N = {0, 1,...}. If the state of the system at the deci-
sion epoch n is z, = (X;,0,) € Z, this means that the number of
customers in the system is X,, and the state of the system is §,,, with
0, = 1 if the system is on and §,, = 0 if the system is off. The action
set is A = {0, 1}, where @ = 0 indicating turning or keeping the
system off and @ = 1 meaning turning or keeping the system on.

The transition rate from state z = (i,0) with action a to state
7 = (j,a) is q(Z'|z,a) = q(jli,a) where

A, ifj=i+1,
q(jli,a) =3iu ifi>0,a=1, j=i-1, (1)
0, otherwise.

Atstate z = (i,0), define g(z, @) = g(i,a) = ) q(Z'lz.@) = ) q(jli, @),

7€z JjeN
for 77 = (j,a). Now we define the cost function. The cumula-
tive cost C(¢) over the interval ¢ is C(f) = fot(hX(t) + co())dt +
N(1)
Z So|0(t,) — 0(t,—)|, where X(¢) is the system size, 6(¢) is the
n=0
system state at ¢, and N(¢) is the number of jump epochs up to ¢.

A stationary policy is defined by a mapping 7 : Z — A such
that 7(z) € A,z € Z. For each initial state of the system xy = (i, 9),
and for any policy n, the policy m defines a stochastic sequence
{xp,an, t,,n = 0,1,...}, where t, = 0 and #,; > 1,. We denote by
E7, the expectation of this process. For any initial state of the sys-
tem zp = (i, 9), and for any policy , the expected total discounted
cost over the infinite horizon is

w@®=mﬂf'wwag
0

=E%, fo IhX(@) + 5Ot + ) € ay = bls,, | (2)

n=0

Define the average cost per unit time as v*(i, §) = lim sup ' E;’OC(t).
[—00

Let V,(i,6) = inf V1(i,6), and v(i,6) = infv"(i,5). A policy ¢ is

called discount-optimal if VZ(i,8) = V,(i,6) for any policy 7 and

for any initial state (i,6). A policy ¢ is called average-optimal if

v¥(i, ) = v(i, 6) for any policy 7 and for any initial state (i, 9).

3. DISCOUNTED COST CRITERION

3.1 Reduction to Discrete Time and Existence
of Stationary Discount-Optimal Policies

At state (i, 1), the time until the next jump has an exponential
distributions with intensity 4 + iy — oo as i — oo. Since the
jump rates are unlimited, it is impossible to present the problem
as a discounted MDP with the discount rate smaller than 1. Thus,
we shall present our problem as a negative MDP. By Theorem
5.6 in [4], the expected transition time until the next jump epoch

is T4(z,a) = 74((i,8),a) = ————, and the one-step cost as
a+q(z,a)

Co((i,0),a) = la = 6bls, + (hi + ac)t,((i,d),a). We use C(z,a) and
7(z,a) to denote C,(z,a) and 7,(z, a) respectively if @« = 0. The
value function V(z) satisfies the optimality equation

q(Z)z,a)

@+ q(z,a) lza)V(@)), z€Z  (3)

V(z) = min{C,(z,a) +
acA(z) =

By [4], for an MDP with a countable state set Z, action sets A(Z),
transition rate ¢(z'|z, @) , and nonnegative one-step rewards C(z, a),
a stationary a stationary policy ¢ is optimal if and only if for all

o q(Z|z, a) ,
z € Z it satisfies V(2) = Cyo(z, #(2)) + ——F——V(Z), where
Zg a+q(z,¢(2)

V(z) is the infimum of the expected total costs starting from state
z. We follow the conventions that g(—1li,a) = 0, V,(-1,6) = 0,

ZzO,andel.
0 0

THEOREM 1. For any a > 0 the following statements hold:

hi ha
(i) Fori=0,1,...,Vo(i,6) < (1-6)s1 + —— 4 — 24 €
pH+a au+a) «a

(ii) Foralli=0,1,...andall 6 = 0,1 the value function V,(i, 6)
satisfies the optimality equation

- lia)

V,(i,0) = aIeI(I(i),I}) {C((i, 0),a) + atqi.a) V,(i-1,a)
q(i+ 1li,a) .
mVa(l + l,a)} 4

(iii) There exists a stationary discount-optimal policy, and a sta-
tionary policy ¢ is discount-optimal if and only if for all
i=0,1,...andforall 6 = 0,1

q(i —1li,a)
@+ q(i, $(i, 6))

Vo(i+ 1, ¢(, 6))} .

Vali, ) = ¢(l,g>1€i{(l)’l] {Ca((i’ 0), (i, 6)) +

. . q@+ 1li,a)
Vo (i — 1,6, 0)) + m
3.2 Full Service Policies

The class of the policies that never turn the running server off
is the class of all policies in the MDP with Z, A, A(i,0) = A and
A(i, 1) = {1}. This is a sub-model of our original model. Defined by
(2), let U,(i, ) be the optimal total discount cost under the policy
that always runs the system.

THEOREM 2. For any a > 0 the following statements hold:

hi hA c

j) Foralli=0,1,...U,(i,1) = — + — + —.
(i) Foralli @i, 1) vt auio e



(ii) Foralli=0,1,..., U,(i,O0) satisfies the optimality equation

hi + A
U,(i,0) = min {5, + — € Ui+ 1, 1)+
a+A+ip a+A+iu
iu hi

U,(i-1,1) +

a4+l a4+l

—a+/l+i/1 U[,(i+1,0)}. (5)

DernitioN 1. For an integer n > 0, a policy is called n-full
service if it never turns the running sever off and turns the inactive
server on if and only if there are n or more customers in the system.
In particular, the O-full service policy turns on the server at time 0,
if it is off, and always keeps it on. A policy is called full service if
and only if it is n-full service for some n > 0.

THEOREM 3. A policy ¢ is discount optimal within the class of
the policies that never turn off the server if and only if

1, ifi> A(e),

9(.0) = {0, ifi < Aa),

U+ a)c+as))

foralli=0,1,..., where A(a) =
hu

3.3 Reduction to Finite State Space and Exis-
tence of Average-Optimal Policies
LetZ, ={i >0: V%, 1) < VI, 1)}, define

M = max Z;, ifZ ;&.(D, ©)
-1, otherwise.
N: =min{i > M, : V.(i,0) < V2(i,0)}. (7

THEOREM 4. For each a > 0 either the n,-full service policy is
optimal there exists a stationary discount-optimal policy ¢, with
the following properties:

ifi>M,and 6 = 1;
ifi=N,and ¢ = 0;

ifi > ny, and 6 = 0; ®)
ifi=M,and 6 = 1;

, IfM;<i<N;andd=0.

$a(i,6) =

OO = =

4. STRUCTURE OF AVERAGE-OPTIMAL
POLICIES

DernitioN 2. For two nonnegative integers M and N with N >
M, a stationary policy is called an (M, N)-policy if

ifi>Mandé =1,
ifi > Nandé =0;
ifi<Mandé =1,
, ifi<Nand6=0.

#(i,0) =

S O = =

THEOREM 5. There exists a stationary average-cost optimal pol-
icy and, depending on the model parameters, either the n-full ser-
vice policy is optimal for n = 0,1,..., or an (M, N)-policy is opti-
mal for some N > M > 0 and N < n*, where

n*:l_%+1]. 9)

In addition, the optimal average-cost value v(i, 0) is the same for
all initial states (i, 6); that is v(i, ) = v.

S. CONDITIONS FOR AVERAGE-OPTIMALITY

OF ~v-FULL SERVICE POLICY AND (u, N)-
POLICIES

THEOREM 6. The following statements hold for n* = |c/h + 1] :

h(n* - 1)

A
(i) whenc < —(so+s1)+ , any n-full service policy is

average-optimal forn =0,1,...;

h(n* —1)
2

A
(ii) whenc = —(so+s1)+ , both the n-full service pol-
n

icy,n=0,1,..., and the (0,n*)-policy are average-optimal;

pi h(n* -1
(iii) whenc > —*(so+s1)+M
n
optimal for some N > M > 0 and n* > N.

, an (M, N)-policy is average-

6. COMPUTATIONS OF AN AVERAGE-OPTIMAL

POLICY
According to Theorem 6, there is an optimal policy ¢ with ¢(i, §) =
1 wheni>n* = LE + 1]. Thus, the goal is to find the optimal val-

ues of ¢(i,8) when i = 0,1,...,n*% -1 and 6 = 0, 1. To do this,
we truncate the state space Z to Z' = {0, 1,...,n* — 1} x {0, 1}. If
the action 1 is selected at state (n* — 1, 1), the system moves to the
state (n* — 2, 1), if the next change of the number of the customer
in the system is a departure and the system remains in (n* — 1, 1),
if an arrival takes place. In the latter case, the number of customers
increases by one at the arrival time and then it moves according to
the random work until it hits the state (n* — 1,1) again. Thus the
system can jump from the state (n* — 1, 1) to itself and therefore it
cannot be described as an CTMDP. However, it can be described as
a Semi-Markov Decision Process (SMDP) [14, Chapter 5].

We describe our problem as an SMDP with the state set Z’ and
action set A(z) = A = {0, 1}. If an action a is selected at state z € Z’,
the system spent an average time 7’ in this state until it moves to
the next state 77 € Z’ with the probability p(Z’|z,a) and during this
time the expected cost C’(z, a) is incurred. In states z’ = (i, d) with
i=0,1,...,n" —2and 6 = 0, 1, these characteristics are the same
as for the original CTMDP, for z = (i,0) withi = 0,1,...,n" =2
and§ =0,1,

1 ifa=0,7=(@G+1,0),
T ifa=17=G+11),
pElza) = (10)
—F ifa=1,2Z=(>G0-11),
A+ ip
0, otherwise,
1
-, ifa=0,
(G, 6),a) =4 4 (11)
— ifa=1,
A+iu

and C’((i,9),a) = |la — 6|s, + (hi + ac)t’((i,6),a). The transition
probabilities in states (n* — 1, ) with = 0, 1 are defined by p((n* —
2,Dl(n" = 1,6),1) = 0" — Du/(A + (" — D), p((n* — 1, DI(n* -
1,0),1) = /(A + (n* — D), and p((n* — 1, D|(n* — 1,6),0) = 1.
In the latter case, the number of customers increases by 1 to n*, the
system turns on, and the number of customers becomes n* — 1.
Let T; be the expected time between an arrival sees i customers
in an M/M/oo queue and the next time when a departure leaves i
customers behind, i = 0,1,... . Applying the memoryless prop-
erty of the exponential distribution, T; = B;; — B;, where B; is the



expected busy period for M/M /oo starting with i customers in the
i-1 k

1 k! ol
syst dBy=0. B, = —|ef -1 — e’ - —||. b
cystem and B ﬂ[ +Zpk[ Zﬂ]] y

k=1 =0
A
formula (34b) in [2],where p = —. Thus T)»—y = B,» — By»_1 =
u

k+1

1 © e

Z . Thi ted ti "((n* = 1,0),1),
/lkzz(;n*(n*+l)...(n*+k) ¢ expected time '((n D
where 6 = 0,1, is the expected time until the next arrival plus
T,+_1, if the next event is an arrival. Thus, 7((n* — 1,0),1) =

A 1
— | =+ T,_1],06 =0, 1. In addition 7’ ((n* — 1,6),0) =
A+ @ —Du\a

1
z +Typ,0=0,1.
To compute the one-step cost C’'((n* — 1,1),1), we define m;

as the average number of visits to state (i, 1) starting from state

(n* — 1, 1) before returning to (n* — 1,1), i = n* - 1,n*,.... And
define m; ;. as the expected number of jumps from (i, 1) to (i+1, 1),
i=n"-1,n" ... and m;;_; as the expected number of jumps from
A
@GhHto(G-1,1),i =n"n"+1,.... Then m;;», = ——m,,
A+ iu
mii.y = ———m; and m;i = my,. Since my = 1, my =
A+in

Ll Pl A+ + ]

l_[ " - En ,J)#,izn*,n*+l,,.. . Thus C’((n*—
o AT =T+ (7 + ju

LD, D=Y2. mCG 1D, 1))=Y mifl’i—tﬁ,where C((i,1),1)=
hi+c

A+ iu

action 1 for the original state space model; see Section 3.1. The
one-step cost C'((n* — 1,0),1) = s; + C'((n* — 1,1),1). Let Cp»
be the total cost incurred in M/M/co until the number of customers
becomes (n* — 1) if at time O there are n* customers in the system

, i =n"—1,n%...1s the cost incurred in state (i, 1) under

h(n* -1
and the system is running. Then C'((n* - 1),1) = u +
A+ (n*— Dy
a 1
an*, and this implies C,» = (l + % C'((n* -
hn” — 1 h(n® — 1
D, - u We also have C’((n* — 1,0),0) = i — 1) +

s1+Cpand C'((n* = 1,1),0) = 50 + C'((n* — 1,0),0).
We formulate the LP according to Section 5.5 in [14] as

Minimize Z Z C'(z,)xz4

z€Z’ acA
S.t. Z Xza — Z Z pEZ,a)xy, =0, z€Z, (12)
acA(z) /€7’ acA(Z')
Z Z Tz a)x.=1, x,020,z€Z', acA

€7’ a€A(z)

Let x* be the optimal basic solution of (12). According to general
results on SMDPs [3, Section III], for each z € Z’, there exists at
most one ¢ = 0, 1 such that x], > 0. If x7 , > 0, then for the optimal
policy ¢, ¢(z) = a, fora = 0,1. If xJ; = x7; = 0, then ¢(z) can
be either 0 or 1. Theorem 7 explains how to use x* to construct an
average-optimal policy ¢ with the properties in Theorem 6.

THEOREM 7. For the optimal basic solution x* of (12) and z =
(,0)€eZ,i=0,1,...,n"=1,6 =0,1,

(i) If x{o,y, > O, then any n-full service policy is average-optimal,
n=0,1,....

(ii) Let Z = {i = 1,....n" = 1 : x3;¢ | > O). If x,

ono > 0, then

the (0, N)-policy is average-optimal with N defined as

N = n*., z:fm?nZi =0; (13)

minZ{, if minZj # 0.
(iti) If x{o1y0 = Xjoyq = O, then the (M, N)-policy is average-
optimal with M = min{i = 1,...,n"—1: xz’i’l)’o > 0} > 0and

1

—
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—
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[7
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(11]
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N being the same as in (13).
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