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1. INTRODUCTION

We investigate how to allocate resources when the capac-
ity of the channel fluctuates over time, and when the sched-
uler does not have full information regarding the actual state
of the system. The main motivation comes from communi-
cation networks in which the available capacity might evolve
over time. A nice introduction to the role of information in
scheduling, mostly in the context of stability, is provided
in [1]. This paper shows how the problem can be cast as
a Partially Observable MDP (POMDP), and observes that
in full generality there is very little that can be said. We
thus set out to study a simple, yet interesting, instance of
the problem in which the channel capacity can only take
good values, ON, or bad values OFF. When the channel is
ON, data can be transmitted through the channel, but not
when it is OFF. Even though the scheduler does not have ac-
cess to the state of every channel, it does observe successful
transmissions.

We consider a system with K channels. Time is discrete,
and we let pr (qx), K = 1,..., K, denote the probability
that channel k transitions from ON to OFF (OFF to ON),
respectively. This Markov chain model is often referred to
as Gilbert-Elliot model in the literature. If a channel is ON
and is selected, a successful transmission occurs with prob-
ability pur. The channel’s capacity evolution is positively
(negatively) autocorrelated if 1 —qr —pr > 0 (1—gr—pr < 0),
respectively. Positive autocorrelation occurs when the prob-
ability of remaining in the same state is greater than the
probability of transitioning to a different state, whereas neg-
ative autocorrelation reflects a tendency to switch states im-
mediately. Negative autocorrelation can naturally arise in
real-world systems that operate in discrete time (e.g., slotted
communication protocols or periodic scheduling systems) in
which states alternate frequently.

We consider non-preemptive service, that is, at a decision
epoch, only one channel can be selected, and no other chan-
nel can be selected until a successful transmission occurs.
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We denote by 7% (t) the belief state, i.e., the probability that
channel k is ON at time ¢, and we let E[Sk(7)] denote the
expected service time in channel k conditioned on the belief
state at the beginning of the transmission being 7. In par-
ticular, E[Sk(1 — px)] denotes the expected service time in
channel k given a successful transmission occurred in chan-
nel k in the previous time slot (the belief state is 1 — py, after
a successful transmission).

Our main objective is to characterize the scheduling policy
that maximizes the long-term number of successful trans-
missions, i.e., the throughput. With positively autocorre-
lated channels, the static policy “Serve the Best Channel”
(SBC) that serves the channel that maximizes E[Sy (1 — px)]
is optimal. The negatively autocorrelated case is signifi-
cantly more difficult. We note that for two symmetric neg-
atively autocorrelated channels, the “Largest Belief State”
(LBS) policy that serves at any moment in time the channel
k* = arg max (75 (t)) is optimal.

2. RELATED WORK

The mathematical model [2] is equivalent to ours, except
that [2] allows preemption, and we do not. [2] shows that for
two symmetric channels and certain conditions on the pa-
rameters ¢, p, and u, LBS is optimal. For the same (preemp-
tive) model with symmetric channels, [3] provided a closed-
form condition under which the LBS policy is optimal for
general K. The same authors extended their results in [4]
where they considered non-symmetric channels. In a recent
paper, Liu et al. [5] consider a similar model to that of [2]
and calculate (approximately) the Whittle index. To the
best of our knowledge, our work is the first dealing with the
non-preemptive setting.

3. MODEL DESCRIPTION

We consider a discrete-time scheduling problem with an
infinite number of waiting jobs and K channels, only one
of which can be selected, or activated, in each time slot.
Channel k£ has an independent associated Markov chain pro-
cess X describing its environment with two states: ‘ON’
and ‘OFF’. The corresponding transition matrix is P, =
{1 - Pk Pk

g 1—qr
tive) autocorrelated when 1 —pr —qi > 0 (1 —pr — g < 0).
The evolution of a channel k is i.i.d. if 1 — px — gx = 0.

The activation process is non-preemptive, meaning that
once a channel is activated, the job first in line must be
served to completion before another activation can occur.

. We refer to channel k as positive (nega-



As a result, decision times correspond to moments when
there is no job in service. An action at decision time ¢ is
a vector u(t) = (ui(t),...,ux(t)), with ug(t) € {0,1} and
constraint ZkKZI ui(t) = 1. We refer to the function u as
a policy. Activating a channel with an ’ON’ environment
causes a service completion (i.e., yields a reward of 1) with
probability g, while any other scenario results in no reward.

The controller cannot observe the states of the environ-
ments Xy, but it can observe service completions, so we have
a Partially Observable Markov Decision Process (POMDP)
formulation. The controller’s belief state at time ¢ is denoted
by 7(t) = (m1(t),..., 7k (t)) € [0,1]%, where each 4 (t) is
the controller’s belief probability of channel k£ being in the
’ON’ state. How the belief states are updated will be made
precise in Section 4.1. The reward at time ¢ for channel k
with belief state 7, and action uy is defined as

1 with probability g uruk,
R - =
t(ﬂk uk) { 0 otherwise.

Define U as the space of non-preemptive policies u(-). We
denote by ¢g* the expected average reward (the transmission
rate or throughput) of a policy u € U, that is,

g" = lim E |:111 i ZRt(Trk(t),uk(t)) )

T— o0
t=0 k=1

and by g* the optimal expected average reward, ¢g* := max,cv g*.

Our objective is to find a policy that is in the set of average-
optimal policies, U* :={u e U | g* =g"}.

We define the times %o, t1, . . ., which are random variables
depending on the policy u employed:

to = 0,
{tn+1 = inf{t >ty | Zlf:l Rtfl(ﬂ'k(t — 1)7uk(t — 1)) = 1}.

We refer to these times to,t1,..., as decision times. In
Lemma 2 we will see that idling is never optimal for our
model, hence, each successful transmission time will indeed
correspond to a decision time.

4. PRELIMINARY RESULTS

4.1 Probability Updating
The belief state is updated as follows:

1—pk if Rt(ﬂ'k(t),’u,k(t)):l
7Tk(t+1) = Tk(ﬂ'k(t)) if Rt(ﬂ'k(t),uk(t)) =0 and uk(t) =1
Tk(ﬂk(t)) if Uk (t) = 0,

with T} and T defined below. To explain the first case, note
that if a channel’s environment is active at time ¢ and there
is a service completion, then we know it was in state ON at
time ¢, and the probability that it is in state ON at time t+1
is therefore indeed P[ X (t+1) = ON|X(t) = ON| = 1—py.

For the second case, T (7 (t)) denotes the updated prob-
ability of the environment being ‘ON’, given that it was not
activated, i.e.,

Tr(mr) := P [Xk(t + 1) = ON|mg(t) = m; ur(t) = 0]
=1 —pe)mk + gl — k) = (1 — pr — Gk) + Gr-

Similarly, T} denotes the updated probability of the envi-
ronment being ‘ON’ when the channel was activated but no

service completion (departure) was observed, i.e.

= k(1 —pe — g — pe(1 — pr)) + gk

We note that the updating functions Tx(-) and Tk() are
increasing (decreasing) as a function of m when 1—p, —qx >
0(1—pr—gqr<0).

4.2 Effective Service Time

We denote by effective service time the (random) time
until a service completion conditioned on an initial belief
state, that is,

Sk(mi) == inf{s > 1; Ro(Ty " (me), 1) = 1}.

The decision times for a given policy u are given by t,4+1 =
tn + St , where Si* denotes the effective service time under
policy u when the job starts being served at time ¢, so Sy* ~
Sku(t) (Fku(t)(t)), with ku(t) 1= arg maxg uk(t)

5. OPTIMAL SCHEDULING POLICIES

In this section, we discuss and characterize optimal schedul-
ing policies. We first recall that our objective is to find poli-
cies that minimize the average reward, where the reward
received is 1 each time a job departs. Let

1 N

be the average effective service time under policy u. In the
following lemma, we highlight that the average reward is
inversely proportional to the average service time.

Lemma 1. For u € U, it holds that g* = (5’“)_1. As a
consequence, a policy minimizing the expected effective ser-
vice time is average-optimal, i.e., @ = argmin,cy S* <
uweU”.

This Lemma allows us to find an average-optimal pol-
icy by solving the Bellman equation for the effective service
time.

Corollary 1. If the index k™ (m) minimizes the right-hand
side of the following Bellman equation:

o(r) +8*
= min (E[Se(me)] + EIG(T ™ (1), oo, TEH™ (mia),

S (m Sg (7
1_pk7Tk+k§ k)(ﬂ-k+1)7'“7TKk( k>(7rK))]) k)
then, for all decision times t, the policy

() = {uk(t) =1ifk=k*(n(t))

ug(t) = 0 otherwise

belongs to U™.

In the search for optimal policies, we first highlight that
we can focus on non-idling policies.

Lemma 2. An average-optimal policy will be non-idling.

This lemma allows us to conclude that upon departure of
a job, an optimal policy immediately chooses a new channel
to serve. The question is thus which channel to serve given
the current belief states m, for all k. Results on optimal
control policies will be formulated in the next section.



6. OPTIMALITY RESULTS

In this section, we derive average-optimal policies for both
positive and negative autocorrelated channels. Our results
show that the structure of the optimal policy is very different
depending on the nature of the autocorrelation.

6.1 Positively Autocorrelated channels

When for all k£ the channel’s environments are positively
autocorrelated, that is 1 — px — qx > 0, the belief state for
a channel to be ON is decreasing in the number of steps
since the last departure. Hence, the corresponding expected
service time E[Sk (T} (1 — px)] is increasing in i. We recall
that at a decision moment, a job just departed from a given
channel k, hence it’s belief state is 1—py and expected service
time E[Sk(T2(1 — pr)] = E[Sk(1 — px)]- In this section we
state that the policy that always serves the channel with the
smallest value of E[Sy(1 — pr)], which we call the Serve the
Best Channel (SBC) policy, is average optimal. In case of a
tie, the SBC policy will choose one of the best channels and
use that choice consistently thereafter.

Proposition 1. If (1—pir —qx) > 0 for all k, then the SBC
policy, which always serves channel k™, where

k" = argmin E[Si(l —px)] = argmin et g
ke{l,....K} ke{l,...K} QqkHk
is average-optimal. In case of a tie, chose one of the min-
imizing channels arbitrary, and use this choice consistently
thereafter. The optimal average reward is given by

g* _ gSBC = Ji qi*
Pr* + qr*

6.2 Two Symmetric and Negatively Autocor-
related Channels

In this section, we assume we have two symmetric chan-
nels (pr = p,qr = ¢, and pr = p, for k = 1,2) that are
negatively autocorrelated, 1 —p — ¢ < 0. We also assume
that both channels have been activated at some point in the
past. Hence, at each decision time ¢, 7(t) = (1—p, T*(1—p)),
where we label the channel that just had a service comple-
tion as channel 1, without loss of generality, and where i is
the time since channel 2 last had a service completion.

Due to the symmetry in the channels, combined with
the fact that the expected effective service time is decreas-
ing in the belief state, the greedy policy (with respect to
E(Sk(7k))) simplifies to serving the channel that has cur-
rently the largest belief state. We refer to this policy as the
Largest Belief State (LBS) policy. Though the greedy pol-
icy might not be optimal in general, below we highlight that
in the case of two symmetric and negatively autocorrelated
channels it is. Indeed, having symmetry in the channels
makes that any decision of which channel to serve will reset
the corresponding belief state (and future evolution) in the
same manner. Hence, there is no trade-off between short
term and long term and an optimal policy can simply be
greedy (LBS in this setting).

Proposition 2. If K =2, uy, = p, pr = p and qx = q, for
k=1,2,1—p—q <0, then the LBS policy, which for a
given belief state w serves channel k™, where

k* = arg mgx(wk),

is average-optimal. Since K = 2, LBS simplifies to contin-
uously switching between the two channels.

The challenge in extending the optimality of LBS beyond
K = 2 lies in the fact that, after following LBS in a single
decision epoch, the system transitions to a “worse” state (in
terms of belief states) compared to what could result from
following a sub-optimal policy (due to negative autocorre-
lated channels). Proposition 2, show that for K = 2 the gain
achieved outweighs the losses incurred, but we were unable
to generalize this result to arbitrary K > 2.

Remark 1 (Non-optimality of Greedy Policy with Asym-
metric Negatively Autocorrelated Channels). With symmet-
ric and negatively autocorrelated channels, it is stated in
Proposition 2 that the greedy policy, which reduces to LBS
in this case, was average optimal. It can be shown (omit-
ted for lack of space) that the greedy policy is not necessarily
optimal for non-symmetric negative autocorrelated channels.

7. CONCLUSION

The analysis of this paper shows that the problem of trans-
mitting with partial channel information in a non-preemptive
setting is a challenging one. We obtained optimal policies
for positively correlated channels with arbitrary K, and for
symmetric negatively autocorrelated channels with K = 2.
As illustrated in Remark 1, the optimality of the greedy
policy for the symmetric negative autocorrelation, does not
carry over to non-symmetric negative autocorrelated chan-
nels. Characterizing an optimal policy in more general set-
tings might be out of reach and is left for future research.
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